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Preface

(under revision) This book is devoted to the topics of tumor growth and
treatment, chemotactic driven cell movement, and cancer invasion. These
topics were the focuses of the authors’ research work in past decade. Cancers
appear with multiscale features: genes, cells, and biological tissues. From the
view point of scales, there are basically three types of mathematical models
of cancer: microscopic models (at the molecular and the cellular scales),
macroscopic models (at the tissue scale), multiscale model (the cancer model
is viewed as a system of subsystems with specific scales). However, this book
focuses only on macroscopic models which are generally based on partial
differential equations.

Chapters 1-5 deal with the mathematical modeling of tumor growth
under various therapies, whereas Chapters 6-8 are concerned with typical
mathematical problems arising from cancer biology. To explore tumor dynamics
and design possible optimal protocols of treatment, the models developed in

chapters 1-5 are confined to a spherical geometry.
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Chapter 1 deals with a model describing the growth of a prostate tumor
under hormone therapy. The model considers the mutation by which androgen-dependent
tumor cells mutate into androgen-independent ones. Interestingly, explicit
formulae of tumor growth in an androgen-deprived environment are found.
The relapse of tumor is a crucial problem in hormonal therapy of prostate
cancer. The androgen-independent cells are considered to be responsible for
such a recurrence. These cells are not sensitive to androgen suppression
but rather apt to proliferate even in an androgen-poor environment. Some
experimental and clinical studies suggested that intermittent androgen suppression
(TAS) may delay or prevent the relapse when compared with continuous
androgen suppression. A mathematical model of prostate tumor growth under
the TAS therapy is presented in Chapter 2, and the model suggests an optimal
protocol of the IAS therapy.

Replication-competent viruses have been used an alternative therapeutic
approach for cancer treatment. However, new clinical data revealed an innate
immune response to virus may mitigate the effects of treatment. Chapter 3 is
concerned with the competitive dynamics between tumor cells, a replication-competent
virus and an immune response. It finds an explicit threshold of the intensity
of the immune response for controlling a tumor. Chapter 4 deals with a
mathematical model of combined therapy which requires not only injection of
viruses but also adminstration of radioiodide. The combination of virotherapy
with radiotherapy has recently been experimentally and clinically shown to

be significantly more effective than treatment with virotherapy alone. The
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mathematical model not only verifies the above observation but also can be
used to numerically study an optimal timing for radio-iodine administration
and an optimal dose for the radioactive iodide.

Glioblastoma multiforme, a type of glioma, is the most aggressive of brain
tumors. The standard treatment for newly diagnosed glioblastoma multiforme
is surgical resection followed by radiotherapy and chemotherapy. Chapter 5
gives a mathematical model which could predict the survival time of patients
who undergo resection, radiation, and chemotherapy with different protocols.

Chapter 6 qualitatively studies a mathematical model describing the cell
cycle dynamics and chemotactic driven cell movement in multicellular tumor
spheroids. The model is a free boundary problem for a system of partial
differential equations with novel free boundary conditions due to different
velocities of cells.

Chapter 7 deals with a chemotaxis-haptotaxis model of cancer invasion.
The global existence and uniform-in-time boundedness of solutions to the
system is studied. This chapter develops some new a priori estimate techniques
for chemotaxis-haptotaxis systems. Chapter 8 is concerned with a density-dependent
chemotaxis-haptotaxis model of cancer invasion. The equation for cell density
includes two bounded nonlinear density-dependent chemotactic and haptotactic
sensitivity functions, which exclude the possibility of blow-up of solutions to

the model.
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Introduction






Modeling Prostate Tumor Growth under

Androgen Suppression

2.1 Introduction

The prostate cancer is the secondly most common cancer in males after the
lung cancer [53]. More than 670,000 men are diagnosed with prostate cancers
every year in the world, and that accounts for one in nine of all new cancers
in men. The United States and Sweden have the highest incidence rate of
prostate cancers, while China and India have the lowest incidence rate [87].
The chestnut-shaped prostate gland under the bladder is a male sexual organ
which produces seminal fluid. The proliferation and apoptosis of prostate
cells are regulated by androgens. Prostate cancers are characterized as an
abnormal and uncontrolled growth of prostate cancer cells. At present, the
cause of prostate cancers is not fully understood, although it was found that
many factors such as gene mutations, aging, family history, race, and diet may
influence the development of prostate cancers [102, 135].

The growth of prostate tumors depends on androgens. Androgens are

secreted by the testicles and adrenal glands. In 1941, Huggin and Hodges
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[88] pioneered (ADT) for prostate cancers. Since then, ADT has been an
important treatment for prostate cancers. Androgen deprivation currently can
be achieved by medical castration [83]. ADT stops androgen production from
the testes. (TAB) which further combines anti-androgens with ADT is also
widely used. However, both ADT and TAB seldom succeed in removing all
prostate tumor cells, and relapses of prostate tumors often occur. The so-called
androgen-independent (AI) cells are considered to be responsible for tumor
relapses. These cells are not sensitive to androgen suppression but rather apt
to proliferate even in an androgen-poor environment [16, 90]. Since androgen
dependent (AD) cells cannot proliferation under the androgen deprivation
condition, a prostate tumor relapse would imply some increase of Al cells.
Several mechanisms have been identified for progression of AD cells to Al cells.
These include androgen receptor (AR) gene amplification, AR mutation, and
bypass of androgenic activation of AR or of AR signaling itself [83, 102, 113].
Hence, the continuous androgen suppression (CAS) therapy with ADT and
TAB often results in an Al relapse.

To our knowledge, Jackson [95, 96] developed the first partial differential
equation model for the CAS therapy of prostate cancers. The model considers
a prostate tumor as a heterogeneous mixture of AD and AT cells, and it is
assumed that a relapse of a prostate tumor can possibly result from decreasing
the apoptotic rate of the AI cells by androgen-deprivation. Jackson’s model
well agrees with experimental observations. This model predicts that the CAS

therapy is successful only for some small ranges of biological parameters. The
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model also suggests that an androgen-independent relapse is associated with
decreasing of apoptosis while without increasing of proliferation [95, 96].

In this chapter, we will first extend Jackson’s model. Our model will
incorporate mutation inhibitors [154]. By the mutation we mean that androgen-dependent
(AD) prostate tumor cells mutate into androgen-independent (AI) prostate
tumor cells, and by mutation inhibitors we mean inhibition effects to the
mutation rates. As afore-mentioned, the relapse of tumors is a crucial problem
in hormonal therapy of prostate cancers. Currently we know that there are two
possible mechanisms that a prostate tumor can recur [91]. One is mutation or
adaptation where AD cells mutate into Al cells under the androgen deprived
condition. The other is selection or competition where Al cells are minor but
exist from the beginning of the therapy and they will dominate under androgen
suppression condition. These two recurrence mechanisms have different effects
on the prostate tumor relapse, and they may work together. However, we
will first consider the mutation mechanism of prostate tumor relapse under
continuous androgen suppression.

Qualitative analysis suggests that a tumor relapse cannot be avoided
under androgen-deprived therapy. This implication may support a possible
strategy of intermittent androgen suppression (IAS). Intermittent androgen
suppression is a type of androgen ablative therapy delivered intermittently
with off-treatment periods [17]. Actually, there are several mathematical

models that study prostate tumor growth under TAS therapy. We will also
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review a mathematical model that considers the mutation mechanism of

prostate tumor relapse under intermittent androgen suppression.

2.2 Mathematical Model for Continuous Androgen

Suppression

Following [95, 96], the prostate tumor is viewed as a densely packed and
radially-symmetric sphere. We denote R(¢) as the radius of the tumor sphere.
The tumor contains both AD and AI cells, and their number densities are
denoted by x1(r,t) and xzo(r,t), respectively. Since the level of androgens
within the tissue under consideration can be regulated by medical methods
[17, 18, 95, 96], we neglect spatial heterogeneity of androgens within the
prostate tumor tissue. The tumor is assumed to be incompressible fluids with a
velocity field v (v := v-r/|r|). The velocity field is caused by cell proliferation
and death. The cell proliferation depends on the androgen level, a(t). In solid
tumor growth modeling, it is usually assumed that cell movement has two
components: 1) motion due to the velocity v(r, ) [93, 94, 168], and 2) random
motion [20, 66, 73, 74]. We exploit the spherical symmetry of the problem
by assuming henceforth that the variables x1, x5, and v depend only on (r,t)
where 7 is the radial distance from the center of the tumor, and ¢ is time.
As an extension of the model [95, 96], the model we consider consists of the

following equations:
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%(r, t) + %2% (r%(r, t)ay (7, t))
- A5 (5 )
+p1(a(t))z1(r,t) — qi(a(t))z1(r, 1)
—(1 = Dm(a(t))z1 (r, 1), (2.1)
%(r, £) + %% (r2o( as(r1))
- %%( 2%@, H) + (1= Dma(t) (r, 1)
+p2(a(t))z2(r, t) — g2(a(t))z2(r, 1), (2.2)

where D1 and D, are the random motility coefficients of the AD and
AT cells; p1(a(t)) and pa(a(t)) are proliferation rates of the AD and AT cells;
q1(a(t)), and g2(a(t)) are their apoptosis rates; m(a(t)) is the mutation rate by
which AD cells mutate to Al ones. The intensity of the inhibitors that reduces
the mutation rate is represented by parameter I, which varies from zero to one.
I = 0 corresponds to no inhibition to the mutation, while I = 1 corresponds
to the full inhibition to the mutation. So, the rate at which cells mutate from
the AD type to Al type is given by (1 —1I)m(a(t)). The cell proliferation rate,
apoptotic rate, and mutation rate are assumed to be dependent on the local
concentration of androgens, a(t).

It is a fact that within a tumor the total number of cells per unit volume

is constant [95, 96, 168]. Hence,

x1 + x2 = k = constant. (2.3)

Equations (2.1) and (2.2) with assumption (2.3) yield
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k 0
2

10 281’1
o 5

(r20(r.0) = (D1 = Do) 5 o= (25 00)) + pr(a(®)an (1)
+p2(a(t))(k = 21(r,t)) = qi(a(t))za(r;1)
—q2(a(t))(k — z1(r; 1)), (2.4)
By the radial symmetry assumption of the problem, we have

ory 0x4
o (0.8) = Z2(0,1) = v(0,£) = 0. (2.5)

To close the system of the equations, we need to impose boundary and
initial conditions.
Boundary Conditions: We assume that there is no-flux of cancer cells

across the outer boundary of the tumor. This assumption gives the following

equations,
dR(t 8I1
[ )= = (et ) = DiGRen) | =0, -
dR(t s B '
|22 ) =25 = (w20 t) = D22 (1) )| e
which, together with (2.3), yield the free boundary conditions:
dR(t
MO o). =0,
) t (2.7)
€1
—(R(t),t) = 0.
L (R(t) )
Initial Conditions: We prescribe the initial data as follows,
R(0) = Ry, x1(r,0) = xz19(r) for 0 <r < Ry. (2.8)

Remark 2.1. The no-flur boundary condition (2.6) is obtained by considering
the relative velocities of cells on the outer boundary of the growing tumor.
These types of no-flux boundary conditions for diffusion-advection equations

in a moving domain {r < R(t)} were firstly clarified by Tao [150].
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Since x1 + o = k, it is not necessary to impose any additional initial

condition for 2 in Eq. (2.8). We also note that Eq. (1.2) is a consequence of
Egs. (2.1), (2.3) and (2.4), so in what follows we simply drop this equation.

After adopting the non-dimensional variables and some parameter values

given in [95], the model (2.1)-(2.8) can be rewritten as follows:

8x1 1 3 2
W(rv t) + 725(7" v(r, t)a (r, t))
X1

= L0 (2900 1) 4 pa(a()a 1) — () (r, )

r2 or

—(1 = Dm(a(t))xi(r,t), (2.9)

% % (’I“Q’U(’I", t)xq(r, t))

r

=pi(a®))z1(r,t) + 1 —z1(r,t) — q1(a(t))x1(r, t)

—q2(a(t))(1 — z1(r, 1)), (2.10)
dR
— = v(R(®),1), (2.11)
R(0) =1, x1(r,0) =z19(r), (2.12)
%(0, £)=0, v(0,¢)=0, (2.13)
%(R(t),t) =0, (2.14)

where 0 < 7 < 1 is some constant. The functions a(t), pi(a(t)), qi(a(t)),

g2(a(t)), and m(a(t)) take the following specific forms (see [95] for details):
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a(t) =e P +a,, t>0, (2.15)

a(t)

pi(a(t)) = 61 + (1 - 61)— , (2.16)

)+ K
@ (a(t)) = 01 [Wl +(1- wl)a(tc;(i)K}’ (2.17)
g2(a(t)) = 02 [w2 +(1- wz)a(;(i)K}a (2.18)

mia(t)) = ma (1 - alt) ). (2.19)

1+ ag
where b, K, mq, §1, 02, wi, and wo are some positive constants with the

following assumed conditions:
0<as <1, 0L 01 < 1, 0 < (52, wi > 1, and wo < 1. (220)

In Eq. (2.15) we assume that the hormonal treatment is initiated at the time
t = 0. The parameter a; > 0 corresponds to ADT, while a; = 0 corresponds
to TAB. The parameter 6, represents the proliferation rate of AD cells in the
androgen-deprived state. 0 < 07 < 1 means that the deprivation of androgens
will decrease the proliferation rate of the AD cells. The assumption of §; < do
is due to the fact that the AD cells are dominant in androgen-rich conditions
[52, 95, 96]. The assumption of w; > 1 and wy < 1 mean that the deprivation
of androgens will increase the apoptosis rate of the AD cells but reduce that
of AT cells [95]. Equation (2.19) assumes that the mutation rate m(a(t)) is

decreasing with increasing the local concentration of androgens a(t).
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2.3 Transformation of Continuous Androgen Suppression

Model

It is difficult to study free boundary problems, in general. We usually choose
various transformations to change free boundary problems to fixed boundary
problems. For the model we introduced above, we adopt, as shown in [145],

the change of variables (r, t, 1, v, R) — (p, t, 1, 0, R) as follows:

p=r/R(t), t=t, R(t)=R(),

F1(p,t) = 21 (pR(1),1),  O(p,t) = v(pR(t),O)/R(E).  (2.21)

In terms of the new variables and after dropping the tildes of Z(p,t) and
0(p, t) for notational convenience, the system (2.9)-(2.14) takes the following
form in {0 < p <1, t > 0}:

ﬁ(p7 t) + [U(p’ t) - pU(Ltﬂ %l;(pat) - Ritt)pzaap<p2{?pl(p’ t))

= [p1(a(t)) 4+ g2(a(t)) — 1 — qu(a(t))]z1(p, t)(1 — z1(p, 1))

—(1 = Dm(a(®))z1(p, 1), (2.22)
1(p,0) = z10(p); (2.23)
%—:”pl(o,t) = %%1(1,@ =0, (2.24)
v(p,t) = ;12 /Op [p1(a(t)z1(s,t) + 1 = 21(s,) — qu(a(t))z1(s, 1)

—g2(a(t))(1 — z1(s,1))] s%ds, (2.25)
%ﬁ” = R(t)v(1, 1), (2.26)

R(0) =1, (2.27)
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where we have used the fact that v(0,¢) = 0 in deriving Eq. (2.25).

The global existence and uniqueness of solutions to the system (2.22)-(2.27)
were prove by Tao et al. [154]. We do not give the results and proofs here,
instead, in next section, we will review the dynamic behavior of tumor growth

in the androgen-deprived environment.

2.4 Formulae of Prostate Tumor Dynamics under

Continuous Androgen Suppression

For the general case where a = a(t) # 0 given in (2.15), the dynamics of
prostate tumor growth can be numerically studied (see Tao et al. [154] for
details). In this section, we shall focus on the dynamical behavior of prostate
tumor growth in androgen-deprived environment. That is, we consider the

case:

a=0, (2.28)
and therefore
pi(a) =01, qi(a) = d1w1, g2(a) = dawz, and m(a) = Pi. (2.29)

Under the assumption (2.28), Egs. (2.22)-(2.27) can be rewritten as follows:
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T 0.0+ [o0nt) = (1.0 2 (0.0) = gtz (55 00)

= ((91 + (52(.;)2 —1- 510J1)£C1(p, t)(]. — .’El(p,t))

_(1 - I)ml‘rl(p7t)v (230)
z1(p,0) = z10(p), (2.31)
31'1 8.%1
Tp(oat) = Tp(lat) =0, (2.32)

1 [P
v(p,t) = ?/0 (6121 (s,t) + 1 — z1(s,t) — drwi21 (s, t)

—bawa (1 — w1 (s, t))] s*ds, (2.33)
d%iﬂ = R(t)v(1,1), (2.34)
R(0) = 1. (2.35)

Set x2(p,t) :==1—x1(p,t), and define

V() = 4n RS (1) / (o, )p2dp,  Valt) = dnR3(t) / r2(p.t)pdp,

where Vi (t) and V(t) are the volumes occupied by AD cells and Al cells at

time ¢, respectively. Then

V(t) := Vi(t) + Va(t) = -7 R3(t) (2.36)

is the tumor volume at time ¢. In this section we will derive formulae of the
tumor volume (or the tumor radius) at time ¢. The following results were

obtained by Tao et al. [154].

Theorem 2.1. Under various conditions about combined parameters 61 —

drwy — (1 =1I)my and 1 —daws, the formulae for prostate tumor volume growth

13
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over time can be explicitly expressed. Specifically, the tumor volume growth

formulae are given under the following 5 different conditions.

(1). If the condition 1, 81 — w1 — (1 — I)my = 0 and 1 — dows = 0, holds,

then we have

V(t) = %” + VA (0)(1 — T)mayt. (2.37)

(2). If the condition 2, 01 — d w1 — (1 — I)my = 0 and 1 — dows # 0, holds,

then we have

(1 — I)m1V1 (0)

t) = (17520)2)1:
V(t) = Va(0) + Va(0)e + S

e(L=dawa)t _ 1]. (2.38)

(3). If the condition 8, 01 — 61wy — (1 — I)my # 0 and 1 — daws = 0, holds,

then we have

V(t) = Va(0) + V1 (0)elfr—rwr=(1=Dimajt

+ (1 — I)m1V1(O)
91 — (510.)1 — (1 — I)m1

{e[eﬁalwlf(u)mﬂt _ 1}, (2.39)

(4). If the condition 4, 61 — w1 — (1 — I)my # 0, 1 — daws # 0, and 61 —

d1w1 — (1 = I)my =1 — dows, holds, then we have

V(t) = [Va(0) + (1 — I)m; Vi (0)t] e ~0202) 4 1 (0)lfr—rwr=(=Dymlt,
(2.40)
(5). If the condition 5, 61 — w1 — (1 — I)my # 0, 1 — daws # 0, and 61 —

d1w1 — (1 = I)my # 1 — dows, holds, then we have

V(1) = Vi(0)ellmorr=(mDmlt gy (g)elt=02e)t (2.41)

(1 — I)my Vi (0)e(1—02w2)t

+91 761&)1 — (1 7I)m1 — 1+52(U2

{6[91—5”)1 —(1=I)my —146wa]t _ 1}.
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Proof. Combining Egs. (2.30) and (2.32)-(2.34) and applying integration by

parts, we directly calculate,

1 1
%Vl(t) :3R2(t)R(t)/0 xpodp+R3(t)/0 —
=3R3(t)v(1,t)/0 x1p2dp+R3(t)/0 oy
= 3R3(t)v(1,t)/1 x1p%dp
0

1
+R3(t)/ [(01 + 620.12 —-1- 51&11)1‘1(1 — 1‘1) — (1 — I)mlml]dep
0

1
0 281’1
+E1R(t)/0 o (P Tp)dp

Oy

1
*Rg(t)/o [p%(p,t) *psv(l,t)} 3 %
= 3R3(t)v(1,t)/0 x1p%dp
-I-Rg(t)/ |:(01 + (520.)2 —1- 51&)1)1’1(1 - l’l) — (1 — I)mlxl]p2dp
0

te1R(1) (,;2%1) LO

1

—R3(t){ [pzv(p, t) — p*u(1, t)} z1(p, t)}‘

=0
1 a 8 1
HB) [ ool do — 38 00(1,0) [ apdp
0 dp 0
1
= RS(t)/ [(01 + dowg — 1 — 51&11)331(1 — .1131) — (1 — I)m1$1]p2d,{)
0
1
+R3(t) / X |:91$1 +1—21 —wizs — 52W2(1 — .’L‘l):| p2dp
0

1
= Rs(t)/ [91 — 51w1 — (1 — I)m1:|ﬂ']1p2dp
0

% {91 — 0w — (1 - I)ml}vl(t)'

We obtain an ODE for Vi (¢),

Vi(t) = [0 — 6rwi — (1 — D)my]Vi(2). (2.42)

15



16 2 Modeling Prostate Tumor Growth under Androgen Suppression

This equation further yields
Vi(t) = Vi (0)elfr—orwn—(=Dmalt, (2.43)
Similarly, we combine Eqgs. (2.36), (2.33), (2.34), and (2.42), and calculate
Va(t) = 4w R2(t)R(t) — Vi (t)
= 47TR3(t)V(1,t) - [91 - (510.)1 - (]. - I)ml]Vl(t)
1
= 47TR3(t)/ [911’1 +1-— 1 — 51W1.’E1 — 620.)2(1 — (El)j| dep
0
1
—47TR3(t)/ {91 —dw — (1= I)ml} x1p%dp
0
1
= 47TR3(t)/ (1 — Sows)wap>dp
0

1
+47rR3(t)/ (1 — Imyz1p%dp
0

= (1 — 62(4)2)‘/2(15) + (1 - I)mlvl(t)
This gives us an ODE equation for V5(t):
Va(t) = (1 — Saws)Va(t) + (1 — I)my Vi (2). (2.44)

Now combining the initial condition(2.35), the tumor volume (2.36), and the

expressions (2.43) and (2.44), we easily obtain (2.37)-(2.41). O

Remark 2.2. A necessary condition for successful treatments of prostate tumors
was derived in [95]. Our Theorem 2.1 gives the ezplicit formulae of the tumor
volume growth over time ¢ in androgen-deprived environment. Therefore,
the dynamics of the tumor growth in androgen-deprived environment can

be predicted by these formulae. Although the formulae were derived under
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the assumption of radial symmetry, it may be useful to predict the long-term

behavior of tumor growth qualitatively.

From Theorem 2.1, we can derive some interesting analytical results about
androgen deprivation therapy. To demonstrate, we look at several situations

in the following.

Case 2.1. In Jackson’s article [95], parameter values are given as

0.3812 0.4765

0= oaeer 2T Daear

01 = 0.8, w; = 1.35, wy = 0.25.

For this set of typical paprameter values, we can easily verify that

01 —01w1 <0 and 1 — daws > 0. (245)

That means that the “net” growth rate of AD cells is negative whereas the
“net” growth rate of Al cells is positive in androgen-deprived environment.

It follows from (2.45) that

01 — d1w1 — 1 4 daws < 0. (2.46)

This is a general case in Theorem 2.1. To explain biological significance, we

now rewrite the formula (2.41) as follows:

_ (1 - I)ml‘/l(o) [61—61w1—(1—I)m4]t
Vi) = (V) + O — b1 — (1= Dymy — 1+ 52w2)6
_ (1 = I)m;V4(0) (1= 602t
+(‘/2(O) 91751&]17(171)7’)@1714’62(4)2)6
= A(t) + B(1). (2.47)

If we further assume that

17
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V2(0) > 0,
namely, the initial volume occupied by Al cells is non-zero, then from (2.45)
and (2.46) we have
A(t) =0 and B(t) — 400, as t — 4o0.
Therefore, from (2.47) we obtain

V(t) = +oo, as t— +oo. (2.48)

This result implies a prostate tumor relapse under androgen-deprived therapy.
We should be aware of that (2.48) holds in a sense of mathematics, and
it may not be biologically plausible. In fact, the host will die when the
prostate tumor is large enough. However, (2.48) predicts eventual failure of

the androgen-deprived therapy.

Case 2.2. Because
A(t) =0 and B(t) = +o0, as t— 400,

the term B(¢) will dominate the growth of a prostate tumor. We also notice

that the factor of B(t),

(1—1Imy _ (b1w1 — 01) + (1 — dawa)

_91 751&11 — (1 7])7711 714’52&]2 B (1 7])777,1 +(51w1 791) —+ (1 752&]2),

which is decreasing with increasing of I € [0, 1] under conditions (2.45). This
fact suggests that controlling the mutation intensity may delay the relapse of

prostate tumors under the androgen-deprived therapy.
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Case 2.3. We now explain some biological significance of combined parameters

01 — d1w1 — (1 = I)my and 1 — daws in Theorem 2.1. Let’s denote

the “net” growth rate of AD cells
= the proliferation rate of AD cells — the death rate of AD cells — the mutation rate
=01 — 6w — (1 —Dmy,
the “natural net” growth rate of Al cells
= the proliferation rate of Al cells —the death rate of Al cells
=1— dows,
the “net” growth rate of Al cells
= the mutation rate 4+ the “natural net”growth rate of AI cells

= (1 — I)m1 + (1 — (52&)2),

where the mutation rate (1 — I)my is defined for AD cells to mutate to Al
cells.

The condition 1 means that the “net” growth rate of AD cells and the
“natural net” growth rate of Al cells are both equal to zero. Theorem 2.1
says that under the condition 1 the prostate tumor relapse can not be avoided
due to the mutation of AD cells which results in increasing of Al cells as
shown in (2.37). However, (2.37) also suggests that controlling the mutation
(i.e. increasing the value of I') may delay (for 0 < I < 1) or prevent (for I = 1)

the relapse. In fact, from (2.37), as t — +oo, we see

mif I =1.

[SUN I

V(t) = +o0if 0 <I <1, butV(t)=
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The condition 2 means that the “net” growth rate of AD cells is equal to
zero and the “natural net” growth rate of Al cells is positive (we assume that
1 — dows > 0 for the typical parameter values as given in [95]). Theorem 2.1
says that under the condition 2 the AT cells will dominate the prostate tumor
growth as shown in (2.38) and the tumor relapse can not be avoided. In fact,

from (2.38) and 1 — Jawy > 0, we see that

V(t) = +o0 ast — +oo.

The condition 3 means that the “net” growth rate of AD cells is non-zero
(we assume that it is negative for typical parameter values as given in [95])
and the “natural net” growth rate of Al cells is zero. Theorem 2.1 says that
under the condition 3 the prostate tumor growth could be controlled as shown
in (2.39). In fact, from 6; — d1wy; — (1 — I)my < 0 and (2.39), we have

(1 — I)lel(O)
(1 — I)m1 — (91 — 510.]1)

V(t) = V2(0) + as t — +o0.

The condition 4 means that the “net” growth rate of AD cells is equal to
the “natural net” growth rate of Al cells and they are positive. Theorem 2.1
states that under the condition 4 both AD cells and Al cells contribute to the
prostate tumor growth as shown in (2.40) and the tumor relapse can not be

avoided. In fact, from (2.40) and 67 — § 1wy — (1 — I)my = 1 —dawy > 0, we see

V(t) = +o0 ast — +oo.

The condition 5 means that the “net” growth rate of AD cells and the

“natural net” growth rate of Al cells are both non-zero and they are not equal.
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For typical parameter values given in [95], we assume that the “net” growth
rate of AD cells is negative and the “natural net” growth rate of Al cells latter
is positive (as in (2.45)). Under these assumptions the AT cells will dominate
the prostate tumor growth as shown in (2.41) and the tumor relapse can not

be avoided as shown in (2.48).

2.5 Mathematical Model for Intermittent Androgen

Suppression

The prostate gland is a male sexual organ which produces and secretes seminal
fluid. Activities of prostate cells, such as proliferation and apoptosis, are
regulated by androgens. Causes of prostate cancer are not fully understood
although genes, aging, race, family history, and lifestyle-related factors are
regarded as influential factors [135]. The screening, detection, and staging of
prostate cancer is currently conducted by using the serum prostate-specific
antigen (PSA) test [140].

A prostate tumor as well as the prostate gland itself is influenced by
androgens. Androgens are secreted by the testicles and the adrenal glands.
Androgens circulate in the blood, diffuse into the prostate tissue, and stimulate
the prostate tumor to grow. The androgen suppression therapy for prostate
cancers was initially proposed by Huggins and Hodges in 1941 [88]. Androgen
suppression can now be realized easily by chemical castration [90]. However,

the relapse of a prostate tumor remains a crucial problem for androgen
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suppression therapy. The growth of androgen-independent (ATI) cells is considered
as one of the causes for this relapse. These AI cells are not sensitive to
androgen suppression. As a result Al cells can still grow in androgen-deprived
environments where androgen-dependent (AD) cells cannot proliferate [16, 17,
18, 90]. Thus continuous androgen suppression (CAS) therapy often results
in a tumor relapse due to an emergence of such Al cancer cells, which has
already been studied in previous sections.

Recent clinical studies [12, 16, 17, 18] suggest that intermittent androgen
suppression (IAS) therapy may prolong or possibly prevent the relapse.
In TAS therapies, androgen suppression is stopped when the monitored
serum PSA concentration decreases to less than a lower threshold, while
androgen suppression is resumed when the PSA concentration exceeds an
upper threshold. The clinical results of IAS therapies are reviewed in the
article [12]. However, a very important question is how to administer TAS
therapy in order to have a maximum efficacy because TAS is dynamical
therapy. To answer this question, experimental results about the prostate
tumor relapse combining mathematical models for IAS therapy is needed.

There are intensive experimental studies on prostate tumor recurrence
[83, 98, 101, 102, 113]. Two possible mechanisms of prostate tumor recurrence
[91] are recognized currently. One is mutation or adaptation, where AI cells
may emerge from androgen-dependent (AD) cells under the androgen deprived
condition. The other is selection or competition, where Al cells are minor but

exist from the beginning of the therapy and will be winners of competition
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between AD cells and Al cells under the hormonal therapy. Since these two
mechanisms may work together and the real situation can be much more
complex due to polyclonality of AD cells and AT cells [52, 111, 132], different
mathematical models are needed for these mechanisms.

Ideta et al. [89] proposed an ordinary differential equation (ODE) model
for prostate cancer IAS therapy, which studies the mutation mechanism of
prostate tumor relapse. This model simplifies biological reality since spatial
heterogeneity is neglected. Incorporating spatial motion of cells, Guo et al.
[76] extended this ODE model to a partial differential equation (PDE) model.
The main difference between the ODE model [89] and the PDE model [76] is
that the subpopulation of Al (or AD) cells in the PDE model is nonlinearly
related to the subpopulations of AD (or AI) cells due to the spatial movement
of tumor cells, while the subpopulation of Al (or AD) cells in the ODE model
is linearly related to the subpopulations of AD (or AI) cells. Furthermore, the
numerical study of the PDE model finds an optimal lower threshold ry (when
the upper threshold 7 is fixed), which suggests an optimal protocol for IAS
therapy.

As mentioned, mutation and competition are two different mechanisms of
the relapse of a prostate tumor. Shimada and Aihara [134] proposed another
ODE model for TAS therapy, which studies the competition mechanism of a
tumor relapse. Tao et al. [152] extended this ODE model to a PDE model by

incorporating the spatial motion of cells within the model.
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Let’s assume that 2 € R3 is the domain of the solid prostate tumor
under consideration. To make the model tractable, {2 is assumed to be
spherical. Following [95, 96], the tumor is considered as a densely packed,
radially-symmetric sphere of radius R(t). We assume that tumor cells move
as a result of a convective velocity field v caused by cell proliferation and
death driving local volume changes [95, 168]. We also assume that cells
move through random processes such as diffusion processes [73, 74]. Since
the growth of a prostate tumor is mainly dependent on androgens [12, 95],
we also assume that the growth of a solid prostate tumor is stimulated
by androgens (here we neglect other nutrients or inhibitors). Androgen
deprivation now can be easily performed by chemical castration [12, 90],
for instance, by administration of pharmacological agents such as luteinizing
hormone releasing hormone (LHRH) analogs that inhibit the production of
androgens from its primary source, the testes. The remaining androgens that
are produced by the adrenal glands can also be eliminated by additional
treatment with androgen-receptor antagonists (anti-androgens). Thus, the
level of androgens within the tissue under consideration can be controlled
by medical means, and we can neglect spatial heterogeneity of androgens
within the tissue. As mentioned before, prostate cancer cells are divided
into two groups: androgen-dependent (AD) cells and androgen-independent
(AI) cells. AI cells are not sensitive to androgen suppression but rather
apt to increase even in an androgen deprivation condition in which AD

cells cannot proliferate. Therefore, we assume that their proliferation rate
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and apoptosis rate only depend on the androgen concentration within the
tissue. The serum PSA is secreted by prostate cancer cells, and its level
can be observed by medical blood examination. We can consider the PSA
concentration is a function of time only. The PSA is a good bio-marker for
estimating the progression for prostate cancer [16, 140], and IAS therapy is
based on monitoring of the concentration of PSA.

We introduce the following physical variables:

— the androgen concentration a

— the number density of the AD cells z;
— the number density of the AI cells x5

— the serum PSA concentration y

— the velocity field within the tumor v.

Since TAS therapy is a dynamical therapy, we use a binary variable wu(t)
to describe IAS therapy of a prostate tumor: the medication is alternatively
either present (u = 1) or absent (u = 0). The switch on/off of the medication
is based on the monitored level y(t) of the serum PSA. Hence, the androgen

concentration level a(t) (nmol/1) satisfies the following equation [89]:

da(t)
dt

= —f)/(a(t) — ao) — ")/aou(t), (249)

where ap (nmol/l) denotes the steady-state value of the normal androgen
concentration, which takes a value between 15 and 30 for usual adult males.
The rate of the recovery and decay of the androgen concentration is governed

by the parameter ~.
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Under the assumptions mentioned above, the mass balance equations for

the AD cell population and the Al cell population are given:

%(r, t) + %2% (r vo(r,t)a (r, t))
= D0 (2% )
+api(a(t) = Bras(a(t) = m(a)]ai(r,t),  (250)
202 1)+ g o (20l (1))
_ g%( 2%(7«, t)) +m(a(t)z(r, 1)
+[aopa(a(t) — Baga(a(t) | 22(r, 1), (251)

where D is the random motility coefficient of the AD and Al cells, a1p1(a(t))
and (141 (a(t)) are proliferation rate and apoptosis rate of AD cells respectively,
aopa(a(t)) and Baga(a(t)) are proliferation rate and apoptosis rate of ITA
cells, m(a(t)) is the mutation rate by which AD cells mutate to AI cells.
The cell proliferation rate, apoptotic rate, and mutation rate are assumed
to be dependent on the androgen concentration a(t) as assumed. These

androgen-dependent functions are given as follows [89]:

1 (a(t)) =k + (1 - kl)a(tc;(i)kg7 (2.52)
q1 (a(t)) = ks + (1 — kg)a(;;(i)sz (253)
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p2(a(t)) = (i) 1-— (1 — &)Lt) (2.54)

(e D) aop ’

g2(a(t)) =1, (2.55)

m(a(t)) = m (1 - 7) (2.56)

As shown in Egs. (2.52)-(2.53), the proliferation rate of AD cells is an
increasing function of the androgen concentration a while the apoptosis rate
of AD cells is a decreasing function of the androgen concentration a, where
0 < k1 <1 and k3 > 1. The proliferation rate and apoptosis rate of Al cells
also depends on the androgen concentration [100], although details of their
androgen dependence remain unclear. We assume three possibilities on the
net growth rate of the AT cells, as given in Eqs. (2.54) and (2.55), which are
characterized by whether the net growth rate is positive, zero, or negative in
androgen-rich environments.

The fact that the number density of cells is constant within a solid tumor
[95, 168] gives,

x1(r,t) + za(r,t) = 1. (2.57)

Further, we assume that the serum PSA concentration y(t) is monitored
as a bio-marker for the prostate tumor growth. Since a large amount of PSA
is secreted by cancer cells, the PSA concentration is assumed to be linearly

dependent on the densities of the AD and AT cell populations as follows [89]:



28 2 Modeling Prostate Tumor Growth under Androgen Suppression
27 T R(t)
y(t) = / d0/ dgp/ (clxl(n t) + coxao(r, t))r2 sin ¢ dr, (2.58)
0 0 0

where ¢; and ¢y are some constants. The PSA concentration y () can be used
as a basis for intermittent administration in the IAS therapy model.
We switch the medication when the serum PSA marker level y(t) crosses

the upper and lower thresholds [89]:

0 — 1 when y(t) =r; and dy(t)/dt > 0
u(t) = : (2.59)

1—0 when y(t) =79 and dy(t)/dt <0
where 71 and rg are the upper and lower thresholds, respectively. However, how
to administer TAS therapy, or how to appropriately set adjustable parameters
r1 and rg under the condition of r; > rg > 0, is a very important question for
clinical practice [12].
By the radial symmetry assumption of the problem, we have

8171 - 6$2 o o
= (0.8)=—=2(0,1) =0, v(0,£) =0. (2.60)

To complete the system, we impose the following initial and boundary

conditions:
R(0) = Ry, x1(r,0) = z19(r) with 0 < z19(r) < 1, (2.61)
dR(t (9{1}1 o
210 ) =2 = (w10l t) = DS, t))L:R(t) =0, (2.62)
dR(t) 0xo

|22 ) =2 = (2(r D0 t) = D2 (1) )| oy =0 (269

where Egs. (2.62) and (2.63) are no-flux boundary conditions for AD and Al

cells respectively, as explained in Chapter 2.2.
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The system (2.49)-(2.63) is the mathematical problem of prostate tumor
growth under intermittent androgen suppression. In order to solve this problem,
we need some more conditions or equations.

By adding Egs. (2.50) and (2.51) and using the fact (2.57), we obtain an

equation for the velocity field within the tumor,

r%% (7"21)(7‘, t)> = [api(a(t)) = Bigi(a(t))] =1 (r, 1)

+azpa(a(t)) = Baga(a(t) | (1 — z1(r 1) (2.64)

By adding Egs. (2.62) and (2.63) and using (2.57), we obtain an equation

for the velocity of the outer boundary of the tumor,
——= =v(R(1),1). (2.65)

This equation, together with Eq. (2.62), yields the following boundary condition

for AD cells

Oy
or

(R(t),t) = 0. (2.66)
We notice that Eq. (2.51) is a consequence of Egs. (2.50), (2.57), and the
expression (2.64). Therefore, in what follows we may drop this equation and
replace 2 by 1 — 27 in Egs. (2.50) and (2.58).
We also notice that the no-flux boundary conditions (2.62)-(2.63) are
equivalent to the boundary conditions (2.65)-(2.66) under the condition (2.57).
So shall replace Egs. (2.62)-(2.63) with Eqgs. (2.65)-(2.66).

In next section we will transform the problem (2.49)-(2.66) in the moving

domain {r < R(¢)} into a new system in a fixed domain.
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2.6 Transformation of Intermittent Androgen

Suppression Model

To transform the moving domain {r < R(t)} into a fixed domain, as done in

Chapter 2.2, we introduce a change of variables (r, t, a, 21, v, R, y, u) —

(p, t, a, T1, U, R, y, u) as follows:

p=r/R(@), Zi(p,t) = z1(pR(1),1), 0(p,t) = v(pR(t), 1)/ R(t)-

(2.67)

For notational convenience, we drop the tildes of Z1(p, t) and ¥(p,t), in terms

of the new variables, the system (2.49)-(2.66) takes the following form in

{0<p<1, 0<t< T}

dC;Ejt) = —v(a(t) — ag) — yaou(t), a(0) = ao,
%(p,t) + [v(p, 1) *pv(l,t)]%(p,t) _ Rit)/;§p<p2£981( ,t))

7m(a(t))l‘1 (p7 t)a

z1(p,0) = z10(p),

8$1 8131
S— = —_— 1 =
p (0,1) 9 (1,t) =0,

v0.0) = [ {[om(a®) - Bia(®)]r (.
+[azpa(a(t)) = Baga(a(t)] (1 — w1(s,)) fs?ds,

——= = R(t)v(1,t), R(0)= Ry,

(2.68)

(2.69)
(2.70)

(2.71)

(2.72)

(2.73)
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y(t) = coR° (), (2.74)
0— 1 when y(t) =r; and dy(t)/dt > 0

u(t) = ) (2.75)
1—=0 when y(t) =7 and dy(¢t)/dt <0

where we have used the fact that v(0,¢) = 0 in deriving Eq. (2.72), and we have
used the assumptions ¢; = ¢y and (2.57) in deriving Eq. (2.74) (co := 4mwe1 /3).
The model dynamics will be examined using numerical simulation in next

section.

2.7 Numerical Study of Intermittent Androgen

Suppression Model

In this section we will perform numerical simulations of the model (2.68)-(2.75)
to study the effects of IAS therapy in the three cases (i)-(iii) of the proliferation
rate of the AT cells in (2.54). The model describes IAS therapy for 0 < r¢ < 1,
while the model can be viewed to describe CAS therapy if g = 0. The typical
parameter values and the initial conditions for the numerical simulations are
given[76, 89, 95]:

ki =0, ke=2, ky=8, ky=05 a;=00204 ay=00242,

By = 0.0076, B2 =0.0168, ~=0.08, ap=30, my =0.00005

a(0) =30, u(0)=1, D=0 and R(0)=2mm.
In the simulations, the initial condition for x1q is taken as follows:

10 = 0.95.
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This initial condition implies that AT cells are minor at the beginning of the
therapy. The parameters ry and r; are the adjustable parameters in our

model.
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Fig. 2.1. The dynamics of the serum PSA concentration y(t) in case (i), where

Co = 0.5.

Figure 2.1 shows the dynamics of the serum PSA concentration y(t) in case
(i). It indicates that TAS seems to be more ineffective than CAS in prolonging
a relapse, which is similar to the dynamics of the ODE model [89]. We notice
that the net growth rate (the proliferation rate — the apoptosis rate) of Al
cells is always positive due to asps — B2g2 = ag — B2 > 0 in case (i), and
therefore Al cells will be rapidly dominant within a prostate tumor. On the

other hand, Figure 2.1 also shows that a relapse occurs within approximately
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three years in all the trials with different values of rg similarly with the CAS.
Therefore, the TAS therapy may be worthy to be adopted in the sense that
the periods of off-adminstration introduced by this therapy can reduce side

effects of androgen deprivation and improve the quality of life for patients.
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Fig. 2.2. The dynamics of the serum PSA concentration y(¢) in case (ii), where
co = 1.5. ro = 7 is a nearly optimal lower threshold for TAS therapy if we fix the

upper threshold at ry = 15.

The dynamics of the serum PSA concentration y(¢) in case (ii) of Eq.
(2.54) is presented in Figure 2.2. Unlike the previous case, all the trials with
IAS therapy prolong the relapse time when compared with the CAS therapy.
Figure 2.2 shows that the relapse time is not monotonously decreasing in the

lower threshold rg € [1,14] if ¢ = 1.5. Then, to achieve better effects of
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TAS therapy, the lower threshold ry should be carefully selected. In fact, to
maximally delay the relapse time, a nearly optimal lower threshold rq = 7 is
numerically found if the upper threshold is fixed at r; = 15 as shown in Figure
2.2. Tt is impossible, however, to avoid an eventually relapse in case (ii) due to
agp2(a)—pPF2q2(a) > 0for 0 < a < ag and aepa(ao)—H2q2(ap) = 0. This implies
that the population of AI cells increases in androgen-poor environments,
and does not decrease even in environments that have the normal androgen

concentration ag.
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Fig. 2.3. The dynamics of the serum PSA concentration y(¢) in case (iii), where
co = 0.8 and r1 = 15.0. y(¢) will be periodically oscillatory for 0.31 < ro < 71, where
ro = 0.31 is the critical lower threshold for the existence of a stable periodic solution

which corresponds to successful TAS.
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Figure 2.3 shows the dynamics of the serum PSA concentration y(t) in case
(iii) with ¢g = 0.8 and 7, = 15.0. The CAS therapy leads to a relapse due to
asp2(0) — B2g2(0) = g — B2 > 0. This implies that the population of AT cells
continues to increase in an androgen-deprived state. However, TAS therapy
can realize cyclic growth and regression of the tumor without a relapse due to
aspa(ag) — B2g2(ag) = —P2 < 0, which implies that the population of AT cells
decreases in an androgen-rich environment. In fact, the biological evidence

that proliferation of AI cancer cells is repressed by androgen [102].

2.8 Summary

This chapter reviews mathematical models for prostate tumor growth under
hormone therapy with mutation inhibitors. The prostate tumors have two
types of cancerous cells, androgen-dependent (AD) cells and androgen-independent
(AI) cells. AI cells are undetectable prior to treatments, but they grow even
in androgen-poor conditions during continuous hormone therapy. The models
are formulated as free boundary problems of nonlinear parabolic systems, and
describe the evolution of cancerous cell populations within a prostate tumor
and the dynamics of the tumor radius (volume).
We found explicit formulae of the tumor volume at any time ¢ in continuously

androgen-deprived environment. The long-term behavior of tumor growth can
be predicted by these formulae. Qualitative analysis suggests that a tumor

relapse cannot be avoided under androgen-deprived therapy. This implication
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may support a possible strategy of intermittent androgen suppression (IAS).
Intermittent androgen suppression is a type of androgen ablative therapy
delivered intermittently with off-treatment periods [17].

In fact, a crucial problem of the CAS therapy on prostate cancer is
the relapse of a prostate tumor, which has been shown by a number of
experimental and clinical studies [12, 16, 17, 18, 83, 90, 95, 102]. This forces us
to look for alternative method to treat prostate tumor, which is intermittent
androgen suppression. We then reviews the PDE model [76] for TAS therapy.
The numerical results show that the TAS therapy may be more effective than
the CAS therapy in delaying a relapse in some cases (see Figs. 2.2 and 2.3).
To achieve a better effect of the IAS therapy, we need to optimally administer
the intermittent treatment. That is, we need to optimally choose the lower
threshold 7o (see Fig. 2.2), which depends on the parameters 1 and c¢g.

‘We should mention that the nonlinear competitive effects between AD and
AT cancer cells has been recently considered by Shimada and Aihara [134]. In
the same way as presented in this chapter, Tao et al. [152] extended this ODE
model to a PDE model and performed some qualitative and numerical analysis

of the extended PDE model.



Modeling the Competition between Tumor

Cells, Oncolytic Viruses and Immune Response

3.1 Introduction

In this chapter, we will review mathematical models for tumor virotherapy
[144, 170, 65]. Unlike the model of Byrne and Chaplain [19] which introduces a
genetic inhibitor, the present chapter considers a tumor therapy by oncolytic
viruses, called virotherapy. Virotherapy has been and is continues to be
actively tested in clinical trials for variety of malignant cancers [14, 34, 38,
77, 128, 181].

One of the obstacles in developing efficient gene therapies for cancers is in
the delivery process. The macromolecules used as gene delivery carriers are
too large to be transported into, and diffuse within, the tumor [92, 141]. A
recent approach aimed at bypassing this problem involves the use of viruses.
Viruses are engineered to selectively bind to receptors on the tumor cell surface
(but not to the surface of normal healthy cells). The virus particles then
gain entry by endocytosis and proceed to reproduce within the tumor cell,

eventually causing death (lysis). On lysis of an infected cell, a swarm of new
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viruses burst out of the dead cell, and then infect neighboring tumor cells.
This process continue until all cancer cells are destroyed.

However, most virus species are unable to eradicate the majority of tumor
modules. There are increasing evidences that the host immune response to
active viral infections. Indeed, it has been manifested that the innate immune
system destroys infected cells as well as free virus particles, thus enabling the
tumor to grow [33].

A mathematical model that describes the evolution of a solid tumor under
viral injection was initially developed by Wu, Byrne, Kirn and Wein [178].
They computed and compared the evolution of the tumor under different
initial conditions using the ’simplified’ version of their model. Friedman
and Tao [61] presented a somewhat different model, and made a rigorous
mathematical analysis on their model. The main difference between the FT
model and the WBKW model is a PDE for viruses. The WBKW model does
not include the diffusion term and their mathematical system is not well posed.

Later on, Wein, Wu and Kirn [170] incorporated the immune response
into their earlier model [178]. They used some preclinical and clinical data
to validate their model and estimate several key parameter values. They also
discussed some design of oncolytic viruses. The viruses should be designed for
rapid intratumoral spread and immune avoidance, in addition to tumor-selectively
and safety. Tao and Guo [144] made a rigorous mathematical analysis of the

WWK model. A very interesting point of the analysis is to theoretically find
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an explicit threshold of the intensity of the immune response for controlling
a tumor, which is the focus of the present chapter.

We also review a mathematical model proposed by Friedman and Tian
et al [65]. This model is formulated for spherical glioma under virotherapy.
The model studies administration of oncolytic virus hrR3 into the tumor
center. HrR3 is a mutant of herpes simplex virus (HSV) [34]. Importantly, this
model includes the effects of the immunosuppression drug cyclophosphamide.
We used this mathematical model to determine how different protocols of
cyclophosphamide treatment and how the burst size of mutated viruses will
affect the growth of gliomas. It is showed that with the current burst size
of oncolytic virus hrR3 the glioma tumor cannot be eradicated even with
administration of cyclophosphamide. If, however, the viruses can be further
altered to yield a burst size b > 150, then the glioma tumor will shrink to
very small size even with no cyclophosphamide treatment.

In this chapter, we will mainly review the model [170] initially proposed
by Wein et al. and present some analytical mathematical results [144] on
this model. Section 3.2 gives the model. Section 3.3 re-formulates the model.
Section 3.4 states the analytical results. Section 3.5 numerically studies a
mathematical model with a time-delay of the immune response. Section 3.6
review the mathematical model for glioma virotherapy. Finally, this chapter

is closed with a summary section.
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3.2 Mathematical Model

Consider a radially symmetrical tumor, and denote its boundary by R(t). We
use symbol r for the distance from a point to the center of the tumor, and r

will be a variable. We also introduce the following physical variables

the number density of uninfected tumor cells :  Z(r,t)
the number density of infected tumor cells :  §(r, t)
the number density of dead cells:  7(r, )

the number density of free virus particles :  0(r,t)
the number density of the immune molecules :  2(r, t)

the velocity field within the tumor :  u(r,t).

As that in Chapter 2.2, the proliferation and removal of cells cause movements
of cells with the radial velocity field u(r,t), where u(0,¢) = 0.

There is some biological evidences that many types of tumor cells secrete
a variety of growth-promoting factors, for example, epidermal growth factor
(EGF) and transforming growth factor-a (TGF-«) [182]. So, we usually
consider that tumor cells proliferate. Following Wu et al [178], we assume that
the uninfected cells proliferate exponentially at rate A. Viruses infect tumor
cells by binding to receptors on cell surfaces and gaining entry by endocytosis.
Therefore, as in [178] we assume that the infection rate of cells centered at
r equals a constant [ times the density of uninfected cells at r times o(r,t),

which is the spatially-weighted average of virus density on the surface of a
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spherical cell with radius r. that is centered at r . In [178], Wu et al showed

that

r+re
o, t) = 1/ (s, £)ds. (3.1)

2re Jo—y,
Since the diffusion coefficient of tumor cells is much smaller than the diffusion
coefficient of the motile virus particles, we assume that the tumor cells are
subjected to the convection with velocity field w(r,t), and the diffusion of
tumor cells is neglected. for a similar assumption, we refer to articles [175,

178, 179]. By the conservation law of mass for the uninfected tumor cells,

%f = aﬁé’;’ D %%(ﬂu(r, H(r,1))
= Ni(r,t) — Bi(r, ) (r,t). (3.2)

As in papers [178, 179], we assume that the infected cells do not proliferate
and that all infected cells undergo lysis at rate &, where §~! represents the
mean infected cell lifetime. Clinical results suggest that the immune response
is cytokine-mediated. The expression of viruses in tumor cells sensitizes cells to
lysis by the TNF (tumor necrosis factor) cytokine [130]. The binding of TNF
to death receptors on the tumor cell surface preferentially induces apoptosis
of viral-infected tumor cells, whereas the uninfected tumor cells are generally
resistant to TNF-induced killing. Based on the ability of TNF to selectively
kill viral-infected cells, we postulate that the immune response kills only the
infected tumor cells. The immune response is assumed to kill the infected
tumor cells at a rate (with proportionality constant k) proportional to the

product of the densities of the infected tumor cells and the immune response.
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We assumed that these killed cells do not release any free viruses. By the

conservation law of mass for infected cells,

% — 8Q(r, t) ig 2 ~
Dt ot r2or (T u(r, )y (r, t))

= Ba(r,t)o(r,t) — 6y(r,t) — kj(r,t)2(r,t). (3.3)

At the time of lysis, an infected cell becomes necrotic. We also regard the
infected cells which have been killed by the immune response as necrotic cells.
The necrotic debris is removed from the tumor at rate u. By the conservation

law of mass for the necrotic cells,

Di_ on(rit) 1 0/, A
Dt~ ot + Zor (r u(r, t)n(r, t))
= 09(r, t) + kg(r, t)2(r, t) — pi(r,t). (3.4)

Since the free virus particles are very small relative to the cells, we
assume that they undergo diffusion within the tumor tissue. The viruses
addressed in this chapter play a role similar to an anti-tumor drug. The
major difference between viruses and anti-tumor drugs is that viruses have
replicating ability once they infect tumor cells and newly replicated viruses can
infect neighboring tumor cell when infected tumor cell lysis. The drugs usually
undergo diffusion within the tumor tissue [168]. There are some experimental
evidences that the diffusion coefficient of drugs is lowest near the center of
the tumor, and it is increasing to maximal levels at the tumor periphery [92].
However, for simplicity, one usually assume that the diffusion coefficient of a

drug is constant, see [168]. In this chapter we shall also confine ourselves to
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consider the situation in which the virus diffusion coefficient (denoted by D)
is constant. When an infected tumor cell dies, we assume that N new virus
particles are released, and this number is call the burst size of the viruses.
The combined parameter NJ is the release rate of free virus particles per
unit time per infected cell. Because virus particles are present throughout a
sphere of radius 7. (where r. is the tumor cell radius), the rate of virus release
at location r is N§ times g(r,t), which is the spatially-averaged infected cell
density throughout a sphere of radius r. that is centered at r. In [178], Wu et

al derived that

gj(r, t) =

T+Te
/ G(s,t)[r? = (s — r)?]ds. (3.5)

—7e

4r 3
As in [178, 179], we assume that the infected cells killed by the immune cells
do not release any free virus. The precise mechanism by which the viruses
are cleared remains unknown. We assume that it is cleared at a constant rate
v, where 1/v is the mean lifetime of free viruses. We shall also neglect the
effect of the velocity field on the virus, as in [178, 179]. By combining the

conservation law of mass with the effect of diffusion, we obtain

oo(r,t) . 10/ ,00(rt) 00(0,t)
prant N6g(r,t) — v0(r,t) + Dy . (7‘ . ), e 0, (3.6)

where the last equation in (3.6) is a consequence of the radial symmetry.
Since the immune response (several innate immune cell populations) under

consideration in this chapter mainly consists of molecules with very small

size, we assume that it undergoes diffusion. Also, we will confine ourselves to

consider the situation in which the diffusion coefficient of immune response
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(denoted by Ds) is constant. Typically, Dy = 1072 ecm?day~' > D. = 1.3 x
107 em?day~? (the diffusion coefficient of tumor cells) [27]. We assume that
the immune response is produced at an unsaturated rate that is proportional
(with constant /) to the product of the density of infected tumor cells and the
immune response, and incurs second-order clearance with rate constant w. We
assume second-order clearance because first-order clearance was inconsistent

with the clinical data [170]. By the conservation law of mass, we have

d3(r, 1) 10 <T262(r,t))7 0%(0,t) ~0,

= 12(r,t)g(r, t) — w[2(r, t)]* + Do— —
ot Z(T7 )y(r7 ) CU[Z(’I", )] + 27,2 or or or
(3.7)
where the last equation in (3.7) is a consequence of the radial symmetry.
We finally assume that all tumor cells have the same size, and that they

are uniformly distributed in the tumor [178], so that
%+ 9+ n = const. = 0. (3.8)

Adding equations (3.2)-(3.4) and using (3.8), we get the equation for
velocity field,
—g<r2u(r t)) — \&(r,t) — pi(r,t) (3.9)
7_'2 87’ ) - ) /”L ) * *

The boundary conditions, at the outer boundary of the tumor, are

d .

5, 0(R(),1) =0, (3.10)
.

S A(R(D).6) =0, (3.11)

dR(t)

——— = u(R(t),1). (3.12)
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Remark 3.1. We assume that there is no-flux of tumor cells, virus particles
and the immune response across the outer boundary of the tumor, that is,

they remain within the tumor. Then, we have boundary conditions,

&(r, t)%tt) — & tyulr, t)] B (3.13)
i, t)%(t) — g, b)] —— (3.14)
:fz(r, t)%it) — a(r, tyu(r, t)] iy = (3.15)
:6(7", t)%ﬁt) - (@(n u(r,t) — Dlg(n t))L:R(t) =0, (3.16)
3(r, t)%gt) - (é(r, u(r,t) — ng(r, t))]T:R(t) —0.  (3.17)

Adding Egs. (3.13)-(3.15) and using Eq. (3.8), we derived the free boundary
condition (3.12). This, along with Eqgs. (3.16) and (3.17), further yields the
boundary conditions (3.10) and (3.11). In Egs. (3.6) and (3.7) we neglected the
effects of the velocity field on the virus and the immune response. However,
we need to consider the velocity field in deriving appropriate and tractable
boundary conditions for the viruses and immune response at the moving outer
boundary of the tumor. We further notice that, as addressed in Remark 2.1,
Egs. (3.13)-(3.17) are obtained by considering the relative velocity of cells on

the outer boundary of the growing tumor.

We notice that Equation (3.4) is a consequence of Egs. (3.2), (3.3), (3.8)
and (3.9). Therefore, in what follows we simply drop this equation and replace

7t by § — % — ¢ in Eq. (3.9).



46 3 Modeling the Competition between Tumor Cells, Oncolytic Viruses and Immune Response

3.3 Transformation

For the typical parameters r. = 0.01 mm, R(0) = 2 mm given in [178], we

have r. < R(0). By (3.1) and (3.5) we get

o(r,t) = 0(r,t), g(r,t) = g(rt). (3.18)

We introduce the new variables

I A D - -
xr = — = — V= —— =2z u=u
A oN’ :
and the quantity
BNG
po=—.
v

The parameter pg is called the basic reproductive ratio in the epidemic study.
It represents the mean number of virus particles released by one virus.

In terms of the new variables, the system (3.1)-(3.12) takes the following

form:

OF(r,t - .. 10 .

(E)t = AT — poyZED — polrm (r2ux), (3.19)
oy(r,t . 0 .
yét ) = poyZV — 0y — kyZ Pl (7‘ uy), (3.20)
oo(r,t) 10,00 00(0,t)
ot o9t Dig ar(r ar>’ o O (3:21)
0x(rt) 19,05\ 90,1)

=102y —wz* + Dy 29, (r 87")7 5 = 0, (3.22)

10 . - R
23 <T2U(T, t)) =X —pu(l—2—179) (3.23)

in the moving domain {r < R(¢),t > 0},

%(R(t)ﬂf) =0, t>0, (3.24)
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%(R(t),t) =0, t>0, (3.25)
dR(t)

—5 = u(R).1), >0, (3.26)

@(0,6)=0, t>0 (3.27)

with initial conditions
R(0) is prescribed,
55(7’7 O) = i'O(r)a ’g(?”, 0) = QO(T)7 ’(7(7“, 0) = 60(T)7 2(7", O) = 20(T) (3 28)

where Zp(r) > 0 and Zo(r), Jo(r), 0o (r) are nonnegative

functions with z¢(r) + yo(r) < 1, for 0 < r < R(0).

It is convenient to transform the moving region {0 < r < R(t)} to the

fixed region {0 < p < 1}. So, we use Landau transformation

and setting

I(p,t) = i’(r,t), y(p,t) :gj(r,t), Z(pat) = E(T,t),

v(p,t) = o(r,t), ulp,t) =u(r,t)/R(t),
Egs. (3.19)-(3.23) combined with (3.27) take the following form in {0 < p <
1,¢t> 0}:

ox ox
¢t (vt — 0] 5

= Az —poyav — [ — p+ (A + p)z + py, (3.29)
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y dy
¢ T (1) —pu0)] 5
= poyav — 0y — kyz — [ — p+ (A + pw)z + pyly, (3.30)
v v Di 1 9,00\ v, .
g~ L0 =0y =+ s ap( ap>’ 5,00 =0, (331)
0z 0z Dy 1 0 0z 0z
= pu(1,6) 2= = 102y — w2? = Z(2Z), Z(0,4) =0, (3.32
o ULy =10y =2+ s ap(p ap)’ 5, (00 =0, (3:32)
1 14
upit) = 5 [ s (el t) s 0]ds. (339)
0

The boundary and initial conditions (3.24)-(3.3) become

R(t) = R(t)u(1,t), R(0) is given, (3.34)
ov
a—p(u) =0, (3.35)
0z
67)(1,@ =0, (3.36)

fE(P, 0) = xo(p)vy(pv 0) = yO(p)a 'U(p, O) = 'UO(p)a Z(P, O) = ZO(p) (337)

zo(p) = 0,90(p) 20, zo(p) +yo(p) <1, 20(p) > 0. (3.38)

We also assume that

1o}
z0(p), yo(p), vo(p) and z(p) belong to C[0,1], and ai[ju)

o 620

=5, =0

(3.39)
We now state a result on the global existence and uniqueness of solutions

to the system (3.29)-(3.39) (see [144]).

Theorem 3.1. The system (3.29)-(3.39) has a unique solution (x(p,t),y(p,t),
v(p,t), z(p,t),ulp,t), R(t)) with x,0x/dp,y,0y/p,v,0v/0p, z,0z/0p and wu,

Ou/dp in Cl0 < p<1,0<t<oo], R(t) in C'[0,0), and
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z(p,t) >0, ylp,t) >0, x(p,t) +y(p,t) <1 (3.40)

R(0)e™P" < R(t) < R(0)e! for some B > 0. (3.41)

Furthermore, if zo(p) = const. = zq, then

— 0 < (pt) < !
z 9 —
1+ zowt — P =+ (% — %)efzet

< max (2o, g) (3.42)

We conclude this section by recalling, from [170], estimates on the size of
parameters that appear in the system (3.29)-(3.32).

The parameter \ is typically small. For example, A = 3.2 x 10~% hr—1,
which corresponds to a tumor doubling time of three months, typical for head
and neck tumors [118]. The parameters ¢ and p are one order of magnitude
larger than A. Laboratory results from Onyx suggest that the mean infected

1

cell lifetime is about two days, and so we set § = ;g hr~—1. Typical necrotic

removal rate p = = hr~'. The tumor cell density § = 10° cells/mm3.
The parameter v is at least one order of magnitude larger than § and u,
and some laboratory data suggests that v is about 1 hr~! [178]. Typical
value of the clearance rate w of the immune response is 1.6 ml/ng-hr. The
three parameters, the immune stimulation rate [, the immune killing rate
k, and the basic reproductive ration pg, are more difficult to estimate. In
[170], the authors use new clinical data to estimate that py = 3.73, k =
15.3 mm? /ng-hr, 1 = 0.048 mm?/cells-hr.

The diffusion coefficients of several drugs given in [168] lay in the range

1076 ~ 107° em? /s = 0.0864 ~ 0.864 cm? /day. The drug diffusion coefficient

given in [93] is 1.7 em?/day. For clarity and definiteness, we will take D =
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1 em?/day in (3.31). The immune response diffusion coefficient Dy = 7.0 x

1075 ~ 1072 em? /day in (3.32), see [27] and the references therein.

3.4 Threshold of the Immune Response

In this section we study the effect of the immune response to cancer treatment.
We will explore the threshold of the intensity of the immune response for
controlling the tumor. We begin with the constant equilibrium solutions
(zs,Ys, Vs, 2s) to equations (3.29)-(3.32). We easily find there are precisely

following six solutions of this type:

El = (Oa Oa Oa 0)»

E2 = (13 Oa Oa O),

5 0 s
Es= (0, 1 " v(l u)’ 0),
By = (17052 —1(Pod — 6 —A) (A4 p)(pod — 0 —A)
P00 (pod — A) 7 pod(pod —A) 7
5 (A4 p)(pod —6—A) 0)
v Po5(]905 A
B = (o, —6) & w(p—206) 16— 5))
5 kl9+,uw v KO+ pw’ KO+ pw
EG ==

ELO(N + 1) + podw(pod — A) " EIO(N + 1) + podw(pod — A)’
WA+ 1) (pod — 5 — \) 160\ + 1) (pod — 5 — A) )
KON + ) + podw(pod — X)) kIOX + 1) + podw(pod — A)/

(kl (A + 1) + w[pod? — p(ped — § — N)] WA+ p)(pod — 8 — N)
L
Y

From (3.42) in Theorem 3.1 we have that z(¢) is nonnegative for all ¢ > 0 if
zo(p) = const. = z5 > 0. As a result, we are only interested in the stability
of the equilibrium solutions in which z; > 0. Hence, the equilibrium solutions

Fy, Es, E3 and E4 can be discarded. In the process of our analysis, we also
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assume
0>, (3.43)

A
po>1+;+g (3.44)

which hold for the typical parameter values given in previous section. Since
i < 6 by (3.43), we see that z; < 0 in F5, and hence this equilibrium solution
can also be discarded. So, we are only interested in the equilibrium solution Fj.
In the following we shall prove that if the initial densities are approximately
equal to Eg, then the evolution of the tumor radius R(t) will strongly depend
on the intensity (m = %) of the immune response.

Let (x4, ys, vs, 2s) = Eg. We look at the system (3.29)-(3.39) with (zo, yo, vo, 20)

near (s, Yys, Vs, 2s)- It is convenient to introduce new variables:
X(p,t) = x(p,t) — x5, Y(p, 1) = y(p, t) — ys,
Vip,t) = v(p,t) —vs, Z(p,t) = 2(p,t) — zs, (3.45)
U(pst) = u(p,1).

Then the system (3.29)-(3.39) takes the following form in {0 < p < 1,¢ > 0}:

ox U, —pU(l,t)]a—X

ot dp
= [(A 4 p) = (pod + p)ys — 2(A + p)xs| X
—pzsY —poyasV — [()\ + )X +pY + pO’YV} X

+25[A + p = (Pod + p)ys — (A + p)zs], (3.46)
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o, [U(p, £) — pU(1,t)} %

ot
= [Poyvs — A+ wys] X = [(6 = 1) + (A + p)s + 2pys + bz ] Y

+poyzsV — kys Z + [poy XV — (A + )XY — pY? — kY Z]

+yslp — 0 — pys + (pod — p — Mg — kzg), (3.47)
oV oV Dy 18 0V

ASENG JE T LM B P LA S Y 4

5 P (’t)ap Rz(t)pgap(p ap) Y =9V, (3.49)
oV oV

V(p,0) = Va(p), 0 (3.50)

87/)920_57,0p:1: ’

92 92 _ Dy 10 ,0Z, .0 _ w?
HOZY + 102, + z5(10ys — wzs), (3.51)
0z 0Z
Z =7 Z == = 52
(0.0=2lp). 5| =5| =0 (3.52)
1 P
Ulp,t) = ;2/ 2[Q+ A+ W)X (s,0) + uY (s,0)]ds,  (3.53)
0
R(t) = R(t)U(1,t), R(0) is given, (3.54)

where Xo(p) = 2o(p) — 25, Yo(p) = yo(p) — ¥s: Vo(p) = vo(p) — vs, Zo(p) =

Q= —p+ AN+ prs + pys

mA(A + 1) — pod[p(pod — 6 — A) — Ad]
m(A+ ) + pod(pod — A)

k0
(where m = —)
w
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and Bvaoifgp)b:l = BZSL;”)L,:l = 0. Since (zs,ys,vs,2s) is an equilibrium
solution, the last terms on the right-hand sides of (3.46), (3.47) and (3.51)
vanish.

As in [178] we combine the immune response parameters [,k and w into
the single parameter m = %, which indicates the intensity of the immune
response against the virus. That is, the immune response is strong when the
value of I (the immune stimulation rate) and &k (the immune killing rate) is

large relative to w (the immune response clearance rate).

In the following we shall assume

Q #0. (3.55)

Let us first consider the two eigenvalues (denoted by A; and As) of the

linear coefficient matrix A of the hyperbolic system (3.46)-(3.47). Here

(A4 1) — (Pod + 1)ys — 2(A + p) s — s
(p0(5 —A— ,U)ys 7(5 - M) - (>‘ + M)xs —2pys — kzs
(3.56)
Notice that
0y, =wzs, A+p— (p0(5+u)ys - (AJF#)IS =0,
then the matrix A can be rewritten as
—(A+ p)xs —HTs
A =
(P06 — A= pys —(6 — p) = (A + p)zs — 2p+ m)ys
a1 a1z
—. (3.57)
a1 a22




54 3 Modeling the Competition between Tumor Cells, Oncolytic Viruses and Immune Response

By the assumptions (3.43) and (3.44) we easily find that

A+ A =aq1 tax <0,

Al A = ‘A| = ajia92 — ai2az1 > 0.
Therefore, A\; and Ao have negative real parts,
ReA1 <0, Rely <O. (3.58)

Thus, we may expect that the constant equilibrium solution (zs,ys, vs, zs) =
Es to Egs. (3.29)-(3.33) is locally asymptomatically stable.

In fact, we have the following results [144].

Theorem 3.2. Denote

and assume that

: mA(A + p) — pod[p(pod — 6 — A) — Ad]

R T RS RV IR
6>uandpo>1+%+% (3.60)

If
| Xo(p), Yo(p), Vo(p), Zo(p)llcrjo1) < € (3.61)

where € is sufficiently small, then there exists a unique global solution (X (p,t),

C10,0), (X,Y,V,Z,U) in C1([0,1] x [0,00)) and the following estimates:

[ X (&), O+ [Y(E(), )] < Ce™" || (Xo,Yo)llcpo,» (3.62)
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0X

oy .
%(f(t)7t)| + |8fp(f(t),t)\ < Ce™ || (Xo, Y0)ll e o.17) (3.63)

which hold for all t > 0, where £(t) = &(t; po) is any forward characteristic
curve of the equations (3.46) and (3.47) satisfying po = £(0;p0) and C is

some positive constants independent of T. Furthermore, if

- Pol[p(pod — 6 — A) — Ad]

< = .64

then
R(t) <0 forall t>0, (3.65)
R(0)e™ '3 < R(t) < R(0)e™ 5"t for all ¢ > 0; (3.66)

if

m > my, (3.67)

then
R(t)>0 foral t>0, (3.68)
R(t) > R(0)e S for all t> 0. (3.69)

Remark 3.2. In order to perform (3.1) and (3.5) mathematically, we need the
following assumption

R(t) > re.

In fact, if the tumor radius R(t) < 7. (here r. is the radius of a tumor
cell), then the tumor cannot contain a single live tumor cell and therefore
the tumor is controlled. Actually, the models in [170, 178, 179] are valid only

for R(t) > r.. From . = 0.01 mum, R(0) = 2 mm [178] we find that the tumor
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nodule with a size of 2 mm in radius contains around 8 x 10% cells. So, the

assumption R(t) > r. is minor, and the approximation (3.18) is reasonable.

Remark 3.3. In the absence of an immune response, the viruses (if uniformly
injected throughout the tumor) may be powerful enough to eradicate the
tumor. For example, if no immune response occurs (i.e., m = 0), then by
Theorem 3.2 and the parameter values, A = 3.2x 1074, § = 4—18, W= %, Po =

3.73, given in Section 3.3, we easily find that
R(t) =0 monotonously and exponentially as ¢t — +o0.

Further, we see that without immune response (i.e., m = 0), the viruses can

eradicate tumors with
A< (54 ;)_1(])0 —1) =0.0225 hr 1. (3.70)

This means that any tumor with a doubling time more than 31 hours will be
eradicated.

However, the strength of the immune-mediated clearance displayed in the
human clinical data changes the entire picture. The viruses cannot control the
tumor in the presence of the effective immune response. For example, by the

clinical data given in [170], we have

m = ko _ 459 hr—1,
w
_ Pod[p(pod — & — X) — Ad]

~ 13.81 hr~ L.
o AN+ ) "

Therefore
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m > mg.

So, from Theorem 3.2 we get
R(t) —» 400 monotonously and exponentially as t — +o0.

Because of the relative low of py we see that only the slowest-growing tumors
might be eradicated by the viruses in presence of immune-mediated clearance.

By Theorem 3.2, in order to control tumor, we need the following condition:
m < my.
that is,

A

—1)6?
< PoPo= 100" 0063 x 1077 hr~!, approximately. (3.71)
m

Remark 3.4. The critical immune response intensity mg found in Theorem
3.2 is biologically interesting. In order to improve the efficacy of the oncolytic
adenovirus, the immune-mediated viral clearance must be suppressed. One
possible strategy to combat the effect of the immune response is to administer
an immune suppressor, which would decrease the stimulation rate [ in our

model. For example, if
[ < 1.4441 x 107% mm?® /cells — hr, (3.72)

then, the tumor can be controlled from Theorem 3.2 for the typical parameter
values given in Section 3.3. In fact, Friedman et al [65] proposed a mathematical

model considering the effects of an immune suppressor.
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Remark 3.5. Currently, biopharmaceutical companies and academic investigators
working in the area of cancer viral therapies have made hundreds of viruses

that are potential candidates for cancer therapy (see [170], for instance).

3.5 A Time-Delay Model

The data in [170] suggests that the immune system responds to the virus
infection with a time delay of about 42 hours.

Using the quasi-steady-state approximation, V = %Y, a simplified version
of the system (3.46)-(3.54) with a time delay 7 for the immune response takes

the following form:

%( + [Uto.) —pU(1.)] %i;
= [(A+ 1) = (pod + p)ys — 20\ + p)as] X

—/L’,CSY - pO'WEsV - [()‘ + IU’)X + MY + pO'YV] X, (373)

)4 Y
Pt U0 U0 5

= [poyvs — N+ p)ys] X = [(0 — 1) + (A + p)ws + 2uys + kzs|Y
+poyzsV — kysZ + [poy XV — A+ )XY — pY? — kY Z], (3.74)

X(pa O) = XO(ﬂ)v Y(p, O) = YEJ(p)v (375)

9z _ ( t)872_ D, iﬁ( 202
at T dp  R%(t) p2 dp P Op

) = (10ys — 2w2,)Z — wZ?

HOZY (-t — 1) +102Y (-, t — 1), (3.76)
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oz, oz

2.0 =20, 5| =% =0 (377)

Up,t) = % /P s [Q + (A + W)X (s, 1) + pY (s, t)]ds, (3.78)
P~ Jo

R(t) = R(t)U(1,t), R(0) is given. (3.79)

P
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Fig. 3.1. The spatio-temporal dynamics of the density y(p,t) of the infected cells

for Dy = 0.015, 1 = 1.8 x 1073, 7 = 50, (zs,ys,2s) = (0.97933,0.00321, 0.00361).

Take (zo(p), yo(p), 20(p)) ~ (Ts,Ys, 2s)-

Figure 3.1 shows the spatio-temporal dynamics of the infected cells.
Clearly, if the immune system responds to the virus with a time delay 7 > 7
(where 79 = 28.6 is the critical value for the stability of the steady state
Eg, see [144]), then the density of the infected cells will have an oscillation.
This oscillation may become strong. Figure 3.1 also indicates the spatially

heterogeneous distribution of the infected cells.
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Fig. 3.2. The effects of the diffusivity D2 of the immune response on tumor
growth for [ = 1.8 x 1073, 7 = 50, (xs,ys,2s) = (0.97933,0.00321,0.00361). Take

(wo(p), Yo (p); 20(p)) ~ (Ts, Ys, 2s)-

Figure 3.2 shows that the diffusivity Dy of the immune response has little
effects on the tumor growth when the time ¢ < 1100 (hours) and the immune
system responds to the virus with a time-delay 7 > 79. However, the tumor
growth will heavily influenced by the diffusivity D; when the time is large
(t > 1100 hours ~ 46 days). Furthermore, we find that the tumor growth is
monotonously increasing if the time ¢ is sufficiently large. This phenomenon
may be biologically explained as follows. The faster the immune response
diffuses, the more quickly the viruses may be killed, which may mitigate the

effects of the treatment.
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3.6 Glioma Virotherapy

In this section, we review a mathematical model about glioma virotherapy
proposed by Friedman and Tian et al [65]. This model is similar to a model
introduced by Wu et al [178, 179]. However, there are several important
differences. First, this model has included the effects of immunosuppressive
agent Cyclophosphamide (CPA), and we used our model to determine the
effect of administering CPA under different protocols on the progress of
glioma. A second difference is that our model includes the presence of
innate immune cells in the tumor tissue, whereas [178] includes only the
immune response (tumor necrotic factor TNF) which consists of molecules
with negligible volume. This difference is important, since the immune cells
make up to 50% of the total number of cells at some stages of the tumor
progression. We have also added a term which accounts for the destruction
of virus particles by the immune cells [5]. Finally, in the mathematical model
of [178], the parameters are estimated by using data from head and neck
cancer. In our model, the parameters are estimated so as to conform with
experimental results for glioma in article by Fulci G et al, Cyclophospharnide
enhances glioma virotherapy by inhibiting innate immune response [68]. There
is a substantial difference in the values of some of the parameters due to the

fact that glioma is much more aggressive cancer.
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3.6.1 Mathematical model and parameter values

Our model includes infected tumor cells (y), uninfected tumor cells (),
necrotic cells (n), immune cells (z) and free virus particles (v). The model

is given as follows.

ot 55, (rulr, )a(r, ) = Ae(r,t) = Ba(r,)o(r, 1), (3.80)

8y((97;, t) + %g(ﬁu(r, tyy(r,t)) = Bx(r,t)v(r,t) — ky(r,t)z(r,t) — dy(r,t),
(3.81)
a"g;’ 2 712%(7“%(% tu(r,t)) = ky(r,t)z(r,t) + oy(r,t) — pn(r,t), (3.82)
82((?:’ t) rizg (TZZ(Tv t)u(r, t)) = sy(r, t)Z(T’ t) —C(Z(’I“, t))Z(T, t) —P(T, t)Z(?“, t)
(3.83)
81}27; B _ %2%(7”2% = boy(r,t) — kov(r,t)z(r,t) — yv(r,t), (3.84)

We assume that all the cells have the same size and that they are uniformly

distributed in the tumor. Then

x(r,t) +y(r,t) +n(r,t) + z(r,t) = const. = 0 (3.85)

and, by [122], 6 ~ 10%cells/mm?.

Combining the equations (3.80)-(3.83) and using (3.85), we obtain

= Xx(r,t) — pn(r,t) + sy(r,t)z(r,t) — c(z(r,t))z(r,t) — P(r,t)z(r, t).
(3.86)
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We also have

% (0,¢) =0,  fort >0. (3.87)

Since the free viruses remain in the tumor,

ov

5, (R().1) =0, for t > 0. (3.88)

Finally, the free boundary is subject to the kinematic condition
——= =u(R(t),1). (3.89)
In our simulation, we will take R(0)=2 mm and

z(r,0) = 0.84 x 10%,y(r,0) = 0.1 x 10°,

r2
2(1,0) = 0.06 x 105, v(r,0) = Ae™ 22,0 < r < 2

2 2
5.21 x 108 < 477/ Ae” 2Zrdr < 11.27 x 108,
0

The way immune cells are cleared is typically by membrane protein Fas and
FasLL which, when combined on the cell surface, signal to caspase protein to
execute the cell. The percentage of immune cells in the brain is typically 1-2%.
When stimulated by infected cells in glioma, this percentage arises sharply. As
the number of infected cells drops, the need for immune cells diminishes, so
they undergo apoptosis, either by killing themselves (using their own Fas and
FasL to activate caspase) or by killing each other (Fas from one cell ligands
to FasL from another cell)[5] [121]. The first process occurs when z is small,
and yields a linear clearance; the second process occurs when z is large, and

it yields a quadratic clearance. Hence,
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cz if z < zp,
c(z)z =

£22 if 2> 2.
zo

From [121] one can infer the value of zp, and combining this with the linear
clearance rate, we arrive at the number w = = &~ 20 X 10~8mm3/hour - cell.
For simplicity we will assume only quadratic clearance with a rate w as above.

After CPA is administered to the rats, the level of CPA arises and reaches
a plateau after 2 days. This level is maintained for approximately 3 days and
then begins to drop off to zero in the next two days. We simulate the CPA

level in the tumor by a piecewise linear function

8.5 x 1072 if0<t<72,
P(t) =

85x10°2 (190 — ¢) if 72 < ¢ < 120,

and P(t) = 0 if ¢ > 120, where the unit of P(¢) is 1/hour.

The model parameters are based on experimental results of Fulci et al 77.
In these experiments D74/HveC Rat Glioma cell lines were implanted into the
brain of rats. After 7 days, the tumor reached the size of 4mm in diameter, and
then the oncolytic virus hrR3 (which is a mutant of Herpes Simplex virus 1
(HSV)) was injected into the center of the tumor. This mutant attacks tumor
cells, but does not attack healthy normal cells. Six hours after injection, some
rats were sacrificed, the tumor was stained and the JPEG pictures were taken,
and then the infected area of the tumor was measured. This procedure was
repeated after 72-76 hours from the time of virus injection, and then once

more, one week after virus injection. Five different stains were used: one for
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each of four innate immune cells, and one for the infected cells. The immune
cells are CD11b (dendritic cells), CD68+ (main monocytes, also called ED1
in rats), CD163+ (also called ED2 in rats) and CD169 (also called ED3 in
rats). Different immune cells may participate in the inflammatory response
at different time points and may be cleared at different time points. Rapid
up-regulation was observed for certain immune cells, and depletion of some
macrophages alone has also been produced. However, the CPA effects on the
different immune cells were only partially reproduced. For this reason, we shall
take in our model the average response of all the immune cells, rather than
the response of each population of immune cells. The immunosuppression
drug CPA was pre-administered to rats on the fifth day after tumor cell
implantation, that is, 2 days before virus injection. Most of the parameter
values we obtained from experimental results or literature. We provide them
here: Proliferation rate of tumor cells A = 2 x 10~2 per hour, Infected cell
lysis rate § = % per hour, Removal rate of necrotic cells p = %8 per hour,

Burst size of infected cells b = 50 viruses per cell, Density of tumor cells

0 = 10 cells per mm?, Diffusion coefficient of viruses D = 3.6 x 1072 mm?

per hour, Infection rate § = % x 1072 mm?® per hour per virus, Immune
killing rate k = 2 x 10~8mm? per hour per immune cell, Take-up rate of
viruses kg = 10~8mm? per hour immune cell, Stimulation rate by infected cells
s = 5.6 x 10~"mm? per hour per infected cell, Clearance rate of immune cells

w = 20 x 1078mm3 per hour per cell, Clearance rate of viruses vy = 2.5 x 1072

per hour.
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3.6.2 Comparing with data

In order to compare our numerical simulation with the experimental results of
article [68] we take, as in article [68], the initial radius of the tumor to be 2mm,
and the number of particle forming units (pfu) of virus injected at the center
to be 108-10°. The initial time is the seventh day after tumor implantation in

the rat’s brain.

Fig. 3.3. Experimental data vs simulation results. Figure 1A is for infected tumor
cells without CPA; Figure 1B is for immune cells without CPA; Figure 1C is for
innate immune cells with CPA. In each picture, data group 1 is after 6 hours, data

group 2 is after 72 hours and data group 3 is before the rat dies.

Fig.3.3 1A compares the experimental measurements with our numerical
simulation of the percentage of infected tumor cells (relative to the total
number of all cells) without pretreatment of CPA. Fig.3.3 1B compares
the experimental measurement data with the numerical simulation of the
percentage of the innate immune cells without pretreatment of CPA. Fig.3.3
1C compares the experimental measurements of immune cells, when CPA

was administered, with our numerical simulation. The discrepancy between
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measurements and simulation develops only after a relatively long time both
in Fig.3.3 1B and 1C.
Fig.3.3 shows that our model fits quite well with experiments. We next

proceed to compare the cancer progression with and without CPA.

3.6.3 Comparing studies

Fig.3.4 shows simulation results based on our model. Fig.3.4 A shows the

——without CPA —— without CPA
- wihcPa off - wincea

Fig. 3.4. Profiles of the percentages of cell populations within the tumor with and
without CPA. Figure A is for innate immune cells, B is for infected tumor cells, and

C is for uninfected tumor cells.

profiles of the averages over space, of immune cell densities with and without
CPA pre-treatments. Without CPA, the immune cells reach the maximum
52% at 26th hour after virus injection; with CPA, the immune cells reach the
maximum 34% at 24th hour after virus injection. Thus, CPA suppresses the
maximum level of innate immune cells and shortens the time that the immune
system reaches its peak. Since the effect of CPA disappears after 120 hours,
the percentage of the immune cells climbs up after 120 hours, thus forming a

bimodal profile.
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Fig.3.4 B shows the profiles of the percentage of infected tumor cell with
and without CPA. Clearly with CPA we expect to have more infected cells.
As the simulation shows, without CPA, the infected cells reach the maximum
46% at 5th hour; with CPA, the infected cells reach the maximum 50% at 7th
hour approximately.

Fig.3.4 C shows the profiles of the percentage of uninfected tumor cells with
and without CPA. The first thing to notice is that there is a time delay in the
effect of CPA; the immune suppression does not begin right away; in fact, there
is a 3 days delay. The effect of CPA becomes negligible after approximately

17 days. However, during the intermediate period, it is significant.

3.6.4 Burst size of viruses

Suppose we inject into the tumor OV which replicates at a faster rate than
hrR3. A large burst size b of virus will increase the stimulation of the immune
system, which will then attack the infected cells and the free viruses. As a
result, the population of viruses will decrease and this will be followed by
a decrease in the population of immune cells. The population of virus and
infected cells will then be able to increase, and it will follow by a re-stimulation
of the immune system, etc. Thus, we may expect a ”feedback mechanism”
which will cause an oscillatory behavior of the percentages of infected cells,
immune cells, and uninfected cells, with slight time-shift of the corresponding

maxima. This is indeed demonstrated in Fig.3.5 for burst size b = 400 and
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1000. For smaller values of b such as b = 200, oscillations occur only in the

first 20-30 days. For b = 50 (not shown here), we do not see any oscillation.

Fig. 3.5. Profiles of cell populations within the tumor with different burst sizes.
Figure A is for infected tumor cells, B is for uninfected tumor cells, and C is for

innate immune cells.

3.6.5 CPA treatments

We compare two different protocols for administering CPA. The first protocol
is to administer a "normal” amount of CPA weekly, and the second protocol
is to administer twice the normal amount every two weeks. The simulation
results of the percentage of uninfected tumor cells for burst sizes b = 100, 200
and 400 is shown in Fig.3.6.

These figures show that there is little difference between the weekly and
bi-weekly treatments, especially when we consider weekly averages.

It is instructive to compare these treatments with the ” traditional” treatment,
where we pre-administer normal amount CPA just once. The weekly treatment

reduces the weekly averages of the uninfected cells, but due to oscillations
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reentages

Fig. 3.6. Profiles of uninfected tumor cell populations with different treatments
and different burst sizes. Figure A is for burst size 100, B is for burst size 200, and

C is for burst size 400.

there are periods of time when this traditional treatment yields a small

percentage of uninfected cells.

3.6.6 The tumor radius

All the preceding numerical results are based on solving the partial differential
equations (PDEs) of the model given in the Appendix and then taking
averages over the tumor region. We have obtained approximately the same
numerical results using the much simpler ordinary differential equations
(ODEs) obtained by neglecting spatial variations.

There is however one important quantity that we have not yet taken into
account, namely, the radius of the tumor, and in order to compute it we need
to work directly with the PDE system.

As the simulations presented above show, uninfected tumor cells will
persist even with large burst sizes and with repeated CPA treatments.

However, if the radius of the tumor can be kept small enough then long term
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survival of the animals can be assured, unless cell invasion and metastasis will
occur as a result of cell shedding and migration.
Fig.3.7 simulates the growth of the tumor radius for b = 50 without CPA

and with one pre-treatment of CPA.

—— b= 50 wilh weeKly CPA
b=100 with weekly CPA

— b=400 without CPA

Fig. 3.7. Tumor radius with different burst sizes and CPA treatments.

According to Fulci et al [68], without CPA the rats die after 8-10 days
after the injection of viruses, and with one CPA pretreatment the rats die
after 11-13 days after the injection of viruses; at death, the radius of the
tumor is approximately 6 mm. These experimental results roughly fit with
the simulations in Fig.3.7a.

Fig.3.7b simulates the growth of the tumor’s radius without CPA and with
weekly CPA treatment for different burst sizes.

We see that with weekly CPA treatment, the radius of the tumor will
decrease as long as the burst size is bigger than 100; without any CPA
treatment and with burst size b already as high as 150, the radius of the

tumor will decrease to 1 mm. If the burst size could be increased to 400, the
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tumor will shrink to an extremely small size. Finally, the weekly treatment by
CPA helps in decreasing the radius of the tumor, as can by seen by comparing
the profiles in Fig.3.7b for burst size b = 130 and b = 150: For b = 130 with

CPA we achieve a smaller radius than for b = 150 without CPA.

3.6.7 Conclusion of glioma virotherapy

We have shown that with the current burst size of oncolytic virus hrR3 the
tumor cannot be eradicated with CPA treatment. In fact, its radius will grow,
and the rats will die within several weeks. If, however, the virus can be further
altered to yield a burst size b > 150, then the tumor will shrink to a very small
size, even with no CPA treatment. It is well known that tumor cells in glioma
may shed and migrate into other areas in the brain. We did consider this
infiltration /invasion problem. Thus even when the tumor size can be kept very
small, there is still a chance of developing a secondary tumor. In this respect,
a repeated treatment of the tumor by CPA is important, for it decreases the
percentage of uninfected tumor cells, and thus reduces the risk of secondary
tumors.

As was shown, by our model, that there is little difference between the
weekly and bi-weekly CPA treatments. The protocol of choice should therefore
depend on the side effects to this chemotherapy.

Finally, our model considers only spherical gliomas with oncolytic virus
injection at the center. But we expect that conclusions here will hold also for

non-spherical gliomas.



3.7 Summary 73

Based on this mathematical model, there are several studies on particular
aspect of the glioma virotherapy. For example, an analysis [157] shows the
replicability of oncolytic virus is a critical parameter, [158, 159] show rich and

complex dynamical behavior involved in virotherapy.

3.7 Summary

Replication-selective viruses as a novel therapeutic approach for cancer treatment
have now been used in clinical trials. The immune response to anti-tumor virus
can cause early elimination of viruses but also possibly be beneficial because
it causes the immune-mediated killing of tumor cells. So, the competitive
dynamics between tumor cells, a replication virus and the immune response
is complex. To figure out the complex dynamics and help to design optimal
protocols of tumor treatment, mathematical models may be needed. Wein,
Wu and Kirn [170] have formulated a model describing the complex interplay
between tumor cells, a replication-competent virus that kill tumor cells, and an
immune response that kills the virus-infected tumor cells (and hence the virus
itself). The mathematical model is a free boundary problem for a nonlinear
system of partial differential equations. The variables are the radius of the
tumor r = R(t), the evolving densities z(r,t),y(r,t),n(r,t),v(r,t) and z(r,t)
of the uninfected cells, the infected cells, the dead cells, the free viruses and

the immune response, and the velocity field w(r, t).
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Importantly, an explicit and theoretical threshold mg of the intensity m
of the immune response for controlling the tumor was found by Tao and Guo
[144] in the following sense:

(i) If 0 < m < myg, then for the initial densities

x(r,0) ~ const. = xg, y(r,0) ~ const. = ys,

v(r,0) ~ const. = vs, z(r,0) ~ const. = z;,

the radius R(t) will decrease monotonically and exponentially to zero as ¢
increase to oo;

(i) If m > my, then for the same initial densities (x(r,0),y(r,0),v(r,0),
2(0)) ~ (s,Ys, Vs, 2s) as in (i), the radius R(t) will increase monotonically
and exponentially to co as ¢ increase to co.

The above result suggests that the efficacy of the replication-competent
viruses for treatment of tumors strongly depends on the intensity of an innate
immune response against virus-infected tumor cells. Therefore, the viruses
should be designed to immune avoidance, in addition to tumor-selectivity and
safety. One possible strategy to combat the effect of the immune response
is to co-administer an immune suppressor, which have been considered by
Friedman et al. [65]. It is reported that hundreds of viruses have now been
tested preclinically, and at least ten have already initiated testing in humans
[65, 179].

We have found that for one pair of initial densities

x(r,0) ~ const. = x4, y(r,0) ~ const. = ys, z(r,0) ~ const. = z;,
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the following is true:

Given any initial radius R(0), if the intensity m of the immune response
against the virus is weaker than the threshold mg, by injecting virus particles
of density

v(r,0) ~ const. = v; where vy = —ys,
5

the radius R(t) will decrease monotonically and exponentially to zero as t
increase to co.

This example suggests that one may reduce tumors with doses of viral
densities that are not necessarily large, which is quite different from the
traditional chemotherapy in the sense that the doses of drugs of chemotherapy
are usually large [92]. The above difference may be due to the replicating
ability of virus within the tumor tissue.

We also review a similar mathematical model for glioma virotherapy in
Section 3.6. This model includes the effects of immunosuppressive agent
Cyclophosphamide (CPA). This model has a new term which accounts for
the destruction of virus particles by the immune cells. This model explicitly
includes the biological parameter virus burst size b. As a concrete study, the
parameter values are estimated so as to conform with experimental results
for glioma in article [68]. We used this model to determine the effect of
administering CPA under different protocols on the progress of glioma. We
showed that with the current burst size of oncolytic virus hrR3 the tumor

cannot be eradicated with CPA treatment. In fact, the gliomas will grow, and
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the rats will die within several weeks. But, if the virus can be further altered to
yield a burst size b > 150, then the tumor will shrink to a very small size, even
with no CPA treatment. There is a difference between CPA pre-treatment and
repeated treatment, although there is little difference between the weekly and
bi-weekly CPA treatments.

This chapter also reviews the spatio-temporal heterogeneity of cancer cells
caused by the time-delay of the immune response. In fact, spatial heterogeneity

is an important topic in mathematical biology; see [28, 41], for instance.



Modeling Cancer Radiovirotherapy

4.1 Introduction

Traditional therapy for tumors is chemotherapy. Mathematicians have developed
some mathematical models to study and improve chemotherapy, for example,
models presented in articles [93, 168] and rigorously analysis presented in
articles [143, 145]. However, one of the obstacles in developing efficient
chemotherapy to cancers is in the delivery process. The macromolecules used
as drug delivery carriers are too large to be transported into, and diffuse
within, the tumor [92]. Recently, replication-competent viruses have been
proposed as an approach to bypass the delivery problem. The advantage of
replicating viruses for cancer therapy is the establishment of the persistent
infection with ongoing viral proliferation. The virus is engineered to selectively
bind to receptors on the tumor cell surface (but not to the surface of normal
healthy cells). The virus particles then gain entry by endocytosis and proceed
to proliferate exponentially within the tumor cell, eventually causing death

(lysis). Thereupon the newly reproduced virus particles are released and then
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proceed to infect adjacent cancer cells. Mathematical models of virotherapy
have recently been developed [178] and studied [61]. However, a major factor
influencing the efficacy of virus agents is immune response. New clinical
data [117, 118] revealed an innate immune response to viruses that may
mitigate the effects of treatments. The interaction between tumor cells, a
replication-competent virus and the potential immune response is a complex
biological process [170, 175, 176, 179].

The study in [175] suggests that a fast growth rate of the tumor decreases
the efficacy of treatments with viruses, the success of therapies can be
promoted by using a combination of viral therapy and conventional chemotherapy
or radiotherapy. These suggestions are supported by experimental data [56, 77,
129]. The studies in [49, 50, 51] show that while some cell lines are sensitive in
vitro to the oncolytic effect of the virus, tumor xenografts in animal models can
persist despite repeated doses of the virus. In order to circumvent this problem,
Dingli et al [49, 50] engineered the virus to induce expression of the human
sodium iodide symporter that allows infected tumor cells to concentrate on
iodide isotopes. This virus retains the natural oncolytic activity of the parent
virus but has the advantage that it can eliminate tumors resistant to the
virus when it is combined with radioiodide [49]. The ODE model developed
by Dingli et al in [51], is the first mathematical model for radiovirotherapy.

Radiovirotherapy requires not only injection of viruses but also administration
of radioiodide. Radioiodide is in a continuous state of flux between the tumor

and the remaining part and continuously lost from the system due to both
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physical decay as well as losses to the environment due to excretion [49]. The
experimental data in [49, 50] were obtained for immunocompromised mice
and these mice do not mount an immune response to either the virus or
tumor. On the other hand, the model in [51] focuses on multiple myeloma and
patients with multiple myeloma, the disease for which the virus was designed,
have profound defects in the immune system. So, the model in [51] does not
explicitly include the immune system.

Tao and Guo [146] developed a PDE model for cancer radiovirotherapy,
which is a generalization of Dingli et al’s ODE model [51]. The ODE
model in [51] provides a simplified description of cancer radiovirotherapy as
homogeneity assumption is imposed. However, more effective therapy requires
a deep understanding of non homogeneity of tumor spatial structures. In this
chapter, we review the PDE model for radiovirotherapy proposed by Tao and
Guo (2007). Modeling method in this article is a combination of that in [51, 61]
and [178]. The tumor volume is modeled as an incompressible fluid, through
which cells move via a convective field. Local changes in cell numbers lead
to variations of the internal pressure, which in turn induce motion of tumor
cells.

((The structure of this chapter is as follows. Section 4.2 presents the model.
Section 4.3 scales the system of equations by non-dimensionalization and
reduces the free boundary problem into a problem in a fixed region. Section 4.4
discusses constant equilibrium solutions. Section 4.5 is devoted to study the

stability of equilibrium solutions and to find an explicit parameter condition
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for tumor eradication by this novel therapy. Section 4.6 numerically studies
the model to explore possible optimal therapy strategies. Finally, this chapter

is closed with a summary and discussion section.))

4.2 Mathematical Model

In order to model the effects of radiation on tumor cells, we introduced a
population of cells that is irreparably damaged by radiation, in addition to
populations of virus particles, uninfected cells, infected cells and necrotic cells.
These damaged cells do not proliferate, and are destined to die. But they still
occupy space and compete for nutrients, and therefore should contribute to
the self-regulation of tumor growth. We then introduce the following physical

variables,

Z = density of uninfected tumor cells,

¢ = density of infected tumor cells,

% = density of tumor cells irreparably damaged by radiation,

n

density of necrotic cells,
© = density of free viruses in the extracellular tissues,

u = the velocity field within the tumor.

The velocity field is a result of the spatio-temporal variation due to the
proliferation of uninfected tumor cells and the removal of necrotic cells. Local

changes in cell population lead to variations in the internal pressure, which
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in turn, induce motion of tumor cells. We assume that the tumor is radially
symmetric, so that all unknown variables or functions depend only on (r,t),
where 7 is the distance from the tumor center and ¢ is time. The model was
derived by applying the principle of mass conservation to each of the cell

population. The model consists of the following system of equations:

%f = %(r, t) + %%(ﬁu(r, Hi(r,t))
= A2(r,t) — BE(r,t)0(r,t) — kD(t)2(r, 1), (4.1)
Dy 9y 19/, )
ng = a—i(r, t)+ 23 (r u(r, t)g(r, t))
= Ba(r,t)o(r,t) — 6y(r,t) — kD()y(r, ), (4.2)
Dz 09z 109/, 5
i = a(r, t) + . E(r u(r, t)Z(r, t))
= kD(t)(&(r,t) + §(r,t)) — o (2(r,1))", (4.3)
Dn  0n 10 R
Tr = E(r, t) + 29 (’I"zu(’f‘, t)n(r, t))
= 69(r,t) + o (2(r, t))y — pn(r,t), (4.4)
O 1) = Noj(r1) — 7ol 0) 4 dg o (P22 1)), S0,0) =0, (45)

Although we do not consider the microenvironment within the tumor, we
implicitly assume that tumor cells have ample nutrients, and allow them to
experience first-order growth with a rate constant A in (4.1) [178]. § is the
infection rate of the uninfected cells. The rate x by which tumor cells (both

virus infected and uninfected) become irreparably damaged by radiation is
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assumed to be proportional to the radiation dose D(t) absorbed by these cells
and to their densities [51, 164]. Parameter « is taken to be the constant for
simplicity.

In (4.2), ¢ is the death rate of the infected cells from lysis. This parameter
measures viral cytotoxicity.

In (4.3), the term o ((r, t))y represents the effective death rate of damaged
cells. Power-law dependence of rates is known to represent general behavior
of biological systems [131]. The data in [51] suggests that 0 < v < 1.

In (4.4), u is the removal rate of the necrotic cells.

In (4.5), 7 is the removal (or clearance) rate of viruses (1/7 is the mean
lifetime of free viruses), N§ is the virus release rate (N is the burst size of
virus at the death of an infected cell), and d is the diffusion coefficient of
viruses.

Radioiodide is in a continuous state of flux between the tumor and the
remaining part. lodide undergoes beta particle decay. The emitted beta
particles have a path length of 0.8 mm with a significant effect on tumor
cells [49, 50]. In model (4.1)-(4.5), we assume that after injection, radioactive
iodine is rapidly distributed within the tumor, and that only the radioactivity
at tumor site contributes to the absorbed dose [51]. The absorbed radiation
dose D(t) is proportional to the cumulative activity [49, 82].

We finally assume that all tumor cells have the same size, and that they

are uniformly distributed in the tumor. Then,
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T4+ 9+ Z+n=const. =6. (4.6)
Summing equations (4.1)-(4.4) together and using (4.6) yield

%% <r2u(r, t)) = A&(r,t) — pn(r,t). (4.7)

The boundary conditions, at the outer boundary of the tumor, are

0 .

EU(R(t)v t) =0, (4 8)
dR(t)
7 - (R( )at)v (4 9)

which can be biologically explained as in Chapter 2.

We notice that Eq. (4.4) is a consequence of Equations (4.1)-(4.3), (4.6)
and (4.7). So, in what follows we may drop this equation and replace i by
0—%—g—2in (4.7).

We also note that since the velocity field is radially symmetric, we have

u(0,t) = 0. (4.10)

To completely pose this free boundary problem, we impose the following

initial conditions,
R(0) is prescribed,
Z(r,0) = &o(r),g(r,0) = go(r), £(r,0) = Zo(r), d(r,0) = Bo(r), (411)

where Zo(r), Jo(r), 20(r) and 0o(r) and are nonnegative

functions with Zo(r) + go(r) + Zo(r) < 0, for 0 <r < R(0).

In next section, we will transform free boundary problem (4.1)-(4.2) into

a problem in a fixed region.
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4.3 Model transformation

We first introduce the variables

) v =

8
Il
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<
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The parameter pyg is called the basic reproductive ratio in the epidemic models
It represents the mean number of virus particles released by one virus.

Then, we introduce the change of variables:

p = plr,t) = r/ (1),
z(p,t) = 2(r,t), ylp,t) =4(rt), z(p,t)=2(r1),
v(p,t) = o(r,t), ulp,t) =au(r,t)/R(t),

In terms of new variables, Eqgs. (4.1)-(4.3), (4.5) and (4.7) take the following

form in {0 < p < 1,t > 0}:

Ox Ox
5T [u(p,t) — pu(1,t)] ap
=Xz —poyzv — kD) — [ — p+ (A + p)z + py + pzlz,  (4.12)

y dy
= — 1.1 =2
o+ [ule,t) = pu(1,1)] 9
= poyav — 0y — kD(t)y — [ — p+ A+ o + py + pzly,  (4.13)

0z 0z

kD(t)(z +y) — 002" = [—p+ A+ pz+py +pzlz,  (4.14)
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% Rd(t) - aap <p2%z) pul, t)g =0y — v, (4.15)
u(p,t) = / 32[ w+ A+ p)x (s,t)+,uy(s,t)+uz(s,t)]d5. (4.16)

The boundary and initial conditions (4.8)-(4.9) and (4.2) become
R(t) = R(t)u(1,t), R(0) is given, (4.17)
0,(0,8) = v,(1,t) = 0, (4.18)
z(p, 0) = zo(p), y(p,0) =yo(p), 2(p,0) = z0(p), v(p,0) = vo(p),(4.19)
zo(p); yo(p), 20(p) 20, 2o(p) +wo(p) + 20(p) < 1. (4.20)

We also assume that,
z0(p), yo(p), 20(p) and vo(p) belong to C*[0,1], and —— (1) =0, (4.21)

D(t) € C[0,00), D(t) >0, D = lim D(t). (4.22)

t—o00

Here the absorbed radiation dose D(t) is proportional to the cumulative
activity (so we assume that it is increasing in ¢), and we assume that it has a
maximum value D.

The global existence and uniqueness of the solutions to the system (4.12)-(4.22)
was proved by Tao and Guo [146]. We do not present the proof here, instead,
we will focus our attention on finding an explicit parameter condition for

success of therapy (i.e., R(t) — 0 as t = 00).

4.4 Constant Equilibrium Solutions

To find a parameter condition for R(¢) — 0, we first discuss the constant

equilibrium solutions of (4.12)-(4.15). These solutions are determined by the
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equations,
[(A+p—£KD) — (A +p)a — (pod + p)y — pzlaz =0,  (4.23)
[(6+ KD —p)+ A+ p—pod)z+ py +pzly =0,  (4.24)
kD(z +y) — 002" — [ —p+ (A + p)a+ py + pzlz =0, (4.25)
dy —yv =0. (4.26)

Clearly, (x4, 9s, 2zs,vs) = (0,0,0,0) := E° is a trivial equilibrium solution. In
the following we try to find non-zero equilibrium solutions. Throughout this
section, we assume

kD > X+ p, (4.27)

which is the maximal rate condition for radiation damage.

Theorem 4.1. Under the assumption (4.27), we have
(i) if
< —, (4.28)

there is no non-zero equilibrium solutions;
(ii) if

2_7 =2 (4.29)

there exists unique non-zero equilibrium solution (xs, ys, zs,vs) = (0,0, zgo), 0) :=

Eqy where zso =
(iii) if

> =, (4.30)
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there exist two non-zero equilibrium solutions (o:gl), ygl), zgl), vgl)) = (0,0, zgl), 0) :=
FEi and (xg2),y§2),z§2),v£2)) = (0,07z§2),0) = FEy where 0 < zgl) < Zéo) <

z§2) < 1.

Proof. The proof was given by Tao and Guo [146]. We distinguish four cases.

Case 1: x =0,y = 0.

From (4.25), the equilibrium solutions satisfy
002" + (—p+ pz)z = 0.

Noting z # 0 in this case for non-zero equilibrium solutions, this equation can

be rewritten as

% L (—14 ) =0 (4.31)
Define
f(z) = % P14t 0<2<1 (4.32)
We easily check that
o
10) = (1) = =2 >0,
w
_y 1—-v
Fe)=@- (- 220,
1—
(29 =0 where 20 = ﬁ, (4.33)
f'(z) <0 for0<z< 2z, (4.34)
f'(z) >0 for 29 <2<1, (4.35)

. oy (1—w)tv
f(zf%O)) - Orgnzlgl f(Z) - ; - (2 — V)Q_U .

From these facts we easily get the conclusions in Theorem 4.1.
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Case 2: © =0,y # 0.

From (4.24) we have that the non-zero equilibrium solutions must satisfy
(0 +&D — p) + py + pz =0,

which does not exist non-negative solution (ys, z5) by assumption (4.27).

Case 3: x # 0,y = 0.

This case can be discussed similarly to Case 2.

Case 4: x # 0,y # 0.
From (4.23) and (4.27), we easily check that there do not exist non-zero

equilibrium solutions in this case. O

4.5 Stability of Equilibrium Solutions

For simplicity, throughout this section we assume that D(t) = D. We denote
the right-hand sides of Egs. (4.12)-(4.14) by gi1(x,y,z,v), ¢2(x,y,2,v) and
g3(z,y, z,v), respectively.

We begin with considering the trivial equilibrium solution E® = (x4, ys, s, vs)
= (0,0,0,0). By simple calculation, the linearized coefficient matrix A° of the

right-hand terms of hyperbolic system (4.12)-(4.14) with v = 1 at equilibrium

point E° has the form:

9, [é) 0, D)
Br By o5 —(kD = A—p) 0 0

0 _ ] 0 0 = D

AY= | 22 902 902 - 0 —(kD+6-p) 0
pyy o 0 ot

EO
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‘We have

Theorem 4.2. In addition to the assumption (4.27), we also assume that

g > . (436)

Then, the trivial equilibrium solution E° of the system (4.12)-(4.22) with v =

1 is locally stable.

Proof. Under the assumptions (4.27) and (4.36), the three eigenvalues of
matrix A® are negative. Therefore, the equilibrium solution E° to system
(4.12)-(4.22) with v = 1 is linearly stable. Furthermore, proceeding as in
the proofs of Lemma 6.2, Theorem 7.1 and Theorem 8.1 in [61], we can
obtain the locally nonlinear stability of equilibrium solution E° to the system

(4.12)-(4.22) with v = 1. O

Remark 4.1. The stability of the trivial equilibrium solution E° of the system

(4.12)-(4.22) for general 0 < v < 1 remains open, because the function dgs/9z

993

52 | go = 00). The stability of the equilibrium solution

has singularity at E° (
E° corresponds to success of the therapies. However, the instability of the

equilibrium solution E° may imply the recurrence of a tumor.

We next turn to study the stability of the non-zero equilibrium solutions

E; (i =0, 1, 2). It is easy to check that
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991 - h o Og1 g1

99N gt pu— kD —pz, P —o, Y o
Oz ‘Ez R s oy BT 9z BT
092 092 - h o 092

Oz 'Ei 0 dy 'Ei H " Best g e, 0.
dgs3 - i 093 - i
%Ei:H‘D—(A"_N)Zé)v @EizﬁD—ué),

993

0| = oo () g 2pal),

Hence, the linearized coefficient matrix A; (i = 0, 1, 2) of the right-hand sides

of the hyperbolic system (4.12)-(4.14) at corresponding equilibrium point E;

has the form:

/\Jrufnﬁ—,uzgi) 0 0
A; 0 u—é—nﬁ—uzgi) 0
kD — (A + u)zgi) kD — ,uzgi) —aoll(zgi))y_l +p— 2uz§i)

(4.37)

Using the assumption (4.27) and noting 20 >0 (i =0,1,2), we easily find

that
A p— kD — pzl <0, (4.38)
p—06—kD—pzl) <0. (4.39)
Define
h(z) = g3(0,0,2,0) = —002"” + (1 — pz)z. (4.40)
That is,
h(z) = —p £(2), (4.41)

where f(z) is defined by (4.32). Clearly, by (4.40) we have

B (2) = —oovz" "t + p — 2uz. (4.42)
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On the other hand, by (4.41) we get
W(2) = —pwa () — pe" f(2). (1.43)

In the following we assume that condition (4.30) holds. Using (4.34), (4.35),

(4.43) and Theorem 4.1 and noting f(zgl)) = f(zéQ)) = 0, we have

W (M) = —u(20)" (=) > 0, (4.44)

W () = —u(z(z))yf’(z(z)) <0. (4.45)

From (4.37), (4.43) and (4.44) we find that matrix A; has a positive eigenvalue.

Therefore, arrive at the following theorem.

Theorem 4.3. Under assumptions (4.27) and (4.44), the non-zero equilibrium

solution E1 s linearized unstable.

By (4.37)-(4.39), (4.43) and (4.45) we find that under the assumptions
(4.27) and (4.30), all eigenvalues of matrix A, are negative, and therefore the
non-zero equilibrium solution Fs is linearly stable. Furthermore, proceeding
as in the proofs of Lemma 6.2, Theorem 7.1 and Theorem 8.1 in [61], we can
get the locally nonlinear stability of the non-zero equilibrium solution FEs.

More precisely, we have

Theorem 4.4. Assume that (4.27) and (4.30) hold. If

[z0(p): yo(p), 20(p) — Z§2)7 vo(p)llcrpo, <€

where ¢ is sufficiently small, then the global solution (x(p,t), y(p,t), z(p,t),

v(p,t), u(p,t), R(t)) satisfies
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2(£@), O, 1y(E@) 8], 12(E(0), 1) = 2P|, [o(£(t). )] < Cee™™  for allt >0

where C' and n are some positive constants, and &(t) = &(t; po) is the forward

characteristic curve of the first-order hyperbolic equation (4.12) satisfying

po = &£(05p0).

We are now in a position to study the convergence of the tumor radius

R(t) to zero, which corresponds to the success of therapies. In fact, we have

Theorem 4.5. Assume that (4.27) and (4.30) hold. If

)

lzo(p), wo(p), 20(p) — 22, vo(p)llcrpo, <€

where e < p(1l — z£2))/2, then we have
R(t) = 0 exponentially.

Proof. (4.16) and (4.17) yield

1
R = [ Rl O a0+ (s,0) + ()]s,

This, together with Theorem 4.4, yields

R(t) /1 2 (2)
—< < s —p+pzy™ +e)ds
R(t) 0 ( )

%[—u(l —2() +¢]

1
< —éu(l —23)  for sufficiently large t.
Thus,

R(t) < R(O)e_é“(l—zgz))t — 0 exponentially.
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Remark 4.2. We conclude from Theorems 4.4 and 4.5 that the non-zero
equilibrium point Fs corresponds to a successful therapy, which has not
been found in [51]. Hence, the condition (4.27) and (4.30) is a new explicit

parameter condition for successful eradication of a tumor.

4.6 Possible Optimal Protocols

In this section we will numerically explore possible optimal therapy strategies.
The typical parameter values for the numerical simulation are A = 0.0086, § =
0.0293, v = 0.0119, v = 0.176, 0 = 18.57/24, d = 25/6, p = 1/72, py =

3.73, 6 = 10° given in [146, 179, 117].

5.5

- - = 2(pY=0
z(p,t)Z 0 ’

45t 7
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Fig. 4.1. The comparison between the effect of radiovirotherapy with
(0, Yo, vo, 2z0) = (0.01,0.001,0.1,0.02), D = 0.01 and the effect of virotherapy alone

with (20, 30,v0) = (0.01,0.001,0.1), D =0, z(t) = 0.
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Fig.4.1 shows that radiovirotherapy is more effective than virotherapy
alone. Fig.4.1 clearly indicates that the combination of virotherapy with
radiation (radiovirotherapy) may reduce tumors when virotherapy alone
failed. This has been verified by experimental research [50]. The mathematical
model and numerical simulation in [146] give us a deeper understanding of the

design of radiovirotherapy strategy.
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Fig. 4.2. The effects of the different timing of radio-iodine administration on
tumor growth. Take (xo,yo,v0) = (0.01,0.001,0.1), D = 0.01 (¢t > t,), z|t=t, =

0.02, z(t)=0and D=0 for 0 <t < t,.

Fig.4.2 shows the effects of the different timing of radio-iodine administration
on tumor growth. If we take (zg,yo,v0) = (0.01,0.001,0.1), D = 0.01 (¢t >
tr), z|t=t, = 0.02, z(t) = 0 and D = 0 for 0 < ¢t < t, (where ¢, is the

start timing of radio-iodine administration), then Fig.4.2 shows that there
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exists an optimal timing t2P* &~ 300 (hours) for radio-iodine administration.
Earlier or later administrations of iodine result in a larger size of the tumor.
Furthermore, our numerical simulations (not presented here) also show that
the optimal timing ¢2P* depends on the dose D of the radioactive iodide. The

optimal timing t9P* = 0 for small D and large D.
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Fig. 4.3. The effects of the different doses of radioactive iodide on tumor growth.

Take (20, 0,0, 20) = (0.01,0.001,0.1,0.02), ¢, = 0.

Fig.4.3 shows the effects of the different doses of radioactive iodide
on tumor growth. If we take (zo,yo,v0,20) = (0.01,0.001,0.1,0.02) and
t, = 0, then Fig.4.3 shows that there exists an optimal dose D°P! =
0.005 of the radioactive iodide. Fig.4.3 shows that the dose of radio-iodine

administration is another important issue for radiovirotherapy. It suggests
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that given intermediate dose of radioactive iodide for treatment may be an
optimal therapy strategy. Another reason why the dose of radioactive iodide
given for treatment is important is that radiation damages the health tissue.
Therefore, the optimal dose of iodine for treatments still needs to be further
experimentally investigated.

The numerical simulations lead to the design of possible optimal therapeutic
strategies. The timing of radio-iodine administration and the dose of iodine are
two critical factors for the efficacy of a combined treatment of viral and radio
therapy. The numerical results of this section may be helpful for experimental

research.

4.7 Summary and Discussion

The combination of virotherapy with radiotherapy (radiovirotherapy) is more
effective than treatments with virotherapy alone, which has been supported
by experimental data. Radiovirotherapy is a very complex and sensitive
dynamical system. To better understand its outcome, mathematical modeling
may play a role. The PDE model [146] reviewed in this chapter is a generalization
of the previously existing ODE model [51]. And it is also a generalization of
the previously existing PDE model [61], which is a model of virotherapy. This
chapter reviews the modeling of a combined action of viral and radio therapy,

which allows us to study the optimal strategies for treatments.
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Under some appropriate assumptions on model parameters, we found that

20,y 0 0y -

there are two non-zero equilibrium solutions E; = ( s Ys s Zs 5 Us

(0,0,zgl),O) and By = (xgz),yg2)7z§2),v£2)) = (O,O,zﬁZ),O) with 0 < zgl) <
z§2) < 1. The non-zero equilibrium solution FE; is linearly unstable. However,
we proved the locally nonlinear stability of the non-zero equilibrium solution
FE5, which corresponds to a successful therapy of a tumor.

The numerical simulations in Section 4.6 verify that radiovirotherapy is
more effective than treatments with virotherapy alone. These simulations also
suggest that there is an optimal timing of radio-iodine administration and an
optimal dose of the radioactive iodide, which need to be further experimentally
tested.

ONYX-015, a genetically modified adenovirus, is one of oncolytic viruses
that have been tested in clinical trials. Studies in clinical trials have shown that
the expression of the coxsackie-adenovirus receptor (CAR) strongly influences
the entry of virus into cancer cells (for example, see [10]). Mitogen-activated
protein kinase kinase (MEK, also known as MAP-kinase kinase) inhibitors
have been shown to promote CAR expression, and could result in increased
ONYX-015 entry into target cells (see [183] and references therein). This could
lead to a novel combined therapeutic approach to cancer, using ONYX-015
and MEK inhibitors. However, MEK inhibitors can cause temporary cell-cycle
arrest, which inhibits the life-cycle of ONYX-015 (the cell cycle is generally
considered to consist of four phases of proliferate growth: the growth phase

(G1), a phase of DNA synthesis (S), a period before cell division (Gg) and
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mitosis (M); and a single phase of quiescent behavior (Gg). ONYX-015
needs to lock the cell in S-phase to replicate and lyse the cell). So, MEK
inhibitors may limit the replication of viruses. To design an effective protocol
of combined therapies against cancer using ONYX-015 and MEK inhibitors,
the positive effect of MEK inhibitors should be optimally balanced with the
negative effect of MEK inhibitors. This complicates the dynamics of MEK
inhibitors, viruses and tumor cells. Zurakowski and Wodarz [183] initially
introduced an ODE model to study the effects of MEK inhibitors and viruses
on tumor cells. They used their model to explore the reduction of the tumor
size, and the tumor size reduction can be achieved by the combined therapies.
Tao and Guo [148] extended Zurakowski and Wodarz’s model to a PDE model
and used the PDE model to analytically and numerically explore a possible

optimal dose and the optimal timing of MEK inhibitors.



Modeling of Resection, Radiation, and

Chemotherapy in Glioblastoma

5.1 Introduction

Glioblastoma multiforme, a type of glioma, is the most aggressive of brain
tumors. The life expectancy from the time when it is diagnosed is typically one
year. The current treatment is surgical resection followed by radiotherapy and
chemotherapy. There are only a few consistent clinical studies which compare
life expectancies of patients who underwent different resections (residual or
complete) and different protocols of radiotherapy and chemotherapy. Among
the most consistent studies are those of Albert et al. [3], Lacroix et al. [107],
and Stupp et al. [137].

A detailed study of 135 patient data by Albert et al. [3] showed that
patients who underwent subtotal surgery postoperatively had 6.6 times higher
risk of death in comparison to patients who underwent complete resection,
and patients treated by radiotherapy had 0.26 times lower risk of death
in comparison to patients who were not treated with radiation. Lacroix et

al. [107] analyzed 416 patients data and showed that a significant survival
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advantage was associated with resection of 98% or more of the tumor volume,
and generally, gross total tumor resection led to longer life expectancy.

The efficacy of chemotherapy has been steadily improved with the development
of new cancer drugs. Stupp et al. [137] analyzed the data of 573 patients and
showed that the median survival time (MST) was 14.6 months for patients
who underwent radiotherapy plus chemotherapy with temozolomide, but only
12.1 months for those with radiotherapy alone.

All these clinical data analysis are retrospective. They have value for
reference, but they are likely quite biased in nature, and cannot give any
perspective prediction. Tian et al. [160] developed a mathematical model
which integrates the treatment of patients by surgery, radiotherapy and
chemotherapy. The model parameters were chosen in Tian et al. [160] so
that the simulation results fit with the patient data analysis reported in
[3, 107, 137]. The Study of the model in [160] suggested a combination
of treatment protocols that can give patients maximal survival time. This

chapter reviews the mathematical model proposed by Tian et al [160].

5.2 Mathematical Model and Clinical Data

The mathematical model describes a spherical tumor regrowing after surgical
resection. The tumor contains tumor stem cells « and necrotic cells y. The
quantity x represents the number density of tumor cells (i.e., the number

of tumor cells in 1 mm?), the quantity y represents the number density of
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necrotic cells. It is assumed that the number density of cells in a tumor is a
constant [178], that is, z + y = number of cells in 1 mm?, which is 105 [119].
New tumor cells are produced by proliferation, and they transit to necrotic
cells by lysis.

Tumor cells that are near to the expanding surface of the solid tumor
receive more nutrients and proliferate faster than tumor cells that are near the
core of the tumor. Indeed, as mentioned in [127], the proportion of proliferating
cells varies considerably from the outer region to the inner region of the tumor.
For simplicity we assume that the proliferation rate, A, is constant. According
to [68], A = 2 x 1072 h~!. We shall also assume the rate of cells become
necrotic, §, is constant. We take ¢ to be slightly smaller that A, namely, 6 =
1.89 x 1072 AL, According to [67], necrotic cells are removed on the average
of 2-3 days. We shall take the removal rate p to be 1/72 h~1.

According to [107], the median preoperative tumor volume was 34 cm3.
If we assume that the tumor is spherical, then this corresponds to radius
at resection time of Ry = 20 mm. In the partial resection case, a smaller
ball of radius R, is removed, and residual tumor cells remain in the region
between the two concentric balls. After surgery the ball of radius R, fills
with cerebro-spinal fluid, and the residual tumor begins to grow outward, as
illustrated schematically in Fig. 5.1. From the rate A of tumor cell proliferation
and the reported life expectancy, we estimate that the patient dies at the time

when the tumor radius reaches 40 mm. This estimate is confirmed in [107].
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Fig. 5.1. The inner ball is the surgically removed part of the tumor, the dark
concentric ball is the residual tumor, and the outer shell is the regrowth part of the

tumor.

Consider a radially symmetrical tumor and denoted by r the distance from
a point to the origin. We denote the boundary of the tumor by r = R(¢).

The proliferation and removal of cells cause a movement of cells within the
tumor, with a convection term, for tumor cells z, in the form %% [r2u(r,t)z(r,t)],
where u(r, t) is the radial velocity field, and u(Rx,t) = 0 since the tumor does
not grow inward. By the conservation law of mass, we have the equation for

tumor cell population,

Ox(r,t) 1
2

i . % (r2u(7‘, t)z(r, t)) = Ax(r,t) — dx(r,t). (5.1)

Similarly, we have the for necrotic cell population,

+ 5 2 (Pu(ry(rn) = du(et) - pyirt). (52)
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As mentioned before, the total number density of tumor cells is constant,
that is, z(r,t) + y(r,t) = const. = 0, and § = 105/mm? [119]. Adding Egs.

(5.1) and (5.2) together, we obtain the equation for the radial velocity field:

ﬁ% (ru) = (A + pa(r,t) — pb. (5.3)

The tumor radius evolves according to

dR
—_— = . .4
= w(R(), 1) (5.4)
We assume that,
9
x(r,0) = 1—09, for R. <r < Ry. (5.5)

That is, initially 90% of cells are tumor (stem) cells, and 10% are necrotic
cells.

We need to solve Egs. (5.1), (5.3) in R, < r < R(t) with the initial
condition (5.5) and with the tumor growth condition (5.4). The above model
does not include radiotherapy and chemotherapy yet. According to [137],
within 6 weeks after the histologic diagnosis of glioblastoma, patients were
assigned to receive standard focal radiotherapy alone or standard radiotherapy
plus concomitant daily temozolomide followed by adjuvant temozolomide,
whether or not they had previously undergone debulking surgery. The standard
radiotherapy consists of fractionated focal irradiation at a dose of 2 Gy per
fraction given daily, 5 days per week (Monday through Friday), over a period
of 6 weeks, for a total dose of 60 Gy. Accordingly, we take the radiation activity

function to be
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1 if6<t<12,
p(t) =

0 otherwise.

We assume that the radiation kills tumor cells at a rate A, so that the
death rate by radiotherapy is Ap(¢). For simplicity, we lump together the cells
killed by radiation with necrotic cells.

Chemotherapy we consider is administration of temozolomide at a dose
of 75 mg per square meter of body surface per day, given 7 days a week
from the first day of radiation until the last day of radiation. Then, after a
4-week break, chemotherapy continues, and patients receive a double dose of
temozolomide daily for 28 days. After the end of this period, another cycle
of temozolomide dosing is administered at % level of the original dose, that
is 200 mg per square meter. We therefore introduce the temozolomide dosing
function as

1 if6<t<12,

2 if16 <t < 20,

wloo

if 20 < ¢ < 40,

0 otherwise.

If chemotherapy with 75 mg dose kills tumor cells at a rate B, then the
killing rate by chemotherapy treatment is Br(t).

If the standard radiotherapy is administered over a period of 6 weeks
during the time period 6 < ¢t < 12 and the temozolomide is given for 40

weeks. Egs. (5.1) and (5.2) are replaced by
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Ox(r,t) 1 0 /4
T +r—25(r u(r,t)z(r,t))

= \x(r,t) — ox(r,t) — Ap(t)x(r,t) — Br(t)z(r,t), (5.6)
W0 10 )
= dx(r,t) + Ap(t)x(r,t) + Br(t)x(r,t) — py(r,t). (5.7)

By adding this two equations together, we obtain the same Eq. (5.3), as
before, for the velocity field w(r, t).

In next section we will numerically solve Egs. (5.6), (5.3) in R, <1 < R(t)
together with (5.4) and (5.5).

Albert et al. [3] provide the median survival time (MST) for various age
groups of patients. For definiteness we consider the group of patients between
the age of 20 and 39. This group is further divided into three subgroups [3]:

(a) Patients had complete resection (no residual tumor) and undergone
radiotherapy; their MST was 92 weeks.

(b) Patients had partial resection (with residual tumor) and undergone
radiotherapy; their MST was 46 weeks.

(c) Patients had partial resection (with residual tumor) without radiotherapy;
their MST was 15 weeks.

A recent study by Stummer et al. [136] of 243 patients compares the
MST of patients who underwent complete resection versus subtotal (partial)
resection while both groups received radiation therapy. Repeat surgery and
/or initiation of chemotherapy were applied to some patients after tumor

progression. The MST was 71 weeks for the first group and 49 weeks for
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the second group. By contrast with the data in [3] quoted above (in (a)
and (b)) the study in [136] lumps together all ages< 60; these data may
indicate that older patients may not do as well as younger patients undergoing
complete resection. Studies on the effect of different modes of radiation
(without distinguishing between complete and subtotal resection) are reported
in [25, 54, 139, 171].

It is commonly believed that by the time glioblastoma is diagnosed, some
cancer cells have already migrated from the main body of the tumor. Thus,
even when resection is complete there are residual tumor cells in the vicinity
of the tumor. The model [160] accounts for these cells by defining complete
resection to be the removal of not all the ball of radius Ry, but of a slightly
smaller ball of radius Ry — €. We take ¢ = 5 um, half the size of a typical
cell, thereby making implicit assumption that glioma cells in the thin shell
Ry — e <7 < Ry are in 'migration mode’ from the solid tumor.

In the next section we use data from [3, 107, 137] to determine the

parameter R, corresponding to partial resection and the parameters A and e.

5.3 Parameter Estimation

In all the numerical simulations discussed below we assume that the initial
density of tumor cells in the shell R, < r < Ry, in nine times higher than the
density of the necrotic cells. We first use numerical simulations to determine

what the partial resection means mathematically. That is, in order to call
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a surgery is partial resection, how much should the tumor be removed? or
what is R.7 Second, we determine the radiotherapy killing rate A. Third, we
determine what the complete resection means, R(0) = Ry — &, what is €?
After we obtain these parameter values, we can use our model to study some

treatment protocols.

R
40 F
35 F
30 F
25 F
20 F
30 25 55 75 %0
W eeks
Fig. 5.2. Partial resection R, = 18 mm: residual tumor regrowth without

radiotherapy and chemotherapy

Fig. 5.2 shows the growth of the tumor radius R(¢) without any therapy
if R, = 18 mm (partial resection). The time T at which R(T") becomes
40 mm, that is the survival time, is approximately 15 weeks, as reported
for the subgroup (c) above. This agreement validates our choice of R.. We

notice that the initial growth of the tumor is extremely fast. Thus although
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the simulation begins with tumor radius of 18 mm, the radius very quickly

arises to over 20 mm. The same holds for the subsequent figures.

residual tumor (R*=18
with regular radiotherapy (A=1.0)
no chemotherapy

15 1 | I TR T |
(0]

Fig. 5.3. Partial resection R, = 18 mm: residual tumor regrowth with radiotherapy

only, at regular strength (A = 1.0)

Fig. 5.3 shows the growth of the tumor radius R(¢) if we take in the model
the radiation killing rate A = 1.0 and partial resection R, = 18 mm. We see
that R(T) = 40 mm at approximately T = 46, as reported for the subgroup
(b) above. This validates the choice of the parameter value A = 1.0. Note
that the tumor radius begins growing until the start of radiation. Radiation
treatment decreases the radius, but as soon as radiation is stopped, the tumor

begins to grow again.
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R
40 I NO residual tumor
radiotherapy on
35
30}
25
20
15 - - - - L1 - |
o) 25 50 75 100 125 150
Weeks

Fig. 5.4. Complete resection R(0) = Ro — €, € = 5um, with radiotherapy only, at

regular strength (A = 1.0)

Fig. 5.4 shows the growth of R(t) after the complete resection (that is,
R(0) = Ry — ¢, where ¢ = 5um) and radiotherapy. We see that R(T) =
40 mm at T = 92 weeks which is in agreement with the MST reported for the

subgroup (a). This agreement validates the choice of the parameter &.

5.4 Mathematical Protocols

The mathematical model can be used to explore the effect of different radiation
protocols and resections. The standard radiation is given for a period of 6
weeks. In Fig. 5.5 we see the result of giving the same total amount 60
Gy of radiation within 3 weeks instead of 6 weeks, and of giving the same

total amount distributed over 12 weeks; both profiles are computed for the
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e
150 25 50 75 100

Weeks

Fig. 5.5. Radiation with R. = 18mm. Protocol 1 (dashed line): radiotherapy only,
at double strength, half time. Protocol 2 (solid line): radiotherapy only, at half

strength, double time

residual case. The survival time increases in the first case from 46 weeks
to 50 weeks, and in the second case from 46 weeks to 49.5 weeks. Thus both
procedure of 6 weeks. It should be pointed out that the use of 60 Gy is actually
radiobiologically impertinent as it ignores overriding issues of normal cerebral
toxicity and radioresistance, but is interesting to consider in the abstract.
The model can also be extended to explore the effect of chemotherapy. As
in the case of radiotherapy, chemotherapy kills tumor cells at some rate B. Fig.
5.6 profiles R(t) in the residual tumor case. By choosing B = 0.03 we achieve

survival time of 60 weeks as given in [137]. We see that chemotherapy has
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0 25 50 75 100
W eeks

Fig. 5.6. Residual tumor, R, = 18mm, regrowth with radiotherapy at regular

strength (A = 1) and chemotherapy B = 0.03

very little benefits compared to radiotherapy (i.e., B = 0.03 is much smaller
than A = 1.0).

Our model can predict the benefits that will occur if the resection will
be more complete, or if the radiation dose is increased. For example, Fig.
5.7 shows that resection with R, = 19 mm followed by radiotherapy yields
survival time of 52 weeks as compared to 46 weeks when R, = 18 mm, and
92 weeks when resection is complete. Fig. 5.8 shows, in the case of residual
resection (R, = 18mm), that if in the standard radiation treatment the
amount of dose is doubled, then the MST will increase from 46 weeks to
80 weeks. But this of course does not take into account toxic side effects due

to increased radiation.
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0 25 50 75 100
W eeks

Fig. 5.7. Residual tumor, R, = 19mm, regrowth with radiotherapy at regular

strength (A = 1) but no chemotherapy

5.5 Explicit solutions

It is well known that most nonlinear free boundary problems are impossible to
solve in terms of explicit analytical solutions. In contrast, the hyperbolic free
boundary problem 5.1 — 5.7 is solvable, and the explicit solution is found
by using the backward characteristic curve method [180]. An interesting
finding is that the original free boundary problem can be reformulated as
a fixed boundary problem defined on an infinite domain with discontinuous
initial condition. To our knowledge, this analytical treatment of nonlinear free
boundary problems is new, and was published in [180] recently. These solutions

will not only confirm the numerical prediction in the previous sections, but
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R

a0k R.,=18, X,=90%

radiotherapy only

double strength, same time

(double totoal amount)
35F
30 [
25 F
20

1 1 P - -
150 25 50 75 100
Weeks

Fig. 5.8. Radiation protocol 3: R. = 18mm with radiotherapy only as standard

treatment, but with double stength dosage

also shed light on further analysis for problems of this type towards better
understanding the complicated phenomena of tumor growth.

Below we first transform this model for ease of analysis.

Notice a(t) := X —d — Ap(t) — B7(t). We will treat «(t) as step function

or constant. We apply the following minor change of notations:

Z(rt) =x(r,t)/0 B =X+ pu,

and the system becomes:
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890;7; t) %%(rzu(n Hx(r,t)) = az(r,t), R.<r<R(t),t>0,
%%(rzu(r, 1) = BE(rt) —p, Ry <7v < R(t),t >0,
T

with the initial conditions: R(0) = Ry, Z(r,0) = ¢, for R, < r < R(0). Here

the second equation is also replaced by the sum of the first two equations.

To get rid of all 72 or r terms, we introduce the “volume velocity”:
v(r,t) := ru(r,t)

The system then becomes:

S0 o el 020, 0) = ad(r ), RS TSR0,
1 ov(r,t) _
L - - <r< >
R BE(r,t) —u, R« <r<R(t),t>0,

v(R,t) =0, t>0,

R(t)Q%it) =v(R(t),t), t>0,

with the initial conditions: R(0) = Ry, Z(r,0) = ¢, for R. <r < R(0).

Then we apply the following change of variables:

S = r3,
V(t) := R(t)*,
V. =R}
Vo := Ry,

w(s,t) = 3v(s, t).
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By abusing notations, we redefine “z” as function Z in terms of variable s:

x(s,t) == 2(/s,1).

Then we have:

dw(s,t) 0 ~ Ou(r,t) —z _ _
ek 3£v(\/§, t) = 55 0= vp(r,t)r 2,

dxz(s,t)  10%(r,t) —z _ 10%(r,t) _,
9s 3 or o 3 or |

av(t) d 3y _ 2 dR(t) _

T %(R(t) ) =3R(t) T 3u(R(t),t) = w(V(1),1).

After the change of variables, the system becomes:

0r5,1) | 0 (oo, tya(s, ) = a(s,), Vi <5< V)20,

ot s

awés,t) = Ba(s,t) —pu, Vi<s<V(t),t>0,
s

wVi,t)=0, t>0,

av(t)
= =wVB.), >0,

with the initial conditions: V(0) = Vg, z(s,0) = ¢, for Vi, < s < V(0).

Substitute the second equation into the first one to obtain:

200 4 o,y 2200 g, ) (5 — (s, ),

ot Os

where K := O‘"g“, and K < 1.

Thus, we have transformed the original system into the following system:

L) (o, ) = o, 0) (K —als,1), Va5 S V(D)1 20,
5”;’“ = Ba(s,t) —p, Vi <s<V(H),t>0,
wVi,t) =0, t>0,
W _ v, t>0,




116 5 Modeling of Resection, Radiation, and Chemotherapy in Glioblastoma
with the initial conditions: V(0) = Vg, x(s,0) = ¢(s), for Vi, < s < V(0). Here
a more general initial condition ¢(s) will be considered.

We define the “characteristic” curve of the first equation in the system
(5.8) as follows,

y=st), Vi<s<Vp,t20, (5.9)

which satisfies:

DD oyt t), Ve <5<Vt 20,
t (5.10)

v(s,0) =35, Vi<s<V.
Since w(s,t) is continuous in (s,t) and continuously differentiable in v, these
curves are uniquely defined, satisfying Vi, < v(s,t) < V(¢) for V., < s <V, t >
0, and y(Vi,t) = Vi, v(Vo,t) = V(¢) for t > 0. Setting &(s,t) := z(v(s,t),t),

w(s,t) :=w(y(s,t),t), the system (5.8) reduces to:

(9(11(8,15) - . 6’}/(872‘;) 1
Os = (Ba(s,t) — p) 95 V. <s<Vp,t>0, (5.11)
mﬁist, t) _ W(s,t), Vi<s<Vo,t>0,

with the initial conditions Z(s,0) = x(s,0) = ¢(s) for Vi, < s < Vj.
The first equation of the system (5.11) is a logistic equation, which has a

standard solution

Kip(s)er™ if K #£0;
sty = K +(%0§8)(6““ -1) 7 (5.12)
p(s o
W, if K=0.

Combine the second and the third equations in the system (5.11), we get an

. . . . P
ordinary differential equation of 5 (s, 1),
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% (87((?55, t)) = (Bi(s,t) — ) 8752, .
9(s,0)
88 - 17

which has the solution:

avéss, D _ exp (/Ot(m«(s,p) _ M)dp> .

Hence
v(s,t) = Vi + /i exp (/Ot(ﬁi"(a, p) — ;L)dp) do, (5.13)

where Z(s, t) is given by the formula (5.12). Since BW(S D — exp (fot(,é’i"(s, p) — u)dp) >
0, we can solve for the inverse of (s, t) for fixed ¢. Denote the inverse of v(s, t)

by n(s,t). It follows that

JC(S,t) = j(n(sat)7t)a
w(s,t) = /VS (Bx(o,t) — p)do.

The free boundary is given by:

V(t) = 4(Vout) = Vi + / " e ( / (Bi(o,p) u)dp) do,

m\/Rng/ eXp(/ (Bi(o,p) — )dp>do7

where (s, t) is calculated by formula (5.12).

(5.14)

In order to solve the system we assumed « to be a constant. If « is a
step function, the solution can be given piece-wise by applying the formula

(5.12) piece by piece. Let «(t) = ;, t € [ti—1,t;), 1 =1,2,...,n, Zo(s,0) :=

w(s), K; = o"";“, then the solution in (5.12) changes to Z(s,t) = Z;(s,1),

te [ti—17ti)7 i=1,2,...,n, where
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Ki-i'i—l(s, ti_l)eﬁKi(t—tifﬂ
Bi(s 1) = 4 Kot Bioa(s i) (PRt — 1)
o i’ifl(s,tifl)

Ti1(s,tic1)B(t —tio1) +17

(5.15)

whereas the formula (5.14) will also be given piece by piece.

Here we look at several interesting cases or applications of this explicit

solution. First, we look at how tumor regrows after the surgical resection

A+p—9
A 0

without any treatment. In this case, K = where A is the tumor cell
proliferation rate,  is death rate of tumor cells (the rate at which the tumor
cells becomes necrotic), p is the removal rate of necrotic cells.

When K = 0, that is, § = A + p, the growth of the tumor radius R(t), or

scaled volume V (t) = R3(t) will follow the following curve,

Vo
V(t) = ( o(s)ds)e Mt + Voe M + V(1 — e ).
Vi

From this expression, we find there is a time T, approximately T = ﬁ, such
that the tumor radius will increase before T' and decrease after it. When time
goes to infinity, the tumor shrinks to the size V.

When K # 0, we have

eBEt _ 1)t Vo
V) =V + % / o(s)ds. (5.16)

BEt_qy,—
Since f“//o ©(s)ds is a constant, the growth of the radius depends on (et ) iy

Substituting original parameters, we have (e/Kt —1)e=# = (BK—mt _o=nt —
eA=9t _ e=1t Hence, if X > §, the tumor will grow infinitely. If A < &, the
tumor will shrink to the size V5. If A = §, the tumor radius will reach a

stationary solution
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A Vo
Ve=Wo+ # o(s)ds.

Vi

Second, we consider radiotherapy and chemotherapy. After the surgical
resection, the patient has to rest for a period of time, usually six weeks, and
then is treated by radiotherapy and chemotherapy. Set the rest period to be
0 <t <t;. Then, the tumor grows from V; to V'(¢1), where V(¢;) is given by

(5.16) at t = t;, or explicitly

At @) (DDt gmmtry Yo
V() =Vo+ ( M)(/\ r— ) / ©(s)ds.

*

Let the treatment period of radiotherapy with chemotherapy be t; <t < to,

then the tumor growth follows

V(t)=Vo+ p(s)ds, t; <t <ty (5.17)

()\ + M)(e(k—é—A—B)t _ e_"t) Vo
A+p—90—A-B /V
Let the treatment period of chemotherapy be to < ¢t < t3, then the tumor

growth follows

V(t)=Vo+

()\—5—B)t_ —pt Vo
A+ pe c )/ o(s)ds, ta<t<ts. (5.18)

Adtpu—96—-B v
These solutions clearly give the tumor growth pattern in any finite period

of time. They provide some information for treatments. We will discuss this

issue in next section.

5.6 Summary and Discussion

We have reviewed a mathematical model of glioblastoma treatment by radiotherapy

and chemotherapy, which also incorporates the size of the tumor which is
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removed by surgery. The model can be used to explore the benefits of different
protocols of treatment. In particular we have shown that somewhat greater
benefits incur if the same total amount of radiation is given over a period of
12 weeks instead of over 6 weeks.

We have also shown that the benefits of chemotherapy are very little for
patients already undergoing radiotherapy. Subtotal resection occurs either by
design (if the tumor borders a critically essential part of the brain) or because
of failure of the surgeon to determine the precise boundary of the tumor. We
have estimated the average diameter for the residual tumor at R, = 18mm,
when the tumor size is Ryg = 20mm. Our model can predict the benefits that
will occur if the resection will be more complete, or if the radiation dose is
increased.

If instead of using the data of the group of patients between the age of 20
and 39 in Albert et al. [3] we use the patients data of different age groups in [3]
or the patients data of Stummer et al. [136] for the age group B60, we obtain
slightly different parameters A, B, e, but this does not affect the qualitative
conclusions as described in Figs. 5.2 — 5.8.

The present chapter is based on data from [3, 107, 137]. A recent article by
Gorlia et al. [72] provides similar data which agree with those of 3, 107, 137]
in the case of patients who undergone partial resection with radiotherapy and
with or without chemotherapy. However it gives a shorter MST for patients
who undergone complete resection with radiotherapy. This inconsistency may

be the result of how one interprets complete resection. Our model parameters
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can be adjusted to the data in [72], but the qualitative results described in
Figs. 5.2 — 5.8 will not be affected.

We conclude this chapter with some comments and discussion about
explicit solutions we obtained in the previous section.

There is an interesting feature of the explicit solution. Observing the
solution formula, we see the dependent domain of #(s,t) is one point {s}
and the dependent domain of (s, t), as calculated by the formula (5.13), is
the interval [V, s], hence the dependent domain of the tumor radius R(¢), or
V(t), is the interval [Vi, V). Therefore, if we extend the domain of ¢(s) from
[Vi, Vo] to [Vi, +00) by assigning arbitrary values to the extended part of (s),
the solution will not be affected.

Due to this property of the solution, the original free boundary problem
can be reformulated as a fixed boundary problem defined on an infinite domain
[Vi, +00) x [0, +00) with a discontinuous initial condition. That is, the solution

of the system (5.8) on its domain coincides with that of the following system:

dx(s,1) +w(s,t) Ou(s,t) _ Ba(s,t) (K —a(s,t)), Vi<s,t>0,
ot 0s
awéS,t) = Bax(s,t) —p, Vi<s,t>0,
s (5.19)
w(Viit) =0, >0,
%ﬁ” —w(V(t),1), >0,

with the initial conditions: V' (0) = Vg, z(s,0) = ¢ (s), for Vi < s, where

o(s), s<Vo;
Y(s) = (5.20)
0, s>V
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For the hyperbolic free boundary problem obtained by the mass conversation
law where the free boundary moves only because of the expansion of the inside
mass, this property of the solution seems true. Conceptually, we can change
this type of free boundary problem to a fixed boundary problem. Moreover,
the methods developed in this paper can be used in analysis of more general
free boundary problems.

We now discuss some biological significance of our explicit solutions. Based
on the solution (5.16) where there is no treatment after the surgical resection,
if the tumor cell proliferation rate A is greater than the tumor cell death rate
6§, the tumor will grow until the patient dies. If the the tumor cell proliferation
rate A is smaller than the tumor cell death rate §, the tumor will shrink, and
the patient survives. If the the tumor cell proliferation rate \ is equal to the
tumor cell death rate ¢, the tumor will grow to a certain size and then stop
growing, so that it reaches a stationary state. This threshold phenomenon is
biologically reasonable. Unfortunately, the tumor cell proliferation rate A is
always greater than the tumor cell death rate § in reality; otherwise, there will
be no tumor. By the solution (5.17), the tumor is treated by the combined
radiotherapy and chemotherapy after the tumor regrows to a size of V (t1).
Theoretically, we can make the combined parameter A —J — A — B as small as
we want by increasing A and B. This means, we need to increase the strength
of the radiotherapy and chemotherapy. Within the tolerable toxicity of these
therapies, A — § — A — B may be negative. It is obvious that the longer the

tumor is treated by the combined radiotherapy and chemotherapy, the more



5.6 Summary and Discussion 123

the tumor cells are killed. However, the radiotherapy cannot be applied too
long because of its side effects and toxicity. Then, the chemotherapy has to be
applied individually as the solution (5.18) shows. It may be the case where the
density of tumor cells drops to such a low level that is beyond the detection
after these treatments. A condition on which the tumor could be eradicated
is A < §+ B, and then it is automatically true that A < § + A+ B. Since these
are parameters of exponential functions, there is no guarantee that all tumor
cells are killed with a period of finite time. However, these solutions can be
used to compute the survival times when different protocols of radiotherapy

and chemotherapy are applied.






Tumor Modeling with Different Cell Velocities

6.1 Introduction

Cancers appear with multiscale features: genes, cells, and biological tissues,
corresponding to the molecular, cellular, and tissue scales. Hence, selecting
the proper modeling scale from the multiple scales is an important issue.
Bellomo et al. [8, 9] discussed the multiscale aspects of cancer modeling.
According to the classification of scales, there are basically three types of
mathematical models of cancers: microscopic models (at the molecular and the
cellular scales), macroscopic models (at the tissue scale), multiscale models
(the overall system is viewed as a system of subsystems with specific scales).
Microscopic models usually refer to the early stage of cancer onset and
developments, and they are derived in the framework of the kinetic theory for
active interactions (see [7, 9, 47|, for instance). After a suitable maturation
time, tumor cells may start to condense and aggregate into a solid form. At
this stage, various space phenomena, such as cell motion and tumor size,

play a relevant role in the overall dynamics, and macroscopic models may be
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needed for understanding of tumor growth. Macroscopic models are usually
based on mass conservation laws and on reaction-diffusion processes within
tumor (see [1, 11, 26, 63, 73, 74, 93, 94, 143, 145, 147, 168], for instance).
Multiscale models illustrate that the molecular and cellular events continue to
play a crucial role in macroscopic tumor progression (see [23], for instance).
Microscopic models often consist of nonlinear integro-differential equations
(IDEs), macroscopic models lead to systems of nonlinear partial differential
equations (PDEs), and multiscale models are usually hybrid systems. For
more detailed descriptions of microscopic models, macroscopic models and
multiscale models, the reader is refer to two recent review articles [9, 112].

Multiscale models are good approximations of biological realities, although
they can become analytically intractable. On the other hand, microscopic
models are often complex and abstract, and they can also become analytically
intractable. So, the present chapter and the next two chapters will focus on
the mathematical analysis of macroscopic models.

In this chapter, we reviews a mathematical model describing the cell cycle
dynamics and chemotactic driven cell movement in a multicellular tumor
spheroid. Tumor cells consist of two types of cells: proliferating cells and
quiescent cells, which have different chemotactic responses to an extracellular
nutrient supply.

((This chapter is organized as follows. Section 6.2 presents the model.
Section 6.3 transforms the problem in a moving-domain into a new problem

in a fixed domain. Section 6.4 establishes some useful a priori bounds. Section
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6.5 gives the main ideas of the proof. Section 6.6 studies a parabolic problem
with a nonlinear boundary condition. Section 6.7 proves the local existence
and uniqueness of solutions of the problem. Section 6.8 extends the above local

solution to all ¢ > 0. Finally, this chapter is closed with a summary section.))

6.2 Mathematical Model

Multicellular tumor spheroids (MCTSs) are three-dimensional cell cultures
which have structural similarity to in vivo tumors, and MCTSs are routinely
used as in vitro models of tumor growth. A number of mathematical models
of partial differential equations (PDEs) have been developed to describe the
growth of MCTSs (see [19, 20, 46, 73, 125, 133, 163, 166, 167, 168], for
instance). Rigorous mathematical analysis of these models, such as global
existence, uniqueness and stability of a solution are interesting (see [43, 44,
58, 62, 63, 143, 145], for instance).

In this chapter, we review a mathematical model describing the cell cycle
and cell movement in a MCTS. This model was proposed by Tindall and
Please [163]. One novelty of this model is that the model includes an explicit
description of proliferating and quiescent cells within a MCTS. A common
feature of most continuum mathematical models of avascular tumor growth is
the assumption that all cells within a tumor have a common spatial velocity
profile. However, in the model [163], Tindall and Please have considered the

possibility of differing cell velocities, which is another novelty of their model.
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The different cell velocities are created when proliferating and quiescent
cells have different chemotactic responses to an extracellular nutrient supply.

Considering a spherically symmetric MCTS, Tindall and Please’s model reads

as follows:

1 0/ 40c
29 <r E> = A(¢)e, for 0 <r < R(t), t >0, (6.1)
p+q=N, for 0 <r < R(t), t >0, (6.2)
ug(r,t) = up(r,t) + X%7 for 0 <r < R(t), t >0, (6.3)
op 10
E + = 7"2 a ( (upp))

10/ ,0p

= 725(7" 3r) (K (c) = Kq(c) = Ka(e))p

K,(c)q, for 0 <r < R(t), t >0, (6.4)
oqg 10
ot + 75< (qu))

D%g( 28q> + Kq(c)p

or
—(Ka(c) + Kp(c))q, for 0 <r < R(t), t >0, (6.5)
Oc

E(r, t)y=0atr=0, fort¢>D0, (6.6)
c(r,t) = coo at 7 = R(t), fort >0, (6.7)
p(r,0) = po(r), for 0 <r < R(0), ¢t >0, (6.8)
( t) = ar(r t) =up(r,t) =ug(r,t) =0at r=0, fort >0, (6.9)

dp\ B
- (pup - DE) =0 atr=R(t), (6.10)

dq\ B
- (quq - DE) =0 atr=R(t), (6.11)

R(0) = Ry > 0 is prescribed. (6.12)
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Here R(t), ¢, p, ¢, up and u, are unknown functions, which will be explained
in the following. R(t) represents the spheroid radius. In (6.1), c(r,t) is the
concentration of nutrient, A(c) is any positive smooth function, and A(c)c is a
consumption rate of nutrient which is zero when ¢ = 0. In (6.2), N is the total
number of live cells per unit volume, and we assume that tumor cells consist
of two types of cells: proliferating and quiescent cells. p(r,t) and g(r, t) are the
proliferating and quiescent cell densities, respectively. The cells are taken to
fill any region within the tumor. In addition, for simplicity, we shall neglect
the space taken by any dead cell material [163, 168]. In (6.3), u, = u,(r,t)
is the velocity of proliferating cells, u, = uq(r,t) is the velocity of quiescent
cells, and y is a parameter introduced to describe the relative strength of the
chemotactic response of the two cell phases [163]: proliferating cells move up
the chemotactic gradient relative to quiescent cells when x < 0; proliferating
cells move at the same velocity as quiescent cells when y = 0; and proliferating
cells move down the chemotactic gradient relative to quiescent cells if x > 0.
In (6.4) and (6.5), cell motion is described by both random motion of the cells
(diffusion) and directed motion stimulated by nutrient gradients (chemotaxis).
D is a positive constant, which is the random diffusion coefficient of the cells.
Ky(c) is the rate of cell birth, K,(c) is the rate at which cells return to
the proliferative compartment from quiescence, K (c) is the rate at which
proliferating cells become quiescent, K,(c) is the death rate of proliferating
cells, and Kg4(c) is the death rate of quiescent cells. K,(c)p in (6.4) is the

death of proliferating cells due to apoptosis, while K4(c)q in (6.5) is the death
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of quiescent cells due to necrosis. (6.6) is a result of the radial symmetry
assumption of the problem, and (6.7) assumes that the spheroid is supported
in a nutrient-rich medium. (6.8) is an initial condition for the cell distribution.
(6.9) is also a result of the radial symmetry assumption of the problem. On
the outer boundary of the spheroid we impose no-flux conditions as given
in (6.10) and (??) for proliferating cells and quiescent cells, respectively; see
Remark 6.2 below for further explanation. (6.12) is an initial condition for
tumor radius.

By adding Egs. (6.4) and (6.5) and invoking assumptions (6.2) and (6.3)

an equation for the velocity of the proliferating cells is obtained

(Ko(@)p = Kalep = Kale)(N =)

—(rz(p—N)%) (6.13)

By adding Egs. (6.10) and (6.11) and using assumptions (6.2) and (6.3)
an equation for the velocity of the outer boundary of the spheroid is obtained

dR(t) X Oc B

This, together with (6.10), yields a boundary condition for proliferating cells

dp X Ocy\ _
DL+ (Sag)p=0 atr=R). (6.15)

We note that Eq. (6.5) is a consequence of Egs. (6.2)-(6.4) and (6.13), so
that in the sequel we may drop this equation and replace ¢ by N —p in (6.4),

(6.14) and (6.15).
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We also notice that the no-flux boundary conditions (6.10)-(6.11) are
equivalent to the boundary conditions (6.14)-(6.15) under the assumptions
(6.2) and (6.3), so that in what follows we shall replace (6.10)-(6.11) with
(6.14)-(6.15).

We further note that the empirical rules used for the functional dependence
of K, Ky, K4, K, and K, on c are not critical to our analytical result. For the

global existence of a solution to the model, we only need the following simple,

K,(c) >0,K(c) >0, Kq(c) >0, Ky(c) >0,K4(c) >0

and these functions are C'*-smooth functions, (6.16)

This assumption is physically realistic. The requirement of the C''-smoothness

will be explained in Section 6.7.

Remark 6.1. In Tindall and Please’s model [163], they neglected the random
cell motion term in Eqs. (6.4) and (6.5). Their numerical results clearly
indicate the formation of shocks in the proliferating cell distributions. Mathematically,
by dropping the diffusion terms in Egs. (6.4) and (6.5), the solution of
corresponding first-order hyperbolic equations may evolve shocks due to the
dominant cell motion directed by chemotaxis. Here we retain random cell
motion in Egs. (6.4) and (6.5), and prove that afore-mentioned shocks can
be smoothed by this random cell motion. Indeed, we will prove the global
existence and uniqueness of a C'**(1+2/2.smooth (0 < A < 1) solution of

the model (6.1)-(6.16). Furthermore, in section 6.8 we will give some indication
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where the analysis might break down if the diffusion of the cell types is sent

to zero.

Remark 6.2. If x = 0, the global existence and uniqueness of a solution to
the model (6.1)-(6.16) can be proved using the methods of [145, 169]. So,
throughout the remainder of this chapter, we assume that x # 0. On the outer
boundary of the spheroid, the flux of proliferating cells has two components,
One is the diffusion flux fD%(R(t), t), and the other is the flux, pu,(R(t),t),
due to proliferation and death of cells. Since the spheroid changes at the rate
R(t), the no-fluz boundary condition for p should be pR — (pup - D%) =0
as shown in (6.10). The no-flux boundary condition (6.11) can be similarly

explained.

Remark 6.3. Once diffusion is introduced, the analysis in this chapter will
be independent of the sign of x. However, for definiteness and clarity of
the statement, we will assume that x > 0 throughout the remainder of this

chapter.

Tindall and Please [163] numerically studied the model (6.1)-(6.16) with
D = 0 and empirical linear functions K,(c), Kp(c), Kq(c), Kp(c) and Ky(c).
In particular, they investigated the different distributions of quiescent and
proliferating cells that can occur within a MCTS. Tao [150] proved the global
existence and uniqueness of a solution to the model (6.1)-(6.16). This chapter
will mainly review Tao’s results [150]. The main difficulties of the proof are

due to the chemotactic term in (6.13), to the nonlinear boundary condition
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(6.15), and to possible singularity at tumor center if we regard Eqs. (6.4) and
(6.5) as two 1-dimension parabolic equations with a radial spatial variable
r (Note that T%%(TQ%) = % + %%). To overcome these difficulties, we
establish some necessary estimates, employ the Leray-Schauder fixed point

theorem, and use the three-dimensional Cartesian coordinate.

6.3 Transformation and Main Results

After re-scalings (see Appendix in [163]), the system (6.1)-(6.16) takes the

following form in {0 < 7 < R(f), £ > 0}:

Aze = \E)E, (6.17)
oc

E(o,f) =0, (6.18)
e(R(t),t) =1, (6.19)
ap 10 /5,  _

ot 2 or <r2(upp)>

=D D p+ (Ky(2) — Kq(€) — Ka(©)p + Kp(0)(1 - p), (6.20)
ﬁ(ra 0) :ﬁO(T)v (621)
%(O,E):O, D%‘F ()2(1715)%)]5:0 at 7 = R(%), (6.22)
10/ 4
2 OF (TQU”)

— = = B X 0 (o _.oc

= Ky(e)p — Ka(@p — Ka©)(1=p) = 5oL =p)50), (623)
up(0,1) =0, (6.24)
%:aﬁx(l—p)% at 7 = R(), (6.25)

R(0) = Ry, (6.26)
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where
0 < K,(¢), Ky(¢), Ka(e), K, (¢), K,(¢) € C" (6.27)
and
10 /7,0
Af = = (7’ %> .
To transform the moving domain {7 < R(f)} into a fixed domain, as shonw

in [145], we introduce a change of variables (7,1, ¢, p, @, R) — (p,t,&,p, @, R)

as follows:
p=7/R({), t=t
&(p.t) = c(pR(1),1),  Blp.t) = p(pR(1),1), (6.28)
u(p,t) = up(pR(t),1)/R(T), R(t) = R(?).

In terms of the new variables and after dropping the tildes of ¢, p and u and the

bars of £, R, D, K,, K, Kg, K}” K'q, x and Ry for notational convenience,

the system (6.17)-(6.27) takes the following form in {0 < p < 1, t > 0}:

Aye= R*(t)A(c)c, (6.29)
Oc

8/)(0715) =0, C(lvt) =1, (630)
Bt [ulo.0) - pult,0)]

x OJc 1 9c(1,t) dp D
+[R27(t)87ppiprT(t)78p (1-n(1, ))]OnTp*RT(t)ApP

= [ = Kqle) + (Ky(e) + Ka(c) — Kalc) + xA(e)e) (1 —p)]p

+K,(c)(1 —p), (6.31)
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p(p,0) = po(p), (6.32)
gi(‘lt) =0, [Dgi + (x(l —p)g;)p} ‘,,zl =0, (6.33)
u(p,t) 5 /OP [Kb(c)p — Kq(e)p — Kq(e)(1 — p)]32d3

ge (6.34)

1
%it) = R(t)/o [Kb(c)p — K. (c)p— Kq(c)(1 — p)} s’ds,  (6.35)
R(0) = Ry, Ry is given, (6.36)
0 < Ku(e), Kp(c), Ka(c), Kp(c), Ky(c) € C*, (6.37)

where we have used the fact that A,c = R?(t)A(c)c in deriving Eq. (6.31).

‘We shall also assume that

0< pO(p) < 1;

pol(p) € WE(B1(0)), (6.38)
9o oy _ (p2Po N _

o (0) = (D o + xpo(1 pO)ap t:0>‘p:1 =0,

here B1(0) = {y € R?: |y| < 1} and WZ(B1(0)) := {@(p)|e, @y, Oy, €
Lk(Bl(O)}, in which k£ > 5, 7,5 = 1,2,3, and the derivatives are in the weak
sense. We note that (6.38) is physically realistic as it ensures that both of the
cell populations, p and g, are initially non-negative. Throughout this chapter,

we also assume that

A(c) is any positive C''-smooth function, (6.39)
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which is physically realistic as it ensures that the consumption rate of nutrient,
A(c)e, is non-negative smooth function of ¢ which is zero when ¢ = 0. The

requirement of the C''-smoothness of A(c) will be explained in next section.

Remark 6.4. Tindall and Please’s model [163] empirically assumed that A\(c) =
1. However, physically any positive smooth function should be adequate for

global existence of a solution to the model.

We shall use the following notation:

QT = Bl(o) X [OvT]v Wlf’l(QT) = {p(p7t)|p7 Py;s Pyiy;»r Pt € Lk(QT)}

where 1 <k < o0, 4,5 = 1,2,3, and the derivatives are in the weak sense.

The main result of this chapter is as follows:

Theorem 6.1. Under the assumptions (6.37)-(6.39), there exists a unique
solution (R(t),c(p,t),u(p,t),p(p,t)) of the problem (6.29)-(6.36) for all t >
0; furthermore, R(t) € C1[0,00), u(p,t) € CL([0,1] x [0,00)), c(p,t) €
C?1([0,1] x [0,00)), p(p,t) € W,?’l(QT) for some k > 5 and any T > 0,

and

0<c(pt) <1, (6.40)
0<plp,t) <1, (6.41)
lulp, )] < B, (6.42)
Roe P! < R(t) < RyePt (6.43)

for some B > 0.
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6.4 A Priori Bounds

In this section we establish several a priori bounds which will be used later.

Lemma 6.1. Under the assumptions (6.37)-(6.39), for any solution of (6.29)-(6.36)

there hold:
0<c(p,t) <1, for0<p<1, t>0, (6.44)
0< L %<M for0<p<1,t>0 (6.45)
_pR2(t)3p_ 05 sp=> 1L ) .

where My := %maxogcgl Ae)>0.

Proof. Set r := pR(t). Then Eqgs. (6.29)-(6.30) can be rewritten as follows:

Arc=Mc)e, for0<r<R(),t>0, (6.46)
%(O,t) =0, c(R(t),t)=1. (6.47)

By A(¢) > 0 and the maximum principle for elliptic equations, we have
c(r,t) >0 (6.48)

and

e(r,t) < 1. (6.49)

Hence, the proof of (6.44) is completed.
We now turn to prove (6.45). We derive from (6.46), the first equation in

(6.47), (6.39), (6.48) and (6.49) that

0280t = [ Ao, el 15%ds < hur?
67‘ 0 3
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and therefore

1 0c 1
< ——(rt) < =X\ .
0< =550 < 2, (6.50)

where A\; = maxo<.<1 A(¢) > 0. This completes of the proof of (6.45). O

Remark 6.5. We note that the Cl-smoothness of function A(c) as assumed
in (6.39) is used for deriving the C?-regularity of the solution to problem

(6.46)-(6.47) by Schauder theory.

Lemma 6.2. For any solution of (6.29)-(6.39) with p € C(Qr) and R(t) €
C[0,T], there holds:

0<p(pt) < 1. (6.51)
Proof. We first assert that

if the minimum of p in @r is negative, then it cannot

be attained at the boundary p = 1. (6.52)

Suppose, to the contrary, that there exists a point (yo,%0) (Jyo| =1, 0 < tg <

T) such that

p(¥o,to) = OgltlélTp(y,t) <0. (6.53)
Then we have
Op
— <0. 6.54
80 (yo,to) ( )
We note that
Oc
—(1,t) >0 6.55
5o (6.55)

by (6.29)-(6.30) and the strong maximum principle of elliptic equations. The

inequality (6.55), together with (6.53)-(6.54) and x > 0, further yields
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(Dgi; + xp(1 — p)%;)

(yo,to)
which contradicts the boundary condition of p at the boundary p = 1 in (6.33).
So, (6.52) holds.

On the other hand, by K,(c) > 0, Eq. (6.31) can be written as follows:

dp D dp
e £ > ,
o R0 N, p+a(p,u,c) 9p + b1(p,u,c)p >0, (6.56)

where

X 1 0e(1,t) )

by u,) = ulp,t) = pulL,0) + s 50 = X0 s g (L= P(1L1),

bi(p,u,c) = Kp(c) + Kq(c)
— (K (e) + Ka(e) = Kale) + xA(e)e) (1 = p).
Without loss of generality, we may assume that b; > 0 due to the standard

exponential transform (i.e. p = e*o!p for large ko > 0). Therefore, we derive

from b; > 0 and (6.56) that

if the minimum of p in @7 is negative, then it cannot

be attained in the interior of Qr. (6.57)
This, together with (6.52), (6.32) and (6.38), that
p(p,t) > 0. (6.58)

Next we shall prove that p(p,t) < 1. To this end, we set ¢ =: 1 — p. We

easily derive from (6.31)-(6.33), (6.38), (6.58) and K,(c) > 0 that
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dq D dq .
-4 _ _— -1 > .
ERNEI0) A, q+a(p,u,c) ap +ba(p,u,¢)g >0 in Qp, (6.59)
15]
4(p.0) =1~ po(p) >0, a—j(o,n =0, (6.60)
dq Oc B
D5, (—wg,)d =0 (6.61)

here
ba(p, u,¢) = Kp(e) + (Kp(c) + Kale) = Ka(e) + xA(c)e)p
and 8% = %, in which v is the outward vector of the domain By (0). By (6.45),

p € C(Qr) and R(t) € C[0,T], we also have

fxp@ > —A(T) & 7xp% is bounded from below,
op ap

where A(T') > 0 is some constant possibly depending on T'. Therefore, the
comparison principle holds for problem (6.59)-(6.61) with the third boundary

condition (cf. [109, Theorem 2.10] and the remarks following that). Hence
q(p,t) > 0.
This completes the proof of Lemma 6.2. O
From (6.34)-(6.35) and Lemmas 6.1 and 6.2, we easily deduce that

Lemma 6.3. For any solution of (6.29)-(6.39) with p € C(Qr) and R(t) €

C[0,T], there hold:

<5, (6.62)

Roe Pt < R(t) < Rye, (6.63)

where B > 0 is some positive constant.
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If we regard Eq. (6.31) as a 1-dimensional parabolic equation with the
spatial variable p, then the coefficient of 9p/dp has singularity at tumor center

p =0 due to

9%p 20p

Np= — +——.
P02 " pop

However, this singularity can be eliminated by using the estimates (6.45) and

(6.62) and employing the three-dimensional Cartesian coordinate.

It is easily checked that
PPy =Y VP, Dpp=ADp, (6.64)

2
where y = (y1,42,93), p = Vi + U3+ 43, V = (5 50r )y O = %Jr

82

oz T+ 9% Then the system (6.29)-(6.36) can be rewritten in the following

y3

form in Qr:

Aye = R*(t)A(c)c, (6.65)
g; 0,6) =0, e(1,t) =1, (6.66)
glt) a R?(t) Ap

R Ol et e e )

= [~ Ky(c) + K(c)(1 = p)]p + Kp(c)(1 — p), (6.67)
p(p,0) = po(p), (6.68)
gz (0,8) =0, [Dg—i +(x1- p)%;)p} ‘pzl =0, (6.69)

oc (6.70)
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%}E“ = R(t) /01 [Ky(c)p — Ka(c)p — Ka(c)(1 —p)]s® ds,  (6.71)
R(0) = Ry, Ry is given, (6.72)
0 < Kq(c), Ki(c), Ka(c), Kp(c), Kq4(c) € C*, (6.73)
where
K(c) = Ky(¢) + Kale) — Ka(c) + xA(c)e. (6.74)

Lemma 6.4. Let T be any finite positive number. Then, for any solution
of (6.29)-(6.39) with p € CY/*(Qr) and R(t) € C'[0,T], there holds

pE W}fl(QT) with k(1 —~) < 1. Furthermore,
IPllwzt(gqry < M(T), (6.75)
where M(T') > 0 is some constant which may depend on T.

Proof. By (6.37), Lemmas 6.6, 6.8 and 6.9, and the assumption R(t) € C|0, T,

Eq. (6.67) can be rewritten in the following form:

Op D
vl A . bop=nh 6.76
ot R2(t) pP+aoy-\/p+obop ( )
with
D D D D
o2 €C —ze T < < =T, 6.77
Rg(t) € (QT)a R%e = Rg(t) = Rge ( )
llaollzee, [[bollzee, [|RLe < M, (6.78)

where M is some positive constant. We easily derive from (6.65)-(6.66) and

R(t) € C'0,T] that

Jdc

1,1
87) € C(Qr).
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This, together with p € C7/2(Qr), yields

x(1— p)g; e "2 (Qr). (6.79)

Hence, by (6.76)-(6.79), (6.68)-(6.69), (6.38) and the parabolic LP-theory (cf.

[109, Theorem 7.20]) we see that p € W,f"l(QT) with k(1 —v) < 1 and

[Pz g < AT) (lpo(p)llw2r (s, 0)) + 1”lLEQr) ) (6.80)
& (QT)

where A(T) is some constant which may depend on T'. This, combined with

IRl < My, further yields

1
1Pz gy < AT (Ipo(0)llwak 5,0y + Ma| B1 (0)|TE) 1= M(T).

This completes the proof of Lemma 6.4. O

6.5 Main Ideas

For clarity, in this section we will give the sketch of the proof of Theorem ?7.
The detailed proof will be left in the next three sections. We shall use the
contraction mapping principle to prove that (6.65)-(6.74) has a unique local

solution. For given T' > 0, we introduce a metric space (Xr,d) as follows:
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Xr={(Rp)=(R(t),p(p,t)) (0<p<1,0<t<T):
R(t) € CY[0,T], R(0) = Ry, %Ro < R(t) < 2Ry;

4
p(p,t) € CT/2(Qr) with v € (5.1, 0<p(pt) <1,
Op

37)(07 t) =0, p(p,0) = po(p),
[D%i + (X(l —p) g;)p} ‘p:l =0 where cis

the solution to problem (6.65)-(6.66) for given R(t) }.
The metric d in X7 is defined by

d((R1,p1), (R2,p2)) = |R1 — Rallcrjo,r) + |1 —p2llcvvrzigoy-

For any given (R(t),p(p,t)) € Xr we define c(p,t) being the solution
of (6.65)-(6.66) and define u(p,t) by (6.70). Let R(t) and p(p,t) solve the

following two decoupled problems in {0 < p <1, ¢t > 0}:

> 1
%ﬁt) = R(t)/o [Kb(c)p — Kalc)p — Ka(c)(1 —p)]s? ds, (6.81)
R(0) = Ro, (6.82)
op D .
o mm CF
u(p, t) X O X Oc(l,t) .
+[ P _u(l’t)+pR2(t) 0" " B op (1—p(1,t))}y-w
= [~ Ky(e) + K(c)(1 = p)]p + K (e) (1 — p), (6.83)
p(p,0) = po(p), (6.84)
dp op . Ocy .
a—p(o,t) =0, [Dafp + (x(l - p)afp)p} . (6.85)

Then, we define a mapping

F: (R(), plp.t) — (R(D), B(p,1)).



6.6 Problem with Nonlinear Boundary Condition 145

In next two sections we will prove that F is contractive if T  is sufficiently
small, and this will complete the proof of the local existence and uniqueness
of a solution of the system (6.65)-(6.74). The global existence will be proved
in Section 6.8.

We first consider the problem (6.81)-(6.82). Clearly,

I (L} [Kb(c)p—Ka(c>p—Kd(c)(1—p)]52 ds) dr .

R(t) = Rge c'o,7],  (6.86)

R R
7‘) < R(t) < 2Ry, for0<t<T, (6.87)

where T' > 0 is sufficiently small.
Since the problem (6.83)-(6.85) is a new nonlinear parabolic problem, the

solvability of it will be left in next section.

6.6 Problem with Nonlinear Boundary Condition

In this section we shall solve the problem (6.83)-(6.85). For notational convenience,
in what follows we shall denote various constants which are independent of T’

by Ap. The main result of this section is as follows.

Theorem 6.2. Under the assumptions (6.37)-(6.39), for any (R,p) € Xr,
the problem (6.83)-(6.85) has a unique solution p € C7/?(Qr) for0 < T < 1.

Furthermore,
0<plp,t) <1, (6.88)
1506, )2y < Ao (6.39)

where Ag > 0 is some constant being independent of T
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Proof. Ezistence: We will use the Leray-Schauder fixed point theorem (cf.
[71, Theorem 11.6]) to prove the existence of a solution p € C7/2(Qr) to the
problem (6.83)-(6.85). To this end, we set P =: {p | p(p,t) € C?"/3(Q7)},
which is a Banach space. For any w € P and o € [0,1], we let p solve the

following linear parabolic problem:

ot~ 7 o7
+ [u(i’ D un pRZ((t) %;p - sz(t) ac(a1p, ‘) (1- p(lat))}y - /D
— o[~ Ky(0) + K(©)(1 — w)]j+ oK, (o)1 — ), (6.90)
p(p,0) = opo(p), (6.91)
g—];((),t) o, (6.92)
[Dg—i + a(x(l - w)%)p} =0 (6.93)

Using (R,p) € Xr, Lemmas 6.1 and 6.3, the assumptions (6.37)-(6.39),
and the parabolic LP-theory (cf. [109, Theorem 7.20]), we find that problem
(6.90)-(6.93) has a unique solution p(p,t) € W (Qr) with k(1 — ) < 1.

Furthermore, as before,

Hﬁ(pa t)HWsJ(QT) < A (6.94)

provided 0 < T' < 1. We then can take some k > 5 satisfying k(1 —+) < 1 due
to v € (%,1). Using the Sobolev embedding W2 Qr) — CTHMIEN2(Qr)

(k>5,A=1—2; cf. [108]) and therefore by (6.94), we have

15(p: )l crex. a2 /2(gry < Ao- (6.95)

We now can define a mapping



6.6 Problem with Nonlinear Boundary Condition 147

S: Px[0,1]—P

p=S(w,o).
By CMAIHEN2(Qr) < C77/2(Qr) compactly,
the mapping S is well defined and it is a compact mapping. (6.96)
Clearly, by the maximum principle,
S(w,0) =0 forall we P. (6.97)

If p = S(p,o) for some o € [0,1], then by the define of the mapping S, p

satisfies
op D .
R O
u(p,t) x Oc x Oc(1,t) .
T Nt R R ey POy v
= o[ = Ky(e) + K(0)(1 = p)]p + o Kp(e)(1 — p), (6.98)
p
%(o,t) =0, (6.100)
[D@+a< (1- A)@) } —0 (6.101)
o XA=P)go )| _, =0 .

Proceeding as in the proof of Lemma 6.2, we can prove that

o
IN
3
IN
—_

(6.102)
Then, by Lemma 6.4, we have

16(p, Dllw21 (o) < Ao (6.103)
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for 0 < T < 1, and therefore by the Sobolev embedding W' (Qr) <

CHMAEN/2(Qr) (k> 5, A =1 — 2) again

[6(p: Dllcrexa+20/2(p) < Ao

This further yields

15(p, )l 720

Hﬁ(pv t)HCO(QT) + ||ﬁ(pa t)”C“"O(QT) + ”ﬁ(pa t)||C0=‘f/2(QT)
< [[B(p,t) = B(p, 0)llco@r) + (P, 0)lco(@r)
+p(p, )llcro@r + 1160, )l conrzqr)
FESUN R
< T2 |Ip(p, )l co.atnrz(gry + 15(p: 0l co(@r)
+||ﬁ(p7 t) _ﬁ(p7 O)HCI’O(QT) + Hﬁ(pv 0)||01(QT)

14X

75 (o, Dll ooz

142 14A—~
2

(TT T

IN

B, )lco002(a)

[ES .
+T72 [[p(p, t) lcr.avrr2(@ry + 2P0 (p)llor (8, 0))

1+A—v

142 ~
(gT S 4T 2 )Ao+2||po(p)llcl<31<o>>

IN

IN

340+ ||]30(p)||01(31(0))) provided 0 < T < 1

= M, (6.104)

where M > 0 is a constant. Summarizing (6.98)-(6.102) and (6.104), we have

that there exists a constant M > 0 such that

15(p: t)HC%v/’A’(QT) <M (6.105)
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for all (p,o) € P x[0,T)] satisfying p = S(p, o). We then conclude from (6.96),
(6.97), (6.105), and the Leray-Schauder fixed point theorem that S(p, 1) has
a fixed point in P for 0 < T' < 1. That is, (6.83)-(6.85) has a solution p(p,t) €
CYI2(Qr) for 0 < T < 1.

Uniqueness: By the maximum principle for parabolic equations with the
third boundary condition as afore-mentioned, we easily prove the uniqueness
of a solution to problem (6.83)-(6.85) with given (R,p) € Xr.

Estimates: The estimates (6.88) and (6.89) follow from Lemmas 6.2 and

6.4. O

Now, we conclude from (6.82), (6.84)-(6.87), (6.88) and (6.105), that
(R(t), p(p,t)) € Xp for small T > 0. Thus, the mapping F is well defined
and it maps X into itself for small T" > 0.

In next section we shall prove that F'is contractive provided T is sufficiently

small.

6.7 Local Existence and Uniqueness

To complete the proof of the local existence and uniqueness of a solution to
problem (6.65)-(6.74), we still need to prove that F' is contractive provided T'
is sufficiently small.

Take (R1,p1) and (Rg,p2) in Xp, denote (]A%Z-,f)l-) = F(R;,pi), i = 1,2,

and set R* = Ry — R, p* = p1 — p2. Then, by direct calculations we see that

R*(t) and p*(p,t) satisfy the following two decoupled problems:
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dRC;(t) = R*(t)g1(t) + ga(t), fort >0, (6.106)
R*(0) =0, (6.107)

where

1
q(t) = /0 [Ky(c1)p1 — Ka(er)pr — Ka(er)(1 — p1)]s* ds, (6.108)
92(t) = 1%2(75)/0 [Ky(c1)p1 — Ka(c1)pr — Kaler)(1 = p1)]s* ds

—RZ(t)/O [Ky(c2)pa — Ka(c2)p2 — Kaea)(1 — pa)]s® ds,  (6.109)

% - R?(t) P
+HE w0+ R T - i g )y o
—[ = Kqler) = Kp(er) + K(e)(1 = p1)]p* = f(p,t)  in Qr, (6.110)
p*(p,0) =0, (6.111)
%I;F(O,t) =0, (6.112)
Daal;)* - (X(l —h —ﬁz)%j)p* =g(p,t) atp=1, (6.113)
where
100 =5 = ) A7
B [(M(pw RAUANT=T0 ?;plpl 0 8616(/1)@ (1=n(1.0))
_<UQ(;JM —ubi pRg(t) %C;pg - R§t> 8625;1)775) (1= p2(1.0) ]y 72

+[(= Kq(er) + K(e)(1 = p1)) — (= Kqlea) + K(c2)(1 = p2))] b2

+(Kp(er) — Kp(ea)) (1 — pa),

dci Oco ) .

g(p,t) = —xp2(1 —ﬁz)(a—p ~
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We first consider the problem (6.106)-(6.107). By (6.65)-(6.66), (6.37),

(6.44), (6.45), (6.87) and (R;,p;) € X7 (i = 1,2), we get

lg1(), g2(t)||lLpo, 71 < Ao(l[R1 — Rallcpo, 7 + oy — p2llo(@r)).  (6.114)
We easily derive from (6.106) and (6.107) that
¢ .
R*(t) = / ga(7)elr 91T g (6.115)
0
This, along with (6.114), yields
IR (®)llcrpo, 11

2
< TeA"Tng(f)HLoc[o, 7+ 17 Hg2(t)||cw2[o,:r]

< Ao(T+T%)(|Ry — Rellcro, 7 + Ip1 — p2llomrziory)s  (6.116)

here we have used R;(0) — R3(0) = p1(0) — p2(0) = ¢1(p, 0) — c2(p,0) = 0 and
we have assumed that 0 < T < 1.

Next, we turn to consider the parabolic problem (6.110)-(6.113). By
(Riypi) € Xr (i = 1,2), (6.88), (6.103), and the parabolic LP-estimate as

before, we have

llp* ||W,§=1(QT)

< Ao(Ifllpr@e) + ||9||W;'1<QT>>

< Ao(IR1 = Rallcrpo, 7y + llp1 — p2lloer) (1 + I152llwz s gp) (6-117)

However, by (6.103), we have

||1§2HW:’1(QT) < Ao (1 + llpo(p) w2 (51 (0))) - (6.118)
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Combining (6.117) and (6.118) we have

Hp*HW,f'l(QT) < AO(HRl - R2||Cl[0, T + lp1 —pg”c(QT)), (6.119)

where the constant Ag depends on ||po(p)|w2x (5, (0))- Using the embedding

Wi (Qr) — CHMNE(Qr) (k>5, A=1— 2, we find that

||p*Hcl+X%(QT) < AO(”Rl — Rollcpo, 71 + [l _p2||C%W/2(QT))- (6.120)

Hence, proceeding as in (6.104) and using (6.111), we have

Ip*(ps )l vz (6.121)

12 ItA—y * *
< (20 4T ) I s a2 o, + 200500y

14 LAy
- (2T R )Hp lorer 22 6,

14A—~
2

FESY
< Ay (2T z +T )(HRl — Raollcipo, 71 + o1 — p2lloorz(qp))-

Finally, we derive from (6.116) and (6.121) that

142 142 —~y

d((R1,p1), (Ra,p2)) SAO(QTT +T > )d«thl)v (Rg,p2)). (6.122)

This yields that the mapping F' is contractive provided T is sufficiently small

14+A—v

such that Ay (QT# +T = ) < 1. Hence, F has a unique fixed point (R, p)

in X7. That is, (R, p) together with (¢, u) defined by (6.65)-(6.66) and (6.70),
is the unique solution of the problem (6.65)-(6.74) for 0 < ¢t < T'. Summarizing

above results, we obtain

Theorem 6.3. Under the assumptions (6.37)-(6.39), there exists a T > 0

which only depends on ||po(p)|lw2.% (B, (0)), such that the problem (6.65)-(6.72)
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has a unique solution (R(t), c(p,t), u(p,t), p(p,t)) with R(t) € C[0, T], c(p,t) €

C*1(Qr), ulp,t) € CH(Qr) and pp,t) € W (Qr) (k >5).

Remark 6.6. The C*-smoothness of functions K,(c), Kp(c), Ka(c), K,(c) and

K,(c) assumed in (6.37) is used for deriving the estimates (6.114) and (6.117).

6.8 Global Existence

Theorem 6.4. Under the assumptions (6.37)-(6.39), there exists a unique
solution (R(t), c(p,t), u(p,t),p(p,t)) of the problem (6.65)-(6.72) for all t >
0; furthermore, R(t) € C'0, o0), c(p,t) € C*1([0, 1] x [0, 00)), u(p,t) €

C([0, 1] x [0, o0)), p(p,t) € W2 (Qr) for k >5 and any T > 0, and

0<c(pt) <1, (6.123)
0<p(pt) <1, (6.124)
lulp,t)| < B, (6.125)
Roe Pt < R(t) < Rpe”! (6.126)

for some B > 0.

Proof. Suppose to the contrary that [0,T) is the maximum time interval for
the existence of the solution. By a priori estimates established in Section 6.4,
we find that (6.44),(6.45), (6.51), (6.62), (6.63) and (6.77) hold for all t < T.

Therefore, we have
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0<c(p,t) <1, 0<p(p,t) <1, forallt <T and 0 < p <1, (6.127)

Roe T < R(t) < Rye™T, forallt <T, (6.128)
u(p,t) 1 0c -

- Ll < Ag, forallt<T, 6.129

| o HpRg(t) 8,0”L < Ag, fora (6.129)

P w210, < M(TD), (6.130)

where M(T) is some constant which may depend on 7.

We take p(p,T — ¢) (where 0 < ¢ < T is arbitrary) as a new initial data,
then we can extend the solution to Q(T_ o)+s for small § > 0 proceeding as in
the proof of Theorem 6.3. Furthermore, the proof of Theorem 6.3 shows that
§ depends only on an upper bound on || p(p, T — &) llw2r (B, (0))- By a priori
estimate (6.130) we find that § depends on A(T') (but ¢ is independent of €,

ie., d = §(T). If we take e < §(T), then we get
(T —e)+0>T,

which contradicts the assumption that [O,T) is the maximum time interval
for the existence of the solution. Therefore, the maximum time interval for

the existence of the solution is [0,00). O

Remark 6.7. The estimate (6.130) may break down if the diffusion of the cell
types is sent to zero (i.e., D = 0 in (6.67)). To prove that the mapping F
defined in Section 6.5 is contractive, we need to establish some necessary
bound g—i (see the estimate (6.117)). However, the hyperbolic equation (6.67)

with D = 0 has the feature that the characteristic curves come from the region
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{0 < p < 1} at the outer boundary p = 1. So difficulties will arise on this

boundary. This is why the diffusion is so central to our results.

6.9 Summary

In this chapter, we reviewed Tindall and Please’s model [163] and Tao’s
analytical results [150]. The model describs the cell cycle dynamics and
chemotactic driven cell movement in a multicellular tumor spheroid which
consists of proliferating and quiescent cells. The two types of cells are assumed
to move with different velocity whereas most partial differential equation
models of tumor growth assume that all cells within a tumor have a common
spatial velocity profile. This chapter extended Tindall and Please’s model to
a new one with diffusion of the two cell types. The extended model [150]
assumes that cell movement is affected by not only chemotaxis but also
diffusion. Noting the relative velocity of cells on the outer boundary of the
spheroid, we clarified how to impose appropriate no-flux boundary condition
for reaction-diffusion-advection equations in a moving-domain. By including
the diffusion terms the formation of possible shock should be avoided. Indeed,
we have proven the global existence and uniqueness of a solution to the newly
extended model. The methods of the proof include a fixed point argument
and LP-theory for parabolic equations with the third boundary condition.

In Tindall and Please’s model, as well as the PDE models studied in

previous chapters, is confined to a spherical geometry. However, the morphological
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instability of a tumor, such as fingering and fragmentation, provides a mechanism
for invasion. So, the stability of spherical tumors to asymmetric perturbations
and the symmetry-breaking bifurcation from stability to instability are biologically
and mathematically interesting topics (see [6, 21, 22, 28, 42, 45, 59, 62, 64],

for instance), which are not included in this book.



Chemotaxis-Haptotaxis Modeling for Cancer

Invasion

7.1 Introduction

Cancer invasion is a very complex process which involves many various
biological mechanisms. In fact, a variety of mathematical models have been
proposed for various aspects of cancer invasion, and various attempts of
including more relevant biology into models have been made by different
researchers. Gatenby and Gawlinski [69] used a reaction-diffusion population
competition model to examine how the tumor invades the surrounding normal
tissue or extracellular matrix (ECM). They suggested that tumor cells produce
lactic acid toxic to normal tissue, and the high acidity leads to the death
of the normal tissue, which creates space for tumor cells to proliferate and
invade into the surrounding tissue. In contrast to the acid-invasion mechanism,
Perumpanani and Byrne [124] found that ECM heterogeneity affects invasion.
They proposed a model under the assumptions that ECM is degraded by
proteases; in addition to random diffusion, the movement of tumor cells is

biased towards a gradient of the non-diffusible ECM, which is referred to
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as haptotazxis; the protease production is proportional to the product of the
tumor cell density and the collagen gel concentration. Chaplain and Anderson
[29] also developed a haptotaxis model to describe the interactions between
the tumor and surrounding tissue. They made assumptions that the tumor
cells produce MDEs to degrade the ECM; the degradation gives rise to the
haptotactic movement of the tumor cells. Later on, Chaplain and Lolas [30]
suggested that, in addition to random diffusion and haptotactic movement,
the migration of cancer cells is biased towards a gradient of the diffusible
MDESs, which is referred to as chemotaxis. Besides, the proliferation of tumor
cells and the re-modeling of ECM are taken into account. Recently, Gerisch
and Chaplain [70] developed a novel non-local model which incorporates
cell-cell adhesion and cell-matrix adhesion, playing important roles in the
tumor invasion process. We note that Szymarska et al. [142] proposed another
non-local model which focuses on the role of nonlocal kinetic terms modeling
competition for space and degradation. We also mention that Lachowicz
[105, 106] constructed some microscopic models for tumor invasion and
bridged the microscopic model [106] with the macroscopic model [29)].

The qualitative analysis of various models of cancer invasion is mathematically
interesting. Walker and Webb [165] examined the issues of global existence and
uniqueness for Chaplain and Andersons’s model [29]. Tao and Wang [149]
and Tao [151] studied the global existence of solutions to the Chaplain and
Lolas model [30] for large logistic growth rate of cells in dimension 3 and

for any positive logistic growth rate in dimension 2, respectively. Tao and
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Wang [153] also proved the global existence and boundedness of solutions to
a simplified version of the Chaplain and Lolas model. Marciniak-Czochra and
Ptashnyk recently [114] proved the uniform boundedness of solutions to the
haptotaxis model [29]. Szymariska et al. [142] studied the global existence
and uniqueness of solutions to their non-local model. Very recently, Litcanu
and Morales-Rodrigo [110] established the asymptotic behavior of solutions
to a simplified haptotaxis model of cancer invasion. We should note that the
global existence for the chemotaxis-haptotaxis model [30] is still open for small
positive logistic growth rate of cells in dimension 3.

This chapter mainly reviews a chemotaxis-haptotaxis model [30] and its
mathematical analysis [153]. Actually, Chaplain and Lolas’ model can be
regarded as an extension of the classical chemotaxis model which may be
first proposed in 1970 by Keller and Segel [99].

The 2 x 2 Keller-Segel model takes into account the density of cells and
the concentration of the chemical substance which is assumed to influence
the movement of the cell population, and the total mass of cells is formally
conserved. The Keller-Segel model has now been greatly extended and studied
in the last two decades (see [24, 35, 36, 39, 40, 55, 60, 79, 81, 84, 85, 97, 103,
104, 120, 147, 161, 162, 172] and the references cited therein). The interesting
feature of Keller-Segel types of models is the possibility of blow-up of solutions
in finite time, which strongly depends on the space dimension and initial mass
(see [15, 36, 37, 79, 97, 115, 116, 123, 126, 173], for instance). Jager and

Luckhaus [97], to our knowledge, initiated the technique of L? estimates in
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the analysis of the Keller-Segel system and proved the blow-up of solutions for
small initial mass. Blanchet, Dolbeault and Perthame [15] found the critical
mass for the blow-up of solutions in the two-dimensional case. Some recent
studies show that the nonlinear chemotactic sensitivity function (see [24, 80,
81, 86, 177]), the nonlinear porous medium diffusion (see [104, 138]) and the
logistic growth term (see [162, 172, 174]) may prevent the blow-up of solutions.
However, Chaplain and Lolas’ model under consideration in this paper is a
3 X 3 system which considers the competition between chemotaxis, haptotaxis
and logistic cell growth, and the total mass of cells is not conserved.

Chaplain and Lolas’ model [30] consists of a parabolic chemotaxis-haptotaxis
PDE describing the evolution of tumor cell density, a parabolic PDE governing
the evolution of proteolytic enzyme concentration, and an ODE modeling the
proteolysis of ECM. Since the proteolytic enzyme diffuses much faster than
cancer cells do, in this chapter we will consider a simplified version of Chaplain
and Lolas’ model in which an elliptic PDE, instead of the above-mentioned
parabolic PDE, governs the evolution of proteolytic enzyme concentration.
The above quasi-stationary simplification was initially proposed by Jdger and
Luckhaus [97], and it was mostly considered in the study of the blow-up of
smooth solutions to the classical chemotaxis model (see [97, 115, 123], for
instance).

We should note that there exists an important technical difference between
a 2 x 2 parabolic-elliptic chemotaxis system and a 3 x 3 parabolic-ODE-elliptic

chemotaxis-haptotaxis system. For a 2x2 parabolic-elliptic chemotaxis system,
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one may easily estimate the chemotaxis-related integral term |, o crtye-
vudz by directly multiplying the elliptic equation for the chemoattractant
concentration by ¢® and integrating the product in 2. However, for a 3 x 3
parabolic-ODE-elliptic chemotaxis-haptotaxis system, we need to develop
new techniques to estimate the chemotaxis-related integral term |, o R
¢ - vuldz. Here, we should emphasize that we must estimate the term
Jo ¢ v ¢ uldx rather than the term [, ¢*~! v ¢ - udz.

This chapter is organized as follows. Section 7.2 describes the mathematical
model. Section 7.3 proves the local existence and uniqueness of smooth
solutions to the model. Finally, Sections 7.4 and 7.5 study the global existence
and uniform-in-time boundedness of solutions in three dimensional space for
large logistic growth rate of cells and in two dimensional space for any positive

logistic growth rate of cells, respectively.

7.2 Mathematical Model

The mathematical model of cancer invasion is involved in the following three
key physical variables: the cancer cell density ¢, the extracellular matrix
density v, and the matrix degrading enzyme (MDE) concentration w.

The migration of cancer cells is assumed to undergo random motion,
chemotaxis, and haptotaxis. In the absence of any extracellular matrix (ECM),
cancer cell proliferation is assumed to follow a logistic growth law. The

presence of ECM leads to competition for space between the cancer cells and
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the ECM. Hence, the equation describing the evolution of cancer cell density

is given as follows [30]:

B
—ajz D.ANe —v7-(xevu)—v-(Eevv)+pc(l—c—v), (7.1)
N——

random motion chemotaxis haptotaxis proliferation

where D, is the random motility coefficient, x and £ are the chemotactic and
haptotactic coefficients, respectively, u is the logistic proliferation rate of the
cells.

Since ECM is “static”, we neglect any diffusion and focus solely on
its degradation by MDEs upon contact. For simplicity, we assume that no
remodeling of the ECM takes place. The equation modeling the proteolysis of
the ECM is therefore given by [30]:

— =—- Jduv , (7.2)

proteolysis

where § > 0 is a rate parameter of degradation.

The MDE concentration is assumed to be influenced by diffusion, production,
and decay. Specifically, MDE is produced by cancer cells, diffuses throughout
ECM, and undergoes decay through a simple degradation. Hence, we have the

following equation for the MDE concentration [30]:

ou
E—DuAu—i— ac  — Pu,

diffusion production decay

where D,,, «, and 8 are assumed to be positive constants.

We define a non-dimensional variable:

t =Dt
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and new parameters via the following scaling:

5 . 8

L S-S S LN S I O S
X_DC7£_DC7/’(‘_D676_D,€_Daa_Duaﬂ_D'

C u u

»

Henceforth, we omit the tildes for notational simplicity. The dimensionless

governing equations can then be written as follows:

% =Ac—V - (xcVu) = V- (£cVv) + pe(l — ¢ — v), (7.4)
Ov

5% = —duv, (7.5)
% _ Autac—B (7.6)
€5 = Autac—fu. .

For the parameter values given in [30], € is typically very small compared with
other parameters: «, 3, 9§, x, &, and p.

In this chapter we will consider the limit ¢ — 0 and fix the positive
parameters «, 3, 0, X, &, and u (this approach of quasi-steady-state approximation
was mostly used to study the classical chemotaxis model; see [97, 123] and

references cited therein). Finally, we obtain (e = 0 in (7.6))

de

i Ac—V - (xcVu) — V- (£cVv) + pe(l — ¢ — v), (7.7

ov

5 = —duv, (7.8)
0 = Au + ac — pu. (7.9)

The equations (7.7)-(7.9) are considered on some bounded domain 2 C
R? (d = 2 or 3) with boundary 9¢2. To close the system of equations, we need
to impose boundary and initial conditions.

Boundary conditions: Guided by the in witro experimental protocol in
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which invasion takes place within an isolated system [124], we assume that

there is no-flux of cancer cells or MDEs across the boundary of the domain,

Oc ou ov
_54—}(6%—’—&5 =0 ondf2x(0,7), (7.10)
ou
5 =0 ondf?x (071—’>7 (711)

where v is the outward normal vector to Jf2. We note that the choice of
the boundary conditions (7.10) and (7.11) is rather mathematically than
biologically motivated. This chapter does not consider possible boundary
effects. The boundary conditions (7.10) and (7.11), however, may be justified
by the fact that the tumor is far from the boundary of the domain containing
the tissue under consideration [31].

Initial conditions: We prescribe the initial data
c(x,0) =co(x), wv(x,0) =vo(x), x€ (7.12)
For any 0 < T < o0, we set
Qr=02x{0<t<T}, IrT=02x{0<t<T}.
For consistency, we shall use the following notations:

W2(2) = {u] u, Dyu, Du € LX)},
Wz’l(QT) = {u| u, Dyu, D*u, Dyu € LP(Qr)}
with norm

| u ng(Q)ZH u||ze2y + || Dot |l oeco) + || Diu e (),

| u |‘W3’1(QT):|| ullr(@r) + | Datt [[r(@r) + |l Diu e @r) + | Do [ (@r)
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in which p > 1 is integer, T' > 0, and the derivatives are in the weak sense.
We denote by C**29(Qr) (k> 0 integer, 0 < A < 1,0 < 6 < 1) the space

of function u(z,t) with finite norm

k
' ; A ; )
lu lersroom= D [sup[Diul+ < Diu>WNy + < Diu >, ]
lil=0 =7
where
u(x,t) —uly,t
<u >;)‘)QT: sup M’
’ @t), wheQr |z =yl
u(x,t) — ,
<us@ = swp [u(z, ) ugx 7)]
’ (z,t), (z,7)EQT |t - 7—|

We denote by C2M1+9(Qr) the space of functions u(x,t) with norm

[ wllezene@qry + Il ue lereqr) -
We introduce the following variable change:
a=ce S, (7.13)

In terms of the variables a, v, and u, the system (7.7)-(7.12) takes the following

form:
da —&v v —&v v
G =¢ V(e va -t v (xeav )
+&8auv + pa(l — es'a —v) in Qr, (7.14)
v )
i —duv in Qr, (7.15)
0=Au+aeta—fu in Qr, (7.16)
Ja  Ou
fa _0_y enry, (7.17)

a(z,0) = ap(z), v(z,0) =vo(x) in L2 (7.18)
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Remark 7.1. The LP estimate techniques for the hapotactic term and the
chemotactic term in Eq. (7.7) are quite different in three space dimensions,
since the ECM density v satisfies the first-order ODE (7.8) whereas the
proteolytic enzyme concentration u solves the elliptic equation (7.9). We note
that there appears the second-order spatial derivative of v in Eq. (7.7), but
this second-order spatial derivative term Awv can be transformed into the
time derivative term Ov/0t (i.e., —duv by Eq. (7.8)) under the transformation
(7.13). However, it doesn’t make sense to transform the second-order spatial
derivative term Awu in Eq. (7.7) into the time derivative term Qu/dt, since u
solves the second-order elliptic equation (7.9). We also note that the divergence
form of Eq. (7.14) on a is favorable for L estimates in three space dimensions
(see Section 7.4 below). The transformation (7.13) has already been performed
in [39, 55, 60] in order to prove the existence of classical solutions. Here,
we should further note that, in order to guarantee that (7.14)-(7.16) and
(7.7)-(7.9) are equivalent, we need (a,v,u) € C*1(Qr)x C*H(Q1)x C?*°(Q7).
Hence, we will study the existence of C%!(Qr) x C*(Qr) x C*°(Qr)-smooth

solutions to the system (7.14)-(7.18).
Throughout this chapter we assume that
ap(xz) >0, 0 <wolx) <1,

00 € C2%7 ag(x) € C*T9 (), vy(z) € C3(R), (7.19)

dap(xz) _ Oug(z) _ Ovo(z) _
gu - 6;)1/ - gl/ =0 on aQ’

where o = 3/4.
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In next section we will prove that the system (7.14)-(7.2) has a unique

local (in time) classical solution.

7.3 Local Existence and Uniqueness

For notational convenience , in what follows we denote various constants which

depend on T by A, while we denote various constants which are independent

of T by Ao.

Theorem 7.1. Under the assumption (7.2), there exists a unique solution
(a(@, 1), v(z, 1), u(z, 1)) € C*Ho1T02(Qr) x C>F0149/2(Qr) x C*+7o/2(Qr)

to the system (7.14)-(7.18) for small T > 0 which depends on

M :=| co(x) ||c2teo () + || vo() ||c2te (o) +1

Proof. We shall prove the local existence by a fixed point argument. We

introduce the Banach space X of the function ¢ with norms

lellgrs gy ©O<T<1)

and a subset

XN[:{CEX: CZO? ||C||C‘7’% SM}

(@r)

Given any ¢ € Xy, we define a corresponding function ¢ = F'é by

c=e"a,
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where (a, v), together with u, satisfies the following system:

—Au+pu=aé inQr, (7.20)
0

a% =0 on Iy, (7.21)
0 .

8717,‘) = —duv in Qr, (7.22)
v(x,0) = vo(z) in £2, (7.23)
Oa

o~ Bat(xvu-¢v)-va

+[XAu+X§Vv~VUf§5uv—,u(l fé—v)]a:() in Qr, (7.24)
Oa .
e 0 onlIr, a(z,0)=ae(z) in 2. (7.25)
By (7.20)-(7.21) and the standard elliptic Schauder theory [71], we have
[ ullceton@r< Ao |l € llgoo@ry < AoM. (7.26)
By ¢ > 0 and the maximum principle [71], we also have

u>0 in Qr. (7.27)

Note that for any x € 2 and 0 < t; <to < T < 1,

A (u(x, t1) — u(z, tg)) +6u(x, t1) — u(x, t3)

| tl _ t2 |a/2 | tl — 19 ‘0/2
E(ac, tl) - E(l‘, tQ) .
_ 7.28
-t mQr. (728)
0 ru(z, t1) —u(z, t2)
— =0 Ir. 7.29
81/( [t — t3 |2 ) onir (7.29)

By (7.28)-(7.29) and the maximum principle, we further have

5(56, tl)—é(ﬂi, tg)

‘ ’LL(JI, tl) — U(ZC, t2) |
max < Ao |l Tt |72

g 't —to |72 =

L= ()

< AO || 6(.13,t) ||C°~"/2(QT)S Ao || 5(1‘,t) ||CO‘,U/2(QT)S 14()]\47
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S0
| v llgo.or2(gry< AoM. (7.30)

We easily conclude from (7.2), (7.22)-(7.23), (7.3)-(7.27), (7.30), and 0 <

T < 1 that
| ullcatoorr@r< AoM, | v [lo24o0r2(gr) < AoM. (7.31)
This, together with Eq. (7.22), yields
v l[g2+o140/2(gr) < AoM. (7.32)
Furthermore, by (7.2), (7.22)-(7.23), and (7.27), we easily get
0<wv<l. (7.33)

We now turn to Eq. (7.24). Note that Eq. (7.24) can be rewritten as

0
ﬁ—AaHXVu—fvv)-vaJrha:o (7.34)
with
[xVu—-Evv|ceorgn< B, (7.35)

I llcoor2(Gr)

— | X Aut XE VvV —Euv — p(L = &= ) [lcooragn < Ba (7.36)

by the estimates (7.3), (7.30), (7.32) and ¢ € X)y; here and in the following we
shall denote various constants which depend only on M by By (k =1,2,...).

Hence, Eq. (7.3) is a linear parabolic equation with C??/2(Qr) coefficients
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and, by the Schauder theory, the parabolic problem (7.3) and (7.25) has a

unique solution satisfying

| allcatontorr@ry < Il @ lt=ollcz+o(2) +Bs

< M+ By := By, (7.37)
By (7.2), (7.24)-(7.25), and the maximum principle [108], we easily get
a>0. (7.38)
We conclude from (7.32)-(7.33) and (7.37)-(7.38) that
20, [cllgzteatorz < Bs. (7.39)
For any function c(z,t), it is easy to check that

I e.t) — e(2.0) lcrors@ry< Aomax(T*/2, T ) || ¢ llgasancoraqy) -
(7.40)
Combining (7.39) and (7.40), we conclude that if T is sufficiently small (T’

depends only on M), then

| e@,t) lgoarzi@ry < I e(@,0) |l goaraiqqpy +A0 max(T7/2, T (/%) By

< co(x) oo +1 < M. (7.41)

This, together with ¢ > 0, yields ¢ € Xys. Hence, F' maps A, into itself.
Next, proceeding as in the proof of the contraction in Theorem 3.1 in [149],
we can prove that F' is contractive in X, if we take T sufficiently small. By

the contraction mapping principle F' has a unique fixed point ¢. Furthermore,
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we can raise the regularity of ¢ to C?*t%1+9/2(Qr) by using the parabolic

Schauder estimates. O

7.4 Global Existence and Boundedness in Dimension 3

We shall need the following Gagliardo-Nirenberg interpolation inequality
[57, 75]: Assume that £2 C R? is a bounded domain, 92 € C*, w(z) €

k )N L"(2), and 0 <1 < k. Then,
| D'u || o)< Ao || u HWk(g Ay (7.42)
where

<0<1,1<q r<oo

| o~
hSHRSH
|
~
I
>
~
SHESH
|
E
~—
—~
—
|
>
~—
REESY

when k — 1 — g is not a nonnegative integer;

l

0= E<1 l<g<oo, 1<r<o

when k — [ — £ is a nonnegative integer.

We shall also need the following Sobolev imbedding Theorem (see [32,
Theorem 3.5]): Assume that u € W2(Qr), 02 € C?', where [ is a positive
integer. Then, for 0 < r+2s=p <20, p > 2‘3+i (where d+2 i3 not an integer),

we have
| DiDzu (| goarzgr< Al u iju (Qr), (7.43)
where o = 21 — u — (d + 2)/p.
To continue the local solution established in the above section to all ¢ > 0,

we need to establish some a priori estimates.
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Lemma 7.1. There holds

(7.44)

Proof. The inequality a > 0 follows from the parabolic maximum principle,

and the inequality v > 0 follows from a > 0 and the elliptic maximum

principle. The inequalities 0 < v < 1 follow from v > 0 and the maximum

principle. This completes the proof of Lemma 7.1. 0O

Lemma 7.2. There holds

el @<l el @< max(|| co |1 (), [£2)),

[l < af™! max(|| co |21, [£2])-

Proof. Integrating (7.7) in {2 and noting (7.10) and (7.1), we have

d

5 el s pllellne fu/ ¢ da
2

I
<l el 1l | c ”%1((2)7

where we have used the Holder’s inequality:

2
(/ cdz) g/ 12das~/ c2dg::|m/ Ada.
2 2 2 (9

We derive from (7.47) that

1
c <
|| HLI(Q)_ ‘71‘_’_( 1 _ %)e_ﬂt

HCOHLl(m

This, along with (7.13) and (7.1), yields (7.45).

< max(|| co [[L1(0), [£2])-

(7.45)

(7.46)

(7.47)

(7.48)
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Integrating (7.9) in 2 and noting (7.11), we have

d
T lulle, @)=l el @) =l ulle, o) -

This, along with (7.48), yields (7.46). O

Up to now we have had the L!(2)-estimate on a. In the following we shall

raise the a priori estimate of a from L!(§2) to L?(£2) and then to L*(2).

Theorem 7.2. There exists some positive constant

,u* :M*(Xa 57 a, 67 57 |“Q|a || ao(l‘) ||L2(Q))

such that

[ allze2)< Ao (7.49)

for allt € (0,T] and p > u*.

Proof. For s > 2, we will perform the L*(§2)-estimate of a. To this end, we
need to consider the integral [, a*dx, which is equivalent to [, e*?a*dx by
the estimate 0 < v < 1 in (7.1). There is a strong difference between the
cases £ > 0 and £ = 0 when we proceed to estimate the integral [ P efvatdx
(this point will be addressed more clearly later on). We also note that the
quantities a and c¢ are almost equivalent by the transformation (7.13) and
0 < v < 1. It should be pointed out that there are bad influences of the
haptotaxis contribution (£ > 0) and chemotaxis contribution (xy > 0) in the
following computations for getting a priori estimates, whereas there is a good

influence of the logistic damping (u > 0).
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We derive from (7.14), (7.15), (7.17) and (7.1) that

4 egvasdx:/fe&’@asdx—l—/ efvsas_l@dx
Q ot Q

dt Jq ot
= —55/ e*Uatuvdr + / sa* "1y (8 v a)dx
Q Q
—X/ sa*~ 17 (Va7 u)de + 55/ eVsa® tauvdz
Q Q

+u/ e*Usa*ta(l — e*Va — v)dx
7

IN

—/ s(s — 1)a* "% v a|?esdx
Q
+x/ s(s —1)a*" e’ v a - yuda
Q
+£53/ egvasud;ﬂ—ﬁ—ps/ egvasd:r—,us/ eV Ty
Q Q

(9]
4(s —1) /212
Sk S s/2|12g
. /lea “dz

+u6§5/ asdx—u,s/ a*dx
9] 9]

IN

+£56§s/ ua’dx

Q

+xebs(s — 1)/ a* v a- yulde. (7.50)
Q

We note that the integral |, o ua®dz in (7.50) comes from the haptotaxis term
in Eq. (7.7), whereas the integral [, a*™'| v a - uldz in (7.50) comes from
the chemotaxis term in Eq. (7.7). From the derivation of the inequality (7.50),
we find that we need only to estimate the integral [, a*~tya-yudz in order
to deal with the chemotaxis term in Eq. (7.7) for the case £ = 0. However, we
must estimate the integral [, a*~'|7 a-7u|dz for the case £ > 0. Multiplying
Eq. (7.16) by a®, integrating the product in (2, and using the no-flux boundary
du

condition §|r, = 0in (7.17), one may easily estimate the integral Jo a*~1ya-

vudz for the case £ = 0. However, it needs many more techniques to estimate



7.4 Global Existence and Boundedness in Dimension 3 175

the integral [, a* '] 7 a - u|dz for the case £ > 0 (see the remainder of the
proof of Lemma 7.2).
The proof of the estimate (7.49) is divided into the following two steps.

Step 1: Estimate || a ||z2(). Taking s = 2 in (7.50), one finds

d
— | e%a?dx = —2/ | v al?dx + ZMeE/ a’dx — Z,u/ addx
dt Jo Q 2 2

+2£5e§/ ua?dx + 2X65/ al v a-yulde.  (7.51)
o} 0
We first note that, by the Young inequality
_a 1 1
yz < ey’ + Age vz9 (y, 2>20,e>0,p, ¢>0, —+—=1), (7.52)
p q

one may estimate
/ a*dx < E/ a*dr + Ag(e), (7.53)
Q 0

with € > 0 arbitrary.
We next estimate the integral [ P ua’dz. Applying the Young inequality

(7.52), one obtains

/andxg/ a?’dx—kAo/ uddz. (7.54)
7} I7) 2

Using Eq. (7.16), the estimate 0 < v < 1 and the elliptic LP-estimate [71], one

finds

| w llw2s2)< Ao || a llLs () - (7.55)

Combining (7.54) and (7.55), one has

/ ua’dr < Ao/ a’dz. (7.56)
Q

2
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We now consider the integral |, o @l a-yuldr. Using the Young inequality
(7.52), one finds
/ al v a- yuldz
7
< e/ | 7 al*dz + Ao(e)/ a?| <7 ul?dx
o) fe)
< e/ | 7 al*dz + Ao(e)/ addr + Ag(e)/ | v ulSdz. (7.57)
o) o) 2
Applying the interpolation inequality (7.42) with l=1,p =6, k =2, ¢ = 3,
r=1,d=3, 8 =1/2 and using the estimates (7.46) and (7.55), one obtains
1/2 1/2 1/2 1/2
| Vo)< Ao Il 130w 13450 < Ao i3 o)< Ao Il a 1570),
and therefore
| 7u 156y < Ao [l a (1350 - (7.58)

One derives from (7.57) and (7.58) that

/ al v a-yuldr < e/ | v a|?dx + Ao(e)/ a*dx. (7.59)
7 7 7

Inserting (7.53), (7.56), and (7.59) into (7.51), and taking e sufficiently

small, one finds

% evaldr < —/ | v al*dx — (p — AgEdes — oneg)/ addx + Aopeb.
o) Q o)
(7.60)
Note that
p— Ag&det — Agxet > 1 if > Ag(€5 + x)et + 1. (7.61)

Clearly, it follows from the fully explicit bound of u from below in (7.61)

that this bound is worse than for the haptotaxis system without chemotaxis.
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Also, this bound is worse than for the Fisher-Kolmogorov-Petrovski-Piskunov
equation without chemotaxis/haptotaxis. We further find from the explicit
bound of p from below in (7.61) that this bound becomes worse for faster
degradation of the ECM (i.e., for larger ).

By (7.60), (7.61), the estimate 0 < v < 1, and the Hélder inequality, one

obtains
d
— eV adr < —/ agclac—i-AoueE
dt Jo Q
< ! (/ anx)%—i—A et
< —— ope
1212 Mo
1 9 3
< —ﬁ(/ eva dm) + Agpue®. (7.62)
e28|2)2 \Jo

Denote Ag := e~ 2802|732, h(t) := [, " a’dx. Then, h(t) satisfies

B (t) < —Agh(t)? + Aguet, (7.63)

implying (see [162], for instance)

h(t) < max {h(O), (A‘Z;eg ) : } (7.64)

Hence,
/ a’dx < Ay, (7.65)
Q

where Ay may depend on || ag |[z2(p). From the fully explicit bound of ||
a |r2(o) from above in (7.64), we find that the bound is worse than for
the chemotaxis system without haptotaxis (¢ = 0) and that this bound is
also worse than for the haptotaxis system without chemotaxis (xy = 0) (note

that we can choose a smaller p for the haptotaxis system without chemotaxis

(x = 0) by (7.61)).
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Step 2: Estimate || a ||z4(). Taking s = 4 in (7.50), one finds

d
— [ ePatdx < —3/ \va2|2dx—|—4,ue§/ a4dx—4u/ a’dx
dt Jo Q Q 2

+4§56§/ ua'dr + 12)(65/ a®| 7 a-yuldr. (7.66)
fo) Q

First, employing the Young inequality and proceeding as in Step 1, one

has, for ¢ > 0 arbitrary,

/ atde < 5/ a’dx + Ag(e), (7.67)

0 Q

/ua4dx < Ao/ a’dzx. (7.68)
0 19,

We now focus on estimating the integral [, a®| v a - uldz in (7.66).

Applying the Young inequality (7.52), one finds

/a3|va-Vu|dm

Q

< [@lva)¥dot o [ |vuda
Q 7

:/(aQ.a|va|)%dac+Ao/ | v u|'%dx
Q 7

Se/(a|va|)%%d$+Ao(e)/ a%%dl‘—l-Ao/ | 7 u|'Odx
7} 7 7

E/ |va2|2dx+A0(e)/ a5dx—|—A0/ | v ul*dx. (7.69)
4 Jo 7 7

Using Eq. (7.16), the estimates (7.65), 0 < v < 1, and the elliptic LP-estimate
[71], one finds

[ ullwz)< Ao |l allz2(2)< Ao.

This, together with the Sobolev imbedding theorem [71], yields

| VullLs2)< Ao [l u lwz(2)< Ao (7.70)
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Again, by the elliptic LP-estimate [71], one has

[ ullwz2)< Aol allrs) - (7.71)

Applying the interpolation inequality (7.42) with [ =0, p =10, k=1, ¢ =5,

r=6,d=3,0=2/9 and using the estimates (7.70) and (7.71), one obtains

2/9 7/9
I llioge) < Ao | u I3 ol 72 117500,
2/9
< Ao ll w1330

2/9
<Aolalg -

This, together with the Young inequality, yields

20/9
I 3% () < Ao [l @[55 < Ao [ @ 1350y +Ao- (7.72)

Combining (7.69) and (7.72), one has

/a3|va~Vu\dx§ E/ |Va2|2dx+Ao(e)/ a’dx + Ay. (7.73)
9] 4 9] 0]

Inserting (7.67), (7.68), and (7.73) into (7.66) and taking e sufficiently

small, one obtains if u > Ay + 1/4, then

i/ e*Patdr < 7/ |Va2|2d:vf4(pfA0)/ a’dx + A
dt Jg 17} 17}
< 74(#7140)/ a5daz+A0
Q
< —/ a’dx + Ay
Q
< _L(/ a4da:)%+A

1 3
. fv 4
= eifmi(/ge aldr) " + Ay, (7.74)
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As before, the inequality (7.74) implies

/ efPatdr < Ay.
2

This completes the proof of Theorem 7.2. 0O

Theorem 7.3. Assume that p > p*, where p* is defined in Theorem 7.2.

Then, there holds
| vlleviy< Aos v lleve< A

5
forany 0 <~y < 3.

(7.75)

Proof. 1t follows from Eq. (7.16), the estimates (7.1) and (7.49), and the

elliptic LP-theory that
[ ullwz2)< Ao

This, together with the Sobolev imbedding theorem, yields
5
| ullcvie)< Ao for any 0 < < 1
One derives from Eq. (7.15) that

ol 1) = vofa)e? w0

t
v = 6—6 fUT u(x,s)ds 7 vy — 5U0($)6_6 fot u(w,s)ds/ deS
0

Combining (7.77)-(7.79), (7.1), and (7.2), one obtains
5
I llevay< A forany 0<y < 2.

This completes the proof of Theorem 7.3. O

(7.76)

(7.77)

(7.78)

(7.79)

(7.80)
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Theorem 7.4. Assume that p > p*, where p* is defined in Theorem 7.2.

Then, there holds
[ a(z,t), v(z,t) c2tort0r20 S A, | ul@,t) [[c2to02(< A, (7.81)
where o = 3/4.

Proof. Eq. (7.14) can be rewritten as in the following nondivergence form:

a—Da—(Ev—xVw)-VatETVu- ot xAu—ESuw—p(l—c—v)a =0,
(7.82)

where

[ EVv—XxTVulL=@gn< A, (7.83)
I XE T u T+ x Du—Euv—p(l—c—v) fpagn< A (784)

by the estimates (7.1), (7.75), and (7.76). By (7.82)-(7.84) and the parabolic

LP-estimates [108], one obtains

Fallwz1 @< A

Applying the Sobolev imbedding theorem (7.43) withi =1, p=4, d=3, r =
s = =0, one finds

| allgeor@m< A, (7.85)

where o = 3/4.

One may derive from (7.78), (7.2) and (7.77) that, for any 0 < t; < to < T,



182 7 Chemotaxis-Haptotaxis Modeling for Cancer Invasion
lv(z, t) —v(z, t)]
|t1 _ t2|a/2
|€—5 fgl u(z, s)ds __ e—9 fOtZ u(z, s)ds|

|t1 _t2|a/2

= |vo()]|
= |vo(@)||6u(z, n)e 0o w@ ds| |t 1, ]'=9/2 (for some t; < 7 < t3)

< A.
This, together with (7.80), yields
|| v HC"*G'/Z(QT)S A. (786)

Proceeding as in the proof of Theorem 7.1, one obtains from Eq. (7.16),

the estimates (7.85) and (7.86), and the elliptic Schauder estimates that

| wlloz+oor2@r < A (7.87)
Again, proceeding as in the proof of Theorem 7.1, one can get

| v llc2tortor2(@m< A (7.88)

Finally, one derives from Eq. (7.82), the estimates (7.87) and (7.88), and

the parabolic Schauder estimates that
H a ||C2+a,1+a/2(QT)§ A.
This completes the proof of Theorem 7.4. 0O

The a priori estimate (7.81) allows us to continue the local solution in
Theorem 7.1 step-by-step to all ¢ > 0, as done in Chapter 6. Thus, we have

the following result of global existence of solutions.
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Theorem 7.5. Under the assumption (7.2), there exists some constant

/j/* = :U’*<X? §7 a, 67 67 |‘Q|a || CLO(Z‘) ||L2(Q)) >0

such that, for any p > p*, the system (7.14)-(7.18) admits a unique global
solution (a, v, u) € C*T149/12(Qr) x C*+01+9/2(Qr) x C?79/2(Qr) for
any T > 0. Furthermore,

a>0,u>0 0<v<1, (7.89)

[ wllpe@m< Ao I Vu llLe (@) < Ao (7.90)
Remark 7.2.If =0, v =0 in (7.7)-(7.9), then blow-up of smooth solutions
occurs for large initial mass as aforementioned in Section 7.1 in three dimensions
and two dimensions. In next section, we shall prove that global existence holds

true for p > 0 in two dimensions. However, it remains open whether blow-up

of classical solutions occurs for small ¢ > 0 in three dimensions

Furthermore, in the following we will derive the uniform-in-time boundedness

of a(x,t) of the global solution.

Theorem 7.6. Let (a, v, u) be the unique global solution of the system

(7.14)-(7.18) in Theorem 7.5. Then, there holds

llall=(@r) < Aollaoll L= (), (7.91)
where Ag depends on x, &, «, B, 0, u, and |12|.

Proof. We go back to the differential inequality (7.50).
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We first estimate the integral [, ua®dz. By the estimate v > 0 in (7.89)

and the estimate |u p(g,) < Ao in (7.90), one obtains

/uasdm < Ao/ a®dx. (7.92)
(0]

9]

We next consider the integral [, a* | a - yu|dz. By the estimate || 57

ul| (@) < Ap in (7.90) and the Cauchy inequality, one has

/ a7 Y v a-ulde < AO/ a* 7Y v aldx
2 9]
= AO/ az a7 alde
9]
5—2 2 Ao s
< Age | a* | valfde+ — | o’dx
Q € Jo

44 . A
06/ |Va5|2dx+—0/ a*dz.  (7.93)
n € Jo

52
Inserting (7.92) and (7.93) into (7.50) and taking e sufficiently small, one

finds

d 2(s—1
—/ eSUatdr + (87)/ |7 a®/?2de < Ags(s — 1)/ a’dx  for all s > 2.
dt Jo s Q o

(7.94)
Noting 0 < v < 1 and using the iterative technique of Alikakos [4], one obtains

from (7.94) that

sup €52 Da(z, )] 12 < Aolles@ag(z)]| Lo (n)- (7.95)

We also refer to recent references [40, 103] for a detailed derivation of the

estimate (7.95). Hence, the proof of Theorem 7.6 is completed. O
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7.5 Global Existence and Boundedness in dimension 2

Throughout this section, we assume that d = 2. We first note that Lemmas
7.1 and 7.2 are also true for d = 2. Up to now we have had the L'(f2)-estimate
on c. In the following we shall raise the a priori estimate of ¢ in the following
way: L1(02) — L3(Qr) — L?(2) — L*(Qr) — L*(2).

From Eq. (7.7), we have the following two lemmas [151].

Lemma 7.3. There holds
4 [(c+ 1)10g(c—|—1)—c]dx—|—/ L\vdzdx
dt 0 ncC + 1

< u/g [(c+1)log(c+1) — c|dx (7.96)

+ 400+ ) (| D(8) 320 + | 20(2) By + I e(t) By ) + Aop.

Proof. We easily derive from (7.8), the boundary condition (7.11), and the

assumption 6”57(1) _— 0 in (7.2) that

v

ov
3 loo, = 0. (7.97)

Multiplying Eq. (7.7) by log(c+1), integrating the product in {2, and using

the no-flux boundary condition (7.10), one obtains

{(c—i—l)log(c—kl)—c} dx—|—/ L\VC\Q dx

% 0 .(ZC+1
c c
_X/()C_’_lvc.vudac—l—f/gmvc-vvdx
+u/ (1 —c—v)log(c+1) dz. (7.98)
Q

Here, one observes that
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/C+1V0 vudx—/ [log(c+ 1) —c| Aude,  (7.99)

/570+1vc \V&Y dx—/n[log(c—i—l)—c]Av dz, (7.100)
in which we have used the boundary condition (7.11) and (7.97). On the other

hand, one observes that

| [rorte+1) =] A da < Aol dute) I + 1 (0 [2). (7100

| [rorte+ 1) =] v do < Ao(l 500 I3 + 11 t0) ). (7102)
/ 1—c—vlog(c+1)dw</gclog(c+l)dm

< / [(c—i— 1)log(c+1) — c} dz + ||cl| 21 (o)

< /Q [(c—i— 1)log(c+1) — c] dx + Ao, (7.103)

in which we have used the basic inequality: log(1 + ¢) < ¢ for any ¢ > 0 in
derivation of estimates (7.101) and (7.102), and we have used estimates (7.1)
and (7.45) in derivation of estimate (7.103). Taking into account all above

estimates, one obtains from (7.96) from (7.98). O
Lemma 7.4. Assume that u > 0 and that the following estimate
| (c+1)log(c+1) |1 y< A (7.104)
is true; then there holds
d
7 2dx—|—/|VC| dx

<4nvAww@@+nvAww;@)

+Ae Y 2g(e7 ) + A, (7.105)

where € > 0 is any number and g(-) is some increasing function.
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Proof. This lemma is the core of the argument concerning global existence in
the two-dimensional case.
Multiply Eq. (7.7) by ¢, integrate the product in {2, and use the no-flux

boundary condition (7.10). One obtains

1d c2d:c+/ |Vc|2d:r:></cvc-vudm—i—é/cvavvdm
2dt Jo Q Q 17
+u/ A1 —c¢—v)de. (7.106)
I?)
Note that
1
/ch-Vudx:—f/CQAudx, (7.107)
Q 2 /o
1
/CVC'VUdl‘Z—*/CZAUdl‘ (7.108)
Q 2 /0

by the boundary conditions (7.11) and (7.97).
Applying the Gagliardo—Nirenberg interpolation inequality (7.42) with | =
1,p=3,k=q=r=d=2, and § = 2/3, one obtains

2/3 1/3
I A ullzace) < Aollull e lulls gy for u e H(2), (7.109)

where H1(£2) := W4 (02).
We shall also need the following interpolation inequality proved by Biler,

Hebisch, and Nadzieja [13]:

lelFscay <ellelF oy | (c+Dlogle+1) L) +g(e el  (7.110)

for ¢ > 0 and ¢ € H'(£2), where ¢ > 0 is any number and g(-) is some
increasing function.
By (7.45), Eq. (7.9) and the regularity theory for elliptic equations in two

dimensions, one has
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| v ullz2(2) < Aol cllzr2) < Ao (7.111)

Applying the interpolation inequality (7.42) and using the estimates (7.46)

and (7.11), one obtains
| ullzze) < Aoll ullwi o)l ullzi(@) < Ao. (7.112)
Now we estimate ’ fn A Au dm’:

‘ / 2 Au dx‘ < AOHC||2L3(Q)|| Aulpso) (by Hélder’s inequality)
(]
2/3 1/3
< AollellFs o ull 3o lull iy ) (by (7.109))

< Aollel3s o lull3a gy (by (7.111) and (7.112))

2/3| 2/3

< Ao ellelfi o Il (e + 1 loa(e+1) ooy +ole el lulfig,

(by Biler, Hebisch, and Nadzieja’s interpolation inequality (7.110))
2 _1y]%3 2/3
< Alellela) + 9] ullif,  (by (7.45) and (7.104))
2 ~1/2 2 ~1 " s :
< ellullza(o) + Ae [5||c||H1(m +g(e7)| (by Young’s inequality)
= 6”““?—[3(9) + AEI/QHCH%_]l(Q) + A€71/29(€71). (7113)
Similarly, one has
‘ /Q A dx| < ellvll ) + AVl d () + AeTV2g(eY).  (T.114)
On the other hand, by Young’s inequality,
/ ¢ dr < 5/ ¢ dax + Ag(e)]92). (7.115)
Q o)

Taking into account above estimates (7.106)-(7.108), (7.113)-(7.115), and

using assumption g > 0, one has
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1d 9 9
—— cdx cl“dx
531 | ot [ 19
< 5(”“’”%{3(9) + ||U||§{3(m> + Ae™2g(e7h) + Ao

< 5(” v AU”%%Q) +v AU”%%Q)) + A7 ?g(eT) + A
for sufficiently small ¢ > 0, where we have used the facts that

.. Ou
lullscar < Ao(Il 7 Sullzaey + lullim )  (for u e HA(@) with 5-| = 0)

< Aol| v Aullpaioy + A (by (7.111) and (7.112))

and that

., Ov
vl (o) < Aol| 7 Av||2(0) + A (for v € H?(£2) with o lon = 0).

This completes the proof of Lemma 7.4. O

Lemma 7.5. Assume that d =2 and p > 0. Then there holds
I ells@r< A (7.116)

Proof. The proof is divided into the following eight steps. In Steps 1-6, we
will give attention to the dependency of the bounds of some estimates on the
parameters p,x and £. From (7.45) and its proof, we find that the bound
from above of [|c[ ;10 is independent of the parameters u, x, and €. In the
following we may assume that g > 0 is small, say, 0 < p < 1, since we can
proceed the estimates for large p > 0 in two dimensions as in three dimensions
in Section 7.4.

Step 1: Estimate || ¢ ||2L2(QT)' Integrating Eq. (7.7) in 2 x [0, ¢] (¢t <T),

noting the no-flux boundary condition (7.10), and using the assumption that
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i > 0 and the estimates (7.1) and (7.45), one obtains

t
/ / Adrds < Ap~". (7.117)
0 Jo
Step 2: Estimate || Au ”%Q(QT)' Multiply Eq. (7.9) by Au, integrate the

product in {2, and use the no-flux boundary condition (7.11). Then

/|Au\2dx+ﬂ/|vu|2dm:—a/cAudm.
7 Q 7

Cauchy’s inequality allows us to write

1 2
f/ |Au|2dm+ﬁ/ |vu|2dx§a—/ cdx,
2Je Q 2 Ja

/ | A uldr < aQ/ Ade.
o) 2

This, together with the estimate (7.117), yields

which gives

t
/ / | A ulPdeds < Ap~*. (7.118)
0Joe

Step 3: Estimate || yu ”%2(9)' We notice by the standard results in the
regularity theory for elliptic equations that from Eq. (7.9) and the L!-estimate

(7.45) of ¢ we have

sup ||V u(-,t)||pacey < Ao sup [lc(-, )|l o) < Ao (7.119)
t€[0,T] t€(0,T
where
B d
q= d—1

which gives

| 7 ul- )Lz () < Ao (7.120)
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Step 4: Estimate || 7 UH%Q(Q). Note that Eq. (7.8) can be rewritten as
v(z, t) = vo(z)e 0 Jo wl@: $)ds (7.121)
and therefore
t t t
v = e 0 Joul@ 9)ds oy Sug(z)e 0 Jo ulws s)ds / vuds. (7.122)
0
Using the estimates (7.1) and (7.120), one obtains from (7.122) that
/ | v vPde < A. (7.123)
2
Step 5: Estimate || A vH%Q(QT). One derives from (7.122) that

t
Av = e 0o @ 9)ds A gy 25e=0 o ulw, 5)ds / VU - Vvods

0
" t 2
+62vg(z)e 0 Jo v, S)ds(/ Vuds)
0
. t
—bvg(x)e 0 o @ S)ds/ Auds. (7.124)
0
By Eq. (7.9) and the elliptic LP-theory, one finds
lullr20) < Aollellr2(0)- (7.125)
This, together with the estimate (7.117), yields
t t
/O Jal22 s < AO/O |22 ds < Ap. (7.126)

Applying the Gagliardo—Nirenberg interpolation inequality (7.42) with [ =
0, p=4, k=1, ¢g=r=d=2,0 =1/2 and using the estimate (7.120), one

obtains

1/2 1/2 1/2
17 ull gy < Aollull oo | 7 ull gy < Aollullfaq)-
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This, together with the estimate (7.126), yields

t t
L7 ulsoyds < 40 [ s < @z

Finally, using the estimates (7.1), (7.118), (7.120) and (7.127), one derives

from (7.124) that
¢
/ / | Aw|?deds < Ap~. (7.128)
0 Jo

Step 6: Estimate ||(c + 1)log(c + 1)|[z1(). Lemma 7.3, together with

Gronwall’s lemma and the estimates (7.117), (7.118), and (7.128), yields

/ [(c+1)log(c+1) —c]lde < A(x + £+ 1)p™ " (7.129)
2

Here we should note that (¢ + 1)log(c+ 1) — ¢ > 0 for any ¢ > 0. Combining

(7.45) and (7.129), one has
/(c+ Dlog(c+ 1)dr < A(x + &+ )u™ L. (7.130)
2

Clearly, the bound from above of ||(c+ 1) log(c+ 1)|[z1() in (7.130) strongly
depends on g, and it becomes unbounded as g — 0%. This is why the
assumption that u > 0 is so crucial to our results of global existence in two
dimensions.

Step 7: Estimate || </ ¢||r2(g,)- By Lemma 7.4 and the estimate (7.130),

one has

d 2 2
g Qc dm—i—/ﬂ|va| dx

< 6(” \V/ AUH%Q(Q) +|| v Av||%2(m) + A Y29 + A (7.131)
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We first estimate || 7 Aul[z2(p). We derive from (7.122), the boundary

condition (7.11), and the assumption avgﬁm) lae=01in (7.2) that

ov

ool =0 (7.132)

I'r

This, together with the boundary conditions (7.10) and (7.11), further yields

e
ov

. =0 (7.133)

Next, multiply Eq. (7.9) by A%u and integrate the products. Using integration

by parts, one obtains

/\vAu|2dx+5/ | A ufde
0 Q
z—a/ ve -V A udx

0

1 2
< */ | v Au|2d33 + a—/ | v c|2d957 (7.134)
2 7 2 0

where we have used the following compatibility condition

0N u
ov

_ L0u

I'r ov

oc

o
I'r ov

= 1
=0 (7.135)

by (7.9), (7.11), and (7.133). One further derives from (7.134) that
/ | v Aul?dx < a2/ | v c|*d. (7.136)
7 o)

We are now in a position to consider || 7 Av||2L2(Q). One can derive from
(7.124), the assumption vo(z) € C3(£2) in (7.2), the estimate u > 0, and the

estimates (7.118), (7.120), and (7.127) that

t
|7 AvlZaq < A+ A/ /Q | AulPdeds. (7.137)
0
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Inserting (7.136) and (7.137) into (7.131), one obtains

¢
4 Adr + (1 - oz26)/ | v c|?dx < Ae/ / | 7 c|*dzds + A(e).
dt Jo Q 0 Jo

Integrating with respect to the variable £ in both sides of the above inequality

and taking € > 0 sufficiently small, one finds

T
/ / | v c|*dxdt < A. (7.138)
0 2

Step 8: Estimate ||c||z3(o,). Applying the Gagliardo-Nirenberg inequality
(742) with I =0, k=1, p=3, ¢g=d =2, r =1, 0 = 2/3 and using the
estimate (7.45), one obtains

2/3 1/3
le(®)ll23(2) < Aolle(®)llips oy le®)I 50
2/3
< Aolle)I

W3 (£2)°
This, together with the estimate (7.117) and (7.138), yields
t t
e sqays < Ao [ ey oyds < A
This completes the proof of Lemma 7.5. O
Lemma 7.6. Assume that d =2 and > 0. Then there holds
| 7 ullLs(@ry < A. (7.139)

Proof. Applying the interpolation inequality (7.42) with [ = 0, p = d =
2, k=q=r=1,60 =1 and using the estimates (7.46) and (7.120), one
obtains

[ull2(2) < Aollullwio)llullLie) < Ao- (7.140)
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Combining (7.136) and (7.138), one also has

T
/ /|vAu|2dxdt§A. (7.141)
0 2

Note the fact that

0
lullscar < Ao (Il Sullzaoy + ullima)) - for ue HY (@) with 52| =o.

This, together with (7.120), (7.140) and (7.41), yields

T
/0 [w(t)[[Fr3 0y < A (7.142)

Applying the interpolation inequality (7.42) with [ =0, p =6, k =¢q =

r=d=2,0=1/3 and using the estimate (7.120), one obtains

1/3 2/3 1/3
17 ulloge) < Aoll v ull s o | 7 ull? o) < Aollullifaigy-  (7.143)

Combining (7.142) and (7.143), one finds
T T
|15 w0l < 4 [ Ol oyt < 4
This completes the proof of Lemma 7.6. O
Lemma 7.7. Assume that d =2 and p > 0. Then there holds
lallzz(2) < A. (7.144)
Proof. Setting s = 2 in the inequality (7.50), one finds

d
—/ evaldr < -2 | |7 al’de + 2ue§/ a’dx
dt Jo 0 0

+26¢e / ua*dx + 2xeg/ al| v a - syuldzx. (7.145)
Q 2
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We first estimate the integral [, ua?dr. Using the Young inequality and

the elliptic LP-theory as before, one has

1 2
/ua2dfv < f/ u?’d:chf/ addr < AO/ addz. (7.146)
o 3o 3Jo 7

We now consider the integral [, a| 7 a - u|dz in (7.145). Applying the

Young inequality (7.52), one finds

/a|va~vu|dx
< /(a|Va|)5dx+Ao /|Vu\6dx

/ |Vagg ()/ U,g?dxﬁ’Ao(E)/ |V’U/|6dl'
2 2

=e/ IvaIde+Ao(e)/ a3dz+Ao(e)/ |7 ulSdz. (7.147)
2 2 2

Inserting (7.146) and (7.147) into (7.145), taking e sufficiently small, using

1 < et < ef, and noting [, a®dx < Ay + Ay [, a®dx, one obtains

d

7 et? 2dx<Ao+A0/

a d:z:+A0/ | 7 ul®dz.
2

This, together with Lemmas 7.5 and 7.6, yields

/esvazdxg/ et @) 2 (z)dx + AT
2 Q

T T
—|—A0/ / a*dxdt + Ao/ / | v ulSdxdt
0o Jo 0o Jo

<A

This completes the proof of Lemma 7.7. O

Lemma 7.8. Assume that d =2 and > 0. Then there hold
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lellze@qr) < As (7.148)

| 7 ullpagey <A for any 1 < q < oco. (7.149)

Proof. Applying the interpolation inequality (7.42) with I =0, p = 4, ¢ =
r=d=2,6=1/2 and using Lemma 7.7 and the estimate (7.1), one finds

1/2 1/2 1/2
lell a2y < Aollel i lelletny < Alleliio)-

Hence, using the estimates (7.138) and (7.144), one obtains

T t
A|ww;mwSAAnmm%mw
T T
gAAHvdm&mW+AA\MM@mW

< A

So, the estimate (7.148) holds.
We now turn to prove the estimate (7.149). Note that Eq. (7.9) can be

rewritten as follows:

—Au+fu=ace L(0) (7.150)

by Lemma 7.7. We conclude from (7.150), (7.11), and the standard elliptic
LP-theory [71] that u € WZ(£2). This, together with Sobolev imbedding

theorem, yields the estimate (7.149). Hence, Lemma 7.8 is proved. 0O
Lemma 7.9. Assume that d =2 and p > 0. Then there holds
lalls oy < A. (7.151)

Proof. Setting s = 3 in the inequality (7.50), one finds
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d 8
7/ elaldr < —7/ |va3/2|2dﬂc+3uef/ a*dx
dt 0 3 9] 2

+3£565/ ua®dx + 6X65/ a®| 7 a - syulde. (7.152)
2 7

We first estimate the integral f o ua®dx. Applying the Young inequality

and using the the elliptic LP-theory as before, one finds

1
/ua?’dacg 7/ u4dx—|—§/ a4dx§Ao/ a*dz. (7.153)
Q 4 /o 4 /g Q

We now turn to the integral fQ a?| 7 a - yuldz in (7.152). Applying the

Young inequality and using the estimate (7.149), one finds

/a2|va-vu|dx§e/(a2|va|)%dx+,4(e)/ | v ul'2d
2 2 2

<e/9(a

ge/(a%\van%-%dﬁA(e)/ a® 15 dz + Ae)
(9]

(MY

a?| v al)Tdz + Ae)

2
:ﬁ/ |Va%|2dx+A(e)/ a’s dx
9 Jo Q
ge/ |va%|2dx+A(e)/ a*dz 4 Ae). (7.154)
2 2

Finally, inserting (7.153) and (7.154) into the inequality (7.152), noting

[ atde < Ag+ Ay [, a*dz, and taking e sufficiently small, one obtains

i eflaldr < A —|—/ a*dz.

Integrating with respect to ¢t in both sides of above inequality and using the

estimate (7.148), one finds

T
/65”a3dx§/ GEUO(I)ag(x)dx—&—/ /a4da:dt§A.
19, Q o Jo

This completes the proof of Lemma 7.9. O
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Remark 7.3. It is almost impossible to find an explicit bound from above in
terms of u,x, and £ in the estimate (7.151), since this bound is involved
in all the bounds appeared in the estimates (7.104)-(7.149) and it concerns
many complicated computations. However, the bound from above of ||(c +
1)log(c + 1)||z1(ey in (7.130) has already given us a good understanding
of the above-mentioned dependency on the parameters u,x and £. Roughly
speaking, the bound from above in the estimate (7.151) will probably be
directly proportional to the following quantity: (x + &)u~!. Therefore, we
conclude that the assumption that g > 0 is central to our results of global

existence in two dimensions.

Using the estimate (7.151) and proceeding as in the proof of Theorem 7.3 -

7.4 and Theorems 7.5 - 7.6, one has the following main results of this section.

Theorem 7.7. Under the assumptions (7.2) and that d = 2 and p > 0, there

exists a unique global solution

(a, v, u) € ¥ H5/2(00) 5 O 145/2(Q0) x 0245 7/2(Qp) (5 1= g)
of the system (7.14)-(7.18) for any T > 0. Furthermore,
a>0, u>0, 0<v<l1, (7.155)
ullzoe(@ry < Ao |V ullze(@r) < Ao, (7.156)

lall Lo (r) < Aollaoll (@) (7.157)






Density-Dependent Chemotaxis-Haptotaxis

Model of Cancer Invasion

8.1 Introduction

In Chapter 7, we reviewed a simplified version of the Chaplain and Lolas’
model [30]. However, the original model is a 3 x 3 parabolic-ODE-parabolic
chemotaxis-haptotaxis system. The global existence and uniqueness of classical
solutions to this model has been proved for any > 0 (where p is the logistic
growth rate of cancer cells) in one space dimension (see [149]), for any u > 0

in two space dimensions (see [151]) and for large u in three space dimensions

(see [149]). In addition to global existence and uniqueness, the uniform-in-time
boundedness of solutions to a simplified 3x 3 parabolic-ODE-elliptic chemotaxis-haptotaxis
system has been proved for any p > 0 in two space dimensions and for

large p in three space dimensions (see [153]), which has been reviewed in

last chapter. We should note that the global existence is still open for
small p > 0 in three space dimensions for the parabolic-ODE-parabolic
chemotaxis-haptotaxis system and the parabolic-ODE-elliptic chemotaxis-haptotaxis

system. When p = 0, the solution of Chaplain and Lolas’ model may blow up
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in finite time (see [149, Section 6]). However, it is obvious that the blow-up of
cancer cell density in a finite time is biologically irrelevant. Hence, we need to
deal with the following problem, how can we reasonably modify the Chaplain
and Lolas model [30] to obtain the global existence? This is the concern of
the present chapter.

Recently, Tao and Cui [155] extended the Chaplain and Lolas’ model
to a new one with nonlinear density-dependent chemotaxis and haptotaxis,
and studied the global existence and boundedness of solutions to this newly
extended model.

This chapter will review the extended model and its mathematical analysis.
This chapter is organized into five sections. Section 8.2 presents the mathematical
model. Section 8.3 proves the local existence and uniqueness of solutions.
Section 8.4 completes the proof of global existence. Finally, Section 77
shows the boundedness of solutions to a chemotaxis-haptotaxis model with

volume-filling.

8.2 Mathematical Model

The mathematical model of cancer invasion is involved in the following three
physical variables: cancer cell density ¢(z,t), ECM density v(z,t), and MDE
concentration u(zx,t).

The migration of cancer cells is assumed to be governed by random

motion, chemotaxis and haptotaxis. In the absence of any ECM, cancer cell
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proliferation is assumed to be typically logistic. The presence of ECM leads
to competition for space between the cancer cells and the ECM. Hence, the

equation describing the evolution of cancer cell density reads (see [30])

O Dihc v (WO V) () Vo) +pe(l —c—v), (81)
——

random motion chemotaxis haptotaxis proliferation

where D, is the random diffusion coefficient, Vi (¢) and V5 (c) are the density-dependent
chemotactic and haptotactic sensitivity functions, respectively, and p is the
logistic proliferation rate of the cells.

Since ECM is “static,”we neglect any diffusion and focus solely on its
degradation by MDEs upon contact; for simplicity, we assume that no
remodeling of the ECM takes palce. Hence, the equation modeling the

proteolysis of ECM is therefore given by (see [30])

v
il duv, (8.2)
proteolysis

where > 0 is a rate parameter of degradation.
MDE is produced by cancer cells, diffuses throughout ECM, and undergoes
decay through simple degradation. Hence, the equation for MDE concentration

is (see [30])

ou
E—DuAu—I— ac  — Pu,

diffusion production  decay

(8.3)

where D,,, o and [ are assumed to be positive constants.

Throughout this paper we will assume that

Vi(c) € CH([0,4+0)), Vi(c) >0, V;(0) = 0, and V/(c) is Lipschitz continuous,

(8.4)
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where ¢ = 1, 2. Here we should note that it is necessary for the global existence
of C?-smooth solutions of Egs. (8.1)-(8.3) to assume that V/(c) and Vj(c) are
Lipschitz continuous (see [156]).

In Chaplain and Lolas’ original model [30], it is assumed that Vi (c) = xc
and Va(c) = &c (x, € > 0 are some constants). For this choice of Vj(c) and
Va(e), although the assumption (8.4) is satisfied, the solution of the model
may blow up in finite time as afore-mentioned. However, the blow-up of cancer
density in finite time is biologically irrelevant. Hence, we would like to slightly
modify the choice of V;(¢) and V5(¢) such that the modified model has a unique
global solution, which excludes the possibility of a blow-up in finite time. To

this end, in addition to the assumption (8.4), we will assume that

Vi(c) and Va(c) are bounded for any ¢ > 0. (8.5)
For example, we may take Vi(c) = 1st"‘1€ and Va(c) = % (1,69 > 0 are

small constants; see [81], for instance). Clearly Vi(c) — xc as e — 0 and
Va(c) — &c as e3 — 0. For this choice of Vi (c) and Vz2(c), the assumptions
(8.4) and (8.5) are both satisfied. Another choice of V;(c) and Va(c) satisfying
(8.5) is that V4 (¢) = 0 and Va(c¢) = 0 for ¢ > ¢y, which has a clear biologically
relevant interpretation: the cancer cells stop to accumulate at a given point of
the tumor tissue after their density attains a maximal density c,,. A similar
assumption for a prey-taxis sensitivity function was made in [2].
However, for typical volume-filling chemotactic-haptotactic functions Vi (c) =

xc(1—¢/v) and Va(c) = £e(1 —¢/v) (v > 1 denotes the maximal cell density;
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see [81]), the assumption (8.5) is not satisfied. However, these specific forms
of Vi(c) and Vz(c) will be in favor of the proofs of global existence and
boundedness of solutions to the model (see Section ?? below).

The Egs. (8.1)-(8.3) are considered on some bounded domain 2 C R3 with
boundary 0f2. To close the system of equations, we need to impose boundary
and initial conditions.

Boundary conditions: Guided by the in vitro experimental protocol in
which invasion takes place within an isolated system [124], we assume that

there is no-flux of cancer cells or MDEs across the boundary of the domain

Oc ou ov
—Dca + ‘/1(8)5 + ‘/Q(C)% =0 ondf2x (0, OO), (86)
ou
Y 0 on 912 x (0,00), (8.7)

where v is the outward normal vector to 0f2.

Initial conditions: We prescribe the initial data

c(z,0) = co(x), v(x,0) =wvo(z), wu(z,0)=up(z), ze€n. (8.8)

For any 0 < T' < oo we set
Qr=02x{0<t<T}, ORr =002 x{0<t<T}.
To simplify the formulae, throughout this chapter we suppose that
D.=6=D,=a=0=1. (8.9)

However, we will keep the key model parameter p, since our result on global

existence will depend on the presence of logistic damping.
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Throughout this chapter we assume that

co(x) >0, 0<wo(z) <1, wo(z)>0,

oMNeC?*°, 0<o<l,

(8.10)
co(z), vo(x), ug(x) € C*T7(90),
8c§£:v) _ 8v§l(/z) _ augim) -0 ondn.
Note that Eq. (8.2) can be rewritten as
v = ’U()(I)ei JS u(z,s)ds
and therefore
t t t
Tv=e" Jo u(z,s)ds T vo — vo(x)e_ Jo u(ac,s)ds/ u ds.
0
This, along with (8.7) and 22&) — 0 on 942 in (8.10), yields
Ov
o 0 on 0f2r. (8.11)
We then conclude from (8.6), (8.7), and (8.11) that
Oc
o 0 on 0f27. (8.12)

8.3 Local Existence and Uniqueness

Using the assumptions (8.9) and the boundary conditions (8.11) and (8.12),

the problem (8.1)-(8.3) and (8.6)-(8.2) takes the following form:
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c=0c—v - Vi(e)vu)—v Vale) vv)+pc(l—c—wv) in 2p, (8.13)

Vg = —Uuv in 2p, (8.14)
u=Au+c—u in 27, (8.15)
Jc  Ov Ou
% = % = % =0 on 8'-(ZT’ (816)
c(z,0) = co(x), v(z,0) =vo(z), u(z,0) = up(x) in £2. (8.17)

For notational convenience, in what follows we denote various constants
which are independent of T by Ag, whereas we denote various constants which
depend on T by A.

In the following, under the assumptions (8.4) and (8.10), we shall prove
that the system (8.13)-(8.17) has a unique local (in time ) smooth solution

for any p > 0.

Theorem 8.1. For any p > 0, under the assumptions (8.4) and (8.10),
3
there ezists a unique solution (¢, v, u) € (C2+"’ 1+U/2(QT)) of the system

(8.13)-(8.17) for some small T > 0 which depends on || (co(x), vo(z), uo(2)) |lc2+a(w)-

Proof. We shall prove the local existence by a fixed point argument. We

introduce the Banach space X of function ¢ with norm
lellx = llellarteorz(ar (0<T<1)

and a subset
X ={c€ X+ lleleaneragan < M},

where
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M ::H Co(x) ch+a(§) + || Uo(ﬂf) ||Cz+a(§) + H Uo(ﬂi) Hc2+a(ﬁ) +1.

8 Density-Dependent Chemotaxis-Haptotaxis Model of Cancer Invasion

Given any ¢ € Xjs, we define a corresponding function ¢ = F'¢, where ¢,

together with v and v, satisfies the following system:

where

ur— Au+u=c in 27,

0

ai: =0 on 9927,

u(z,0) = up(x) in £2,

v = ’U()(J))e_ fot u(z,s)ds in QT;

&t — ANé—p(l—c—v)ée = f(e,u,v) in 27,

o¢

= 0 on 0027,

é(x,0) = co(x) in 2.
fle,u,0) = = v -(Vi(e) Vu) =7 - (Va(c) V)

=-—Vi(c) Au—Va(c) Awv

~(Vi(e) Vu+Vi(c) 7o) - ve.

(8.18)
(8.19)
(8.20)
(8.21)
(8.22)
(8.23)

(8.24)

(8.25)

We first consider the linear parabolic problem (8.18)-(8.20). By ¢ €

Xum,0 < T < 1, (8.10), the maximum principle, and the Schauder theory

(see [108], for instance), the problem (8.18)-(8.20) has a unique solution u

satisfying
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lullgaonroraqary < Ao (o) + luollcass(ay + lellonersar)
< Ao (Iluolleogay + AoT Iellcogany
Hlwollcase () + lellcmerz(an)

< AoM. (8.26)
We easily derive from (8.21) that

t
v =e¢" Jo ulz.s)ds Y vo — vo(x)e” Jo “(I’S)ds/ vu ds, (8.27)
0
Av=e~ fot u(x,s)ds A 0
t t "t t 2
—2¢~ Jo ulws)ds / YU - Yuods + vo(z)e” Jo ww.s)ds (/ Vuds)
0 0

¢
—vo(x)e” I “(””s)ds/ Au ds. (8.28)
0

Using vo(z) € C?*9(2), (8.26), and 0 < T < 1, we obtain from (8.21), (8.27),
and (8.28) that

[vllg2teitor2(ar) < AoM. (8.29)

We now turn to the linear parabolic problem (8.22)-(8.24). Using ¢ € Xy,
(8.25), (8.26), and (8.29) and noting V{(¢) and Vj(¢) are Lipschitz continuous,

we have

[fllcoorz(army < AoM, (8.30)

||1 — C — ’UHCa,a/z(QT) S A()M (831)

Hence, by 0 < T' < 1 and the parabolic Schauder theory as before, the problem

(8.22)-(8.24) admits a unique solution ¢ satisfying
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@llcaserorniany < Ao(llcoloaeniy + 1 llcorraan )

< AyM. (8.32)
By direct calculations, we find that for any function ¢,
ez, 8) = &, 0)llgrreer2(ar) < Aomax(T/2, TV2)|E] cavortor2(0y).
If we further take T' = T'(M) sufficiently small, then by (8.32)

&, )| cremarean < |E@,0)]|cren (@) + Agmax(T7/2, TV2) M
< [lé(@, 0)ller+e 2y +1
< M.
Hence, ¢ € Xy, i.e. F maps X, into itself.

We are now in a position to show that F'is contractive. Take c1,cs in Xy

and set ¢; = Fey, ¢y = Feo. We derive from (8.18)-(8.20) that

Or(ur —ug) — A(ur — ug) + (U1 —u2) =1 — 2 in O, (8.33)
Ouy —

% =0 on a7,  (8.34)
(w1 —ug)(z,0) =0 in £2. (8.35)

Proceeding as in the proof of (8.26), we have

lur — w2llc2tontorz(@r) < Aoller — e2llgoorz(ar)- (8.36)
This, along with (8.21), (8.27), (8.28), and 0 < T < 1, yields

||’U1 - ’U2H02+a,1+o/2(QT) < A0Hu1 - UQH02+0,1+0/2(QT) < A()||61 - 62||CG,6/2(QT)~

(8.37)
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Next, we derive from (8.22)-(8.25) that

6t(61 — 52) — A(El — 52) — M(l —C1 — ’Ul)(él — 62) =h in .QT, (838)

(e — &
7(01(% @) _, on 9927,  (8.39)
(51 - 62)(1‘, 0) =0 in .Q, (840)

where

h:= —,U,ég[(cl — 62) + ('Ul — ’()2)]

—Vi(er) A (ug —uz) + (Vi(e2) = Vi(er)) & ug
7‘/2(61) AN (1)1 — 7)2) + (VQ(CQ) — ‘/2(01)) AN ()
V(1) ver - v(ur —ug) + (Vi (e2) V2 = V(1) v er) - Vug

—Vi(e1) v er - (o —v2) + (Va(e2) v ea — Vi(e1) v 1) - oa.

Noting V7 (c) and VJ(c) are Lipschitz continuous and using (8.4), (8.26), (8.29),

(8.32), (8.36), and (8.37), we find that

hllco.or2(ar)
< Ao(HCl - CQHCU,O‘/Q(QT) + ||U1 - u2||c’2+a,1+0‘/2(QT) + ||111 - ’02||C2+a,1+a/2(QT)>

< Aoller = eallgoorz(ay)- (8.41)
This, along with (8.38)-(8.40) and the parabolic Schauder theory, yields
61 = G2llc2rorvorz(ar) < Aoller — c2llcoorz (g (8.42)

Noting (¢; — é)(z,0) = 0 and proceeding as before, we have
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161 = G2llcrte.0r2(00) = (61 = E2)(2, 1) — (61 — E2)(,0) [ c140.0/2(02)
S AO maX(TU/Q, T1/2)||51 — 62HC2+U,1+0/2(QT)

< Aomax(T°/2,TY?)|le1 — callgoiorz(apy-  (8.43)
Finally, taking T sufficiently small such that
Agmax(T7/2, TY?) < 1/2,

we conclude from (8.43) that F' is contractive in Xjs. By the contraction
mapping theorem, F' has a unique fixed point ¢ in Xj;. This completes the

proof of Theorem 8.1. O

8.4 A Priori Estimates and Global Existence

To continue the local solution in Theorem 8.1 to all ¢ > 0, we need to
establish some a priori estimates. Throughout this section, in addition to
the assumptions (8.4) and (8.10), we assume that the assumption (8.5) holds.

Noting V1(0) = V2(0) = 0, co(z) >0, 0 < vo(x) < 1, and ug(z) > 0, and

using the maximum principle, we easily prove the following lemma.

Lemma 8.1. Assume that (c,v,u) € C*Y({27) is a solution to (8.13)-(8.17),
then there holds

c>0, 0<v<1, u>0. (8.44)

Lemma 8.2. Assume that (c,v,u) € C*1(027) is a solution to (8.13)-(8.17)

and that
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w>0, (8.45)
then there hold
lellzi(2) < Ao, (8.46)
[ullz1(2) < Ao, (8.47)
| v ullr2e) < Ao, (8.48)
[ Vvl < A (8.49)

Proof. Integrating Eqgs. (8.13) and (8.11) over 2 and proceeding as in the
proof of Lemma 7.2 in Chapter 7, we easily prove the estimates (8.46) and
(8.47).

We next turn to prove the estimate (8.48). Integrating Eq. (8.13) over {2

and using (8.16) and (8.44), we have

d
Gl < ulelo ~u [ Edo (3.50)
(%}

Multiplying Eq. (8.11) by — A u and integrating over {2, we find that

1
,i/ |Vu\2da:—|—/ |Au\2da:+/ | 7 uldx

1
:—/cAudef/CQdac—l—/ |Au|2da:.
Q 4 Jp Q

1d 2 2 L[,
— d dr < = dz.
th/n\vul x+/9\vu| 36_4/90 ’

Combining this with (8.50), we get

d /1 ) 1 1 ) 1
= (= il 9( = il
dt(2/9|vu| dx+4lu/gcdac)+ (2/9|vu\ dx+4u/gcdx>

1 1
< (Z + E) el (o)

So,
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This, along with Gronwall’s lemma and the estimate (8.46), yields

1 1
f/|va\2da:+—/cdx§Ao.
2Ja ap Jo

Hence, the estimate (8.48) holds.
Finally, we prove the estimate (8.49). We derive from (8.10), (8.27), (8.48),

u > 0 and Holder’s inequality that
T
/ \Vv|2d:c§A0+AoT/ / | v u?dads < A.
9 0o Jo
This completes the proof of Lemma 8.2. O

Lemma 8.3. Assume that (c,v,u) € C*1(027) is a solution to (8.13)-(8.17)

and that the assumption (8.45) holds, then there hold
lellz2(n) < A (8.51)

Proof. For any s > 2, we derive from (8.13), (8.16), (8.44), and the assumption

(8.5) that
Sdac—s/c Lerdr

dt/ 17 '

zs/c [Ae—v-(Vile)vu) — v (Valc) Vo) + pc(l — ¢ —v)]da

I7;
- 4(8 /\VCS/2| dx—i—ys/ o da
2
+Aps(s — 1) /Q 2w vul+ vl | vol)de. (8.52)

Taking s = 2 in (8.52) and using Cauchy’s inequality and the estimates

(8.48) and (8.49), we obtain
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d
—/ Adx < —2/ !vc’2dm—|—2u/ Adx
dt 9] 0 2

+AO/Q(IVCI-Ivul+|vc\-|vv\)dfv

§—2/ |vc’2dw+2u/ Adx
17 Q

+2s/ |vc\2d:c+Ao<s>/ (17 uf? +| v of?)de
(9] 0

<A+2u / dz.
0
This, together with Gronwall’s lemma, yields the estimate (8.51). O

Up to now we have had the L?(£2)-estimate. To raise the a priori estimate
to L5(£2)-estimate (s > 3), we need the following lemma [104, Lemma 1],

which is an extension of Lemma 4.1 in [86].

Lemma 8.4. Consider the following linear parabolic problem

U —ANu+u=c n 7, (8.53)
ou

W 0 on 90, (8.54)
u(z,0) = up(x) in 2. (8.55)

Assume that ug € WL () and that (u,c) satisfies (8.53)-(8.55). Moreover,
|l ¢llne2)< Ao

for allt € (0,T). Then for every 1 < p < d (where d := the space dimension)

we have
[ w(®) lwp o)< Aola), (8.56)

where
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dp

q< )
d—p

(8.57)

If p = d, then (8.56) is true with every g < +o00 and if p > d, then (8.56) is

true with ¢ = +o00.

Lemma 8.5. Assume that (c,v,u) € C*1(2r) is a solution to (8.13)-(8.17)

and that the assumption (8.45) holds, then there holds
lellacoy < A.

Proof. Going back to (8.52) and taking s = 4, we have

d
—/ c4dx§—3/ |vc2|2dx+4,u/ ctda
dt Jg 17} 17}

+A0/Qc2(\vc|-|vu\+|vc|~|vv|)d:c.

By the estimate (8.51) and Lemma 8.4, we have
| w@®) W< A forany 1 < g <6;

in particular,
| Vu(t) [[Ls2)< A

This, along with (8.27) and Holder’s inequality, yields

T
/ | v v’de < Ay + A0T4/ / | v ul’dzdt < A.
Ie; o Jo

(8.58)

(8.59)

(8.60)

(8.61)

By Young’s inequality and the estimate (8.60), we have that for any

sufficiently small € > 0,
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| élvel 1wz
2
< 5/ 2| vc|2dx+A0(e)/ 2|7 uftdz
2 2

€ 22 2\ 4 2\ 5
Z/ﬂ|vc|cza;Jer(e)/Q(c) dm+A0(5)/Q(|vu|) dx

< E/ |vcz|2dx+A0(€)/ c%dx—i—A(a)
4 /o Q

wlo

IN

< E/ |v02|2dsc+A0(5)/ x4 Ale). (8.62)
4 Jo 2

Similarly,

/02\vc\.|vv\dng/ |vc2|2d:c+Ao(5)/ Adr+ Ae).  (8.63)
2 4 2 2

Inserting (8.62) and (8.63) into (8.59) and taking e sufficiently small, we

get

i/ cAdr < Ao/ ctdr + A.

This, together with Gronwall’s lemma, yields the estimate (??). O

Lemma 8.6. Assume that (c,v,u) € C*>(92r) is a solution to (8.13)-(8.17)

and that the assumption (8.45) holds, then there hold

lullwz (o) < A, (8.64)
|V vllL=2) < A, (8.65)
lellzroy < A for any p > 5. (8.66)

Proof. By the estimate (??) and Lemma 8.4, we find that the estimate (8.64)
holds. This, along with (8.27), yields the estimate (8.65).
We now turn to prove the estimate (8.66). Going back to (8.52), taking

s =p > 5 and using (8.64), (8.65), and Young’s inequality, we have
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/de /|vcp/2| dx+pu/cpdz

+A(p) / &= g clda
fo)
< _M/ |ch/2|2d1:+pu/ Pdx
p 2 Q
+5/ |vcp/2|2dx+A(p,s)/ P2 dx
o) 2

<A | Pdx+ A
19

i/cpszA/cpdz+A.

This, along with Gronwall’s lemma, yields the estimate (8.66). O

So,

Lemma 8.7. Assume that (c,v,u) € C*1(2r) is a solution to (8.13)-(8.17)

and that the assumption (8.45) holds, then, for any p > 5 there hold

lullyz s op < A, (8.67)

| Avllpr2) < A (8.68)

Proof. By (8.53)-(8.55), (8.66), and the parabolic LP-theory, we get the
estimate (8.67).

By (8.28), (8.44), (8.64), (8.67), and Hoélder’s inequality, we have
T
/ |Av|pdx§A+AoTp71/ / | A ul|Pdedt < A.
Q 0o Jo

So, the estimate (8.68) holds. O
In the following we will establish a priori sz’l(QT)—estimate on c. We

derive from (8.13), (8.16), and (8.17) that
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et —Nc+b-ye=yg in 27, (8.69)
Oc
3 0 on 02, (8.70)
e(x,0) = ¢o(x) in {2, (8.71)
where
b:=V/(c) vV u+Vs(c) v, (8.72)
g:=pc(l—c—v)—Vi(c) Au—Va(c) Aw. (8.73)

To apply the LP-theory to the problem (8.69)-(8.71), we need to prove
b Lo () < A. To this end, by (8.64) and (8.65), we need only |[V{(c)|| e (0) <
A and [|[V3(c)|| L (o) < A, which in turn need to prove [|c| g (o) < A.

In Chapter 7 we used the iterative technique of Alikakos [4] to establish
the uniform-in-time boundedness of solutions. However, in the present chapter
we cannot get the unifrom-in-time boundedness of ¢ since the L?(£2)-bound
of yv depends on the time T' (see (8.49)). Unlike Chapter 7, this chapter
will employ Horstmann and Winkler’s method (see [48, 86]), along with the
estimates (8.64)-(8.66) and the assumption (8.5), to establish a L°°(£2)-bound
of ¢, which depends on the time T

Let p > 1 and define

B:=—-A+I1

with domain

D(B) = {c e W2(0) : % =0 on a(z}.
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For each n > 0, define the sectorial operator B (see [78]) and
X, := D(B") with the norm ||c||x, := || B"¢| 1r(0)-

Lemma 8.8. Assume that (c,v,u) € C*1(02r) is a solution to (8.13)-(8.17)

and that the assumption (8.45) holds, then there hold

lle®)llx, < A(to) for2n <1 andtc[ty,T) (0<to<T), (8.74)

lle)llpoeo) < A for allt €10,T). (8.75)

Proof. We first prove the estimate (8.74). By (8.13) and ¢(z,0) = co(x), we

have
t
o(t) = e Beo+ / e DB -7 (Vi(e) vu) = (Va(€) Vo) +(pt 1) e—pc® —pcv] dr
0
and therefore

x, < [le™ el

n —

le(®)]

st [ eI () v i) = v - (0 7 0

+(p+1)e — pc® — pevl||x, dr. (8.76)
By [78, Theorem 1.4.3] and (8.10)

le="Peol

X, < AotineiétHCOHLp(Q) < Aotineiat (877)
and, by 0 < v <1 and (8.66),

le™ D8 (4 1)e — uc? — pev) | x,
< (=) e D (@t Dllellano) + plPine) )

< At —7) e (8.78)
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where ¢ € (0,1) and p > 5. By [86, Lemma 2.1], (8.5), (8.64), and (8.65), we

have

||e—(t—T)B [ —

V- (Vile) vu) — v - (Va(e) v v)lllx,

< Aglle” A= v (Vi(e) v u) — v - (Vale) v v)]|

Xy
< Ao(e)(t =)D Vi(e) v u = Va(e) 7 vl

< At — 7)Y/ nmEemoltT) (8.79)

where € > 0 such that —=1/2 —n —e > —1.
Inserting (8.77)-(8.79) into (8.76) and noting 1/2+n+¢ < 1 and n < 1,

we obtain
¢
le(O)llx, < Aot 4 AGe) [ [(t = 7)HEE N s (¢ ) e
0
< A(to)
for all t € [to,T) (0 < to < T). Hence, the estimate (8.74) is proved.
We are now in a position to prove the estimate (8.75). Note p > 5 and
let 2n € (%, 1). Since 2n > d/p (d := the space dimension), by [78, Theorem

1.6.1] we have that

X, = C(2).
Hence, by (8.74) we have that
le(t) | o (2) < Alto) for t > tg > 0.

Furthermore, the local existence Theorem 8.1 yields that there exists some

to € (0,1) such that
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lle)llpoe(o) < Ao fort <.

Therefore,

lle()l|poe(y <A foralltel0,T).
This completes the proof of the estimate (8.75). O

Lemma 8.9. Assume that (c,v,u) € C*1(£2r) is a solution to (8.13)-(8.17)

and that the assumption (8.45) holds, then, for any p > 5 there hold
Hc||W3,1(QT) < A (8.80)

Proof. Returning to (8.69)-(8.73), noting (8.4) and (8.44), and using Lemmas

8.6 - 8.8, we have
[bll L (o) < A, (8.81)
lgllLr (2 < A (8.82)

These, along with (8.10) and the parabolic LP-theory, yields the estimate

(8.80). O

Lemma 8.10. Assume that (c,v,u) € C>1(Qr) is a solution to (8.13)-(8.17)

and that the assumption (8.45) holds, then there hold

ull g2ontorzom) < A, (8.83)
[vllcatortorriom) < A4, (8.84)
lellgtontorzomy < A (8.85)

Proof. By (8.80) and the Sobolev embedding theorem (see [108], taking p

sufficiently large),
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lellgeorz(ary < A
This, together with (8.53)-(8.55) and the parabolic Schauder theory, yields
(8.83).
Moreover, by (8.10), (8.21), (8.27), (8.28), and (8.83), we get the estimate
(8.84).
We next turn to prove the estimate (8.85). Returning to (8.69)-(8.73) and

noting (8.4), (8.83), and (8.84), we have

HbHCn,a/Z(QT) S A, ||g||Co‘,a/2(QT) S A
Hence, by the Schauder theory again, we obtain the estimate (8.85). O

With a priori estimates (8.83)-(8.85), we can extend the local classical
solution established in Theorem 8.1 to all £ > 0, as done in Chapters 6 and 7.

Namely, we have

Theorem 8.2. In addition to the assumption (8.4), (8.5), and (8.10), we

assume that

w>0.

3
Then, there exists a unique solution (¢, v, u) € (02“"” 1+”/2(QT)> of the

system (8.13)-(8.17) for any given T > 0. Furthermore
c>0, 0<v<1, u=>0.

Remark 8.1. The uniform-in-time boundedness of ¢ remains open due to the

bound of || 7 v||2() depends on the time T (see the estimate (8.49) and its
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proof). Moreover, our global existence result strongly depends on the presence
of the logistic damping (i.e. u > 0). In other word, the global existence remains

open for p = 0.

8.5 Boundedness for A Volume-Filling Model

Assuming that cancer cells carry a nonzero finite volume and that occupation
of an area limits other cells from penetrating it, typical density-dependent
chemotactic and haptotactic sensitivity functions reads as follows (see[70, 81]):

fori=1,2,

Vi(e) = Xic(l — %), where v > 1 denotes the maximum cell density.
(8.86)
In (8.86), x1 and x2 are assumed to be two positive constants. Clearly, V;(c) —
Xic as 7 — —+oo. For this choice of Vi(c) and Va(c), the assumption (8.4)
holds, but the assumption (8.5) is not satisfied (since Vi(c), Va(c) — —oo as
¢ — +00). However, these specific forms of V;(c) and V(c) are in favor of the

proofs of global existence and boundedness. In fact, we have

Theorem 8.3. In addition to the assumption (8.10) and (8.86), we assume
that

0 <co(z) <H. (8.87)

3
Then, there exists a unique solution (¢, v, u) € (C’“”’ 1+”/2(QT)> of the

system (8.13)-(8.17) for any given T > 0. Furthermore
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0<c<y, (8.88)
0<v<l, (8.89)
u > 0. (8.90)

Proceeding as in the proof of Theorem 8.1, we can first establish the
local existence and uniqueness of solutions. To extend the local solution
to all ¢ > 0, as done in Section ?778.4, we need to establish a priori
C%ro 149/2((r)-estimate of (c,v,u), which strongly depends on a priori

L 2)-estimate of c.

Lemma 8.11. Assume that (c,v,u) € C*'(£27) is a solution to (8.13)-(8.17)

and that the assumptions (8.86) and (8.87) hold, then there holds
0<c<n. (8.91)

Proof. By V1(0) = V2(0) = 0 and cp(x) > 0, we easily find that ¢ := 0 is
a sub-solution of the problem (8.69)-(8.71). On the other hand, by (8.87),
v > 0, and Vi(v) = Va(y) = 0, we easily find that ¢ := v is a sup-solution
of the problem (8.69)-(8.71). Hence, by the maximum principle, we have the

estimate (8.91). O

With the a priori estimate (8.91), we can prove Theorem 8.3 in the same

way of the proof of Theorem 8.2.
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