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ABSTRACT. This paper deals with the asymptotic behavior of the solutions of
the non-autonomous one-dimensional stochastic Keller-Segel equations defined
in a bounded interval with Neumann boundary conditions. We prove the ex-
istence and uniqueness of tempered pullback random attractors under certain
conditions. We also establish the convergence of the solutions as well as the
pullback random attractors of the stochastic equations as the intensity of noise
approaches zero.

1. Introduction. In this paper, we investigate the long term dynamics of the non-
autonomous stochastic Keller-Segel equations defined in a bounded interval I for
t > 7 with 7 € R:

Ju Pu 0 0

ot Yoz or (Uax (P)) ) (1.1)
op 8%p dW
E— @-ﬁ-c(t)u—dp—i—)\po W’ (12)

which are supplemented with homogeneous Neumann boundary conditions and
appropriate initial conditions. The unknown functions in system (1.1)-(1.2) are
u = u(z,t) and p = p(z,t), a,b and d are fixed positive constants, ¢ : R — RT is
a given function, f : R — R is a given nonlinearity. W is a two-sided real-valued
Wiener process defined on a probability space and A > 0 is the intensity of noise.
The symbol o in (2.2) indicates that the equation is understood in the sense of
Stratonovich’s integration.

The deterministic version (i.e., A = 0) of system (1.1)-(1.2) was proposed by
Keller and Segel in [26] to model the aggregation process of cellular slime mold by
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chemical attraction. From biological point of view, u and p represent the popula-
tion density of biological individuals and the concentration of chemical substance,
respectively, a is the diffusion rate of w, b is the diffusion rate of p, ¢ and d are the
degradation and production rates of p, respectively. The nonlinear function f in
(1.1) is called a sensitivity function that is used to model the response of of cells
to chemicals. The term —% (u% f (p)) is called a chemotactic term that is used
to model the fact that cells are attracted by chemical stimulus. Several interest-
ing nonlinear functions f are extensively investigated in the literature (see, e.g.,
[28, 32, 34]) including

2
9 s 5

f(s)=s, s°, In(l+s), =5 and T2

(1.3)

for s > 0.

The deterministic Keller-Segel equations have been studied by many experts,
see, e.g., [16, 23, 24, 28, 30, 31, 32, 33, 34, 41]. In particular, the existence of
solutions of the equations were investigated in [16, 30, 41], the blow-up of solutions
were examined in [23, 24, 31], and the global attractors were discussed in [32, 33].
However, as far as the authors are aware, there is no result available in the literature
regarding the long term dynamics of the stochastic Keller-Segel system given by
(1.1)-(1.2). The goal of the present paper is to investigate this problem and establish
the existence of tempered pullback random attractors for the stochastic system in
an invariant subset of L?(I) x H'(I). We will also examine the limiting behavior
of the solutions of system (1.1)-(1.2) as A\ — 0, and prove the convergence of the
solutions as well as the pullback random attractors as A — 0. The main difficulty of
the paper lies in how to derive pullback uniform estimates for the solutions. Since
system (1.1)-(1.2) is a quasilinear system for the unknown functions u and p, it
is hard to derive such estimates. We will combine the semigroup method and the
energy method to establish the desired a priori uniform estimates for the stochastic
system.

The concept of random attractors was introduced in [13, 15, 35] and further
studied in [2, 3, 4, 5, 6, 7, 8, 9, 11, 12, 13, 17, 18, 19, 20, 25, 27, 29, 36, 37| for
the autonomous stochastic equations; and in [1, 10, 14, 21, 22, 38, 39, 40] for the
non-autonomous stochastic equations. We here will investigate the pullback random
attractors for the non-autonomous stochastic system (1.1)-(1.2).

Notice that (1.1) is a deterministic equation which is not perturbed by noise.
When system (1.1)-(1.2) is supplemented with homogeneous Neumann boundary
conditions, by (1.1) we find that

/u(x,t)dm is constant for all t > 7, (1.4)
I

where 7 is the initial time. This means that the total population of biological
individuals is conserved for all t > 7, a fact of significance in both biology and
mathematics. If (1.1) is perturbed by white noise, then the solutions of the system
do not satisfy (1.4) anymore, which is not consistent with the deterministic system
from biological point of view, and also introduces difficulty to derive uniform esti-
mates of the solutions. That is why we do not perturb (1.1) by white noise in this
paper.

This paper is organized as follows. In the next section, we define a continuous
cocycle for the non-autonomous stochastic system (1.1)-(1.2) in an invariant subset
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of L2(I) x H*(I). In Section 3, we derive pullback uniform estimates for the solu-
tions which are needed for constructing pullback random absorbing sets. We then
prove the existence of pullback random attractors in Section 4, and establish the
convergence of the solutions as well as the pullback random attractors as A — 0 in
Section 5.

Hereafter, we use C and C; (i = 1,2,---,) to denote generic positive constants
whose values may change from line to line.

For later purpose, we recall the following Gagliardo-Nirenberg interpolation in-
equality:

Lemma 1.1. Let I be a bounded interval in R. Suppose s > 0, 1 < q,r < oo,
me{l,2,---} and j €{0,1,2,---}. If

<6<1

3 |~

and )
1 . 1 1-—

S == —m)+ —

p r q

then there exists a positive constant C = C(m, j,q,7,0,s,I) such that

Le() (1.5)

for all w: I — R provided the right-hand side of (1.5) is finite.

|D9ullory < CID™ull iy lull sty + Cllul

Note that the space H*(I) is continuously embedded into C(I) for s > 3, that
is, there exists a positive constant C = C(s, I) such that
lullory < Cllullg=r), ¥ uweH(I). (1.6)
The following Agmon’s inequality will also be used in this paper:
ull ety < Clulagp Il ¥ € HY(D), (1.7)

for some C' > 0.

2. Cocycles for the stochastic Keller-Segel system. In this section, we prove
the global existence of solutions for the non-autonomous stochastic Keller-Segel
system under certain conditions, and define a continuous cocycle in an invariant
subset of L2(I) x H(I).

Given 7 € R, consider the following one-dimensional stochastic Keller-Segel equa-
tions defined in a bounded interval I = (ay,b1) for t > 7:

ou u 0 0
ot Yoz or (Uax (P)) ) (2.1)
op 0%p dW
with boundary conditions
ou _ Ou _Op B @ B
%(al,t) = (b1,t) = B (a1,t) = 8x(b1’t) =0, (2.3)
and initial conditions
U(I7T) ZUO(I)7 ,O(JC,T) ZPO(I)v (24)

where a,b,d and A\ are all positive constants.
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Throughout this paper, we will assume that f : [0,00) — R is a smooth function
such that there exist constants a; > 0, as > 0 and « > 0 such that for all s > 0,

F O+ S+ 17 ()] < ar + azs®. (2.5)

Note that all functions given by (1.3) satisfy condition (2.5).
We will also assume

c: R — RT is continuous and bounded, (2.6)

where c is the function in (2.2).

To describe the Wiener process W, we introduce the standard Wiener space
(Q, F, P) where 2 = {w € C(R,R) : w(0) =0}, F is the Borel o-algebra induced
by the compact-open topology of €2, and P is the Wiener measure on (£, ). Then
the Wiener process W on (2, F, P) takes the form: W (t,w) = w(t) for all t € R
and w € €. Denote by 6; : Q@ — Q the transformation

Orw(-) =w(-+1) —w(t), well

Then by [2], (2, F, P,{0;:}:cr) is a metric dynamical system, and there exists a
f¢-invariant set of full measure (which is still denoted by €2) such that for every w
in that set,
lim &
t—Foo

=0.

Next, we establish the existence and uniqueness of solutions of system (2.1)-(2.4)
under (2.5). To that end, we need to transform the stochastic equation (2.2) into
a deterministic one parametrized by the sample paths. Let v(z,t) = e ") p(x, 1).
Then by (2.1)-(2.2) we find that v and v satisfy

ou Pu 0 0 .,
Y2 w(t)
5 =~ %922 " B2 (uaxf(e v)) , t>T, (2.7)
v % A
oyl —Aw(t)
T b8x2 dv + c(t)e u, t>T, (2.8)
with boundary conditions
Ju ou v v
%(al,t)—%(b17t)—%(al,t)—%(bl,t)—o, t>7—, (29)
and initial conditions
u(z, 7) = up(x), wv(z,7)="1v0(x), (2.10)

with vo(z) = e () py(z). By the Galerkin method, one can verify that if f satisfies
(2.5), then problem (2.7)-(2.10) has a unique local solution for every (ug,vo) €
L?(I) x H*(I). More precisely, we have the following lemma.

Lemma 2.1. Suppose (2.5) holds true. Let 7 € R, w € Q and (ug,vo) € L*(I) x

HY(I) with ||uo||z2(ry + llvollmr < R for some R > 0. Then there exists a posi-

tive number Ty = To(T,w, R) such that problem (2.7)-(2.10) has a unique solution

(u,v) = (u(t, 7,w, ug), v(t, 7,w, vg)) defined fort € [r,7 + To| with the properties
du

u € C([r, 7+ Tp), L*(I)) ﬂLQ((T,T +Tp), H*(I)), - € L*((1,7 + Tp), H Y(I))

and

ve C([r, 7+Tp], H'(I)) mLQ((T,T+T0),H2(I)) and % € L*((r,7+Ty), L*(1)).
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In addition, (u(t),v(t)) is continuous with respect to initial data (ug,vo) in € L?(I)x
H(I) and is measurable with respect to w € §) for everyt € [1,7+Tp]. Furthermore,
if up >0 and vy > 0, then for every t € [7,7 + Ty, u(t) > 0 and v(t) > 0.

Proof. The existence of local solutions follows from a standard process by applying
the Galerkin method, see, e.g., [32]. The uniqueness and nonnegativity of solutions
with nonnegative initial data can be obtained by the arguments of [32]. Since
the local solution of problem (2.7)-(2.10) is given by the limit of the measurable
solutions in w of a family of finite-dimensional Galerkin systems, we infer that this
local solution of system (2.7)-(2.10) is also measurable in w € €. O

In what follows, we prove the local solution of problem (2.7)-(2.10) obtained in
Lemma 2.1 is actually defined for all ¢ > 7 when initial data are nonnegative. For
that purpose, we only need to derive uniform estimates of the solutions on a finite
time interval [7, 7 + T'] where the solution is defined. First, by integrating equation
(2.7) we get

pr ’ u(z,t)dx =0,
which together with the nonnegativity of solutions implies

lu)lLrry = lluollLry, Ytelr,m+T] (2.11)

Based on (2.11), we now derive uniform estimates on the component v of the
solution (u,v) in H(I).

Lemma 2.2. Suppose (2.5) holds true. Let \g > 0, T >0, 7 € R, w € Q and
(uo,v0) € L*(I) x H*(I) with ug > 0, vo > 0, and ||uo|[2(r) + |[vol| 2 < R for some
R > 0. Then there exists a positive number My = My (1, T,w, R, \g) such that the
solution (u,v) of problem (2.7)-(2.10) satisfies, for all 0 < XA < Ao,

v(t, 7,w,vo) |y < My forall t€[r,7+T].

Proof. For convenience, we write A = —b0,., +d with domain D(A) = {v € H*(I) :
v satisfies (2.9)}. Given 6 > 0, let A’ be the fractional power of A. It follows from
[32] that D(A%) € H?’(I) for § > 0, which along with (1.6) implies that for every
v1 € L'(I) and vy € D(A?) with 6 > 1,

I/vl(w)vz(x)dﬂﬂ\ < Hlvzllenllvillziay < Cllvallgzelloillzeay < Cllvallpeaey lvillzay.-
I

By (2.12) we find that if > § and vy € L'(I), then v; € D(A™?) and 212
lvillpca-ey < Cllvillor s (2.13)
where D(A~?) is the dual space of D(A?).
Note that
lle=*vo|l 21y < e ||vollz2(ry for all vy € L*(I) and t > 0. (2.14)

Note that equation (2.8) can be reformulated as
d
d%f) + Av = c(t)e Oy, v(r) = vy,

and hence

t
v(t) = ATy, +/ c(s)eA(s_t)e_’\“(s)u(s)ds. (2.15)
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By (2.13)-(2.15) we get, for ¢ € [r,7 4+ T1,

1AZ(t)]|2(ry
< e M) Ax g gy + / t os)e™ ) |eA==D AT (A= S u(s))|| 2 (1) ds
< O Dl 4 Co [ = ) F IR o)y s
< Cre™ vl a1y + Cs /t(t — ) e MDA |y (s) || 1 ryds. (2.16)

By (2.11) and (2.16) we obtain, for t € [, 7 + T,
¢
IAZ0(t) 21y < Cre™ ™ Jvol w1 (1) + Calluollr(r) / (t — 5)"Fe~dt=s)=Aw(s) gg

’ (2.17)

t
< Cre” ™ vg gy + C4Huo||L2(1)/ (t — s) St Aw(o) g,
from which the desired estimates follows. O

Next, we derive uniform estimates on the component u of the solution (u,v) in
L3(I).

Lemma 2.3. Suppose (2.5) holds true. Let \g > 0, T >0, 7 € R, w € Q and
(uo,vo) € L*(I) x H*(I) with ug > 0, vo > 0, and ||uo||2(r) + |[vol| 2 < R for some
R > 0. Then there exists a positive number My = My(1,T,w, R, o) such that the
solution (u,v) of problem (2.7)-(2.10) satisfies, for all 0 < A < Ao,

T+T
[, 7w, w0) | 221y +/ (@l ) + 0B lr2())dt < Mo for all ¢ € 7,7+ T.

(2.18)
Proof. By (2.7) we get
1d 9 w
3l allusla = [ (5400 de
1 1
< *aHugCHQLz(I) + —eP® /u2|vz\2|f’(6)‘“’(t)v)|2dx. (2.19)
2 2a I

We now estimate the last term on the right-hand side of (2.19). By (2.5) we get

i62)\w(t) /u2|v1|2|f’(e/\“(t)v)\2dx
2a I

1
< 762>\w(t) /(al +a2€az\w(t)|v|a)2u2|vx|2dm
2a I

< Cree® / u? v, [2dx + Cye?etDAw(®) / 0] 2%u?|v, | da. (2.20)
I I

To estimate the right-hand side of (2.20), we use the following interpolation in-
equalities from (1.5):

1 1 1 3
lullzan < Collulldn g by and Nelloagry < Callull o lulday 221)
By (1.6) and (2.21), for the second term on the right-hand side of (2.20) we have

0262(a+1)>\w(t)/‘U‘Qau2lvw|2dl‘ < 0262(a+1))\w(t)‘|v||2L%o(I)/uZ‘U$|2dx
I I
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< C5€2(a+1)/\w(t)||v||§?1(1)||UH%4(1)||U1||2L4(1)

3 1
< CoeX N 20l sy lll s oy o | gy el 2
< CreX @Oy |242 | s 1y | 3
w 2a+3 3
+ Cre2 N o355 R g gyl 22 1y [0 - (2.22)
For convenience, we write
1
0= rnin{ia7 b,d}. (2.23)

Then by Young’s inequality, (2.11) and (2.22) we get

0262(a+1)Aw(t) / |v|2°‘u2|vx|2da:
I

1
< *5HU||%11(1) + 0864(a+1)>\w(t)||,u||4al+4 + 0864(a+1))\w(t)” ||ZIL{a1J(r? [vaall L2y

5||u||H1 >+ 5||”II||L2(I)+0864(a+1)>\w(t oIl 3757 + Coe® e+ DA o 3D

H(I)
5||U||H1(1 4= 5||”m||L2(1 +Cy(1+e (a+1))\w(t))”v”§{0¢1+?)+C1064A(a-§i)+(411a+3)w(t).
(2.24)
By the process to derive (2.24), we also obtain
C162Aw(t)/u2|vx‘2dx
I
1 1
= §5||u||§{1(1) + §5||”m“%2(1) +Cu(l+ GSM(t))”U”%l(I) + Chpe! 0,
which along with (2.20) and (2.24) implies
1
%62)@(15) /u2|’l}$|2|f ( Aw(t) )|d$
1 AX(a+1)(4a+3)
15||u||H1 o+ 5||UI$HL2(1) + Cy(1 4 Bty ||§{CY1J(FI?) + Choe~ zart @)
+C11 (14 eO)[[0]%1 1) + Crae™® (2.25)
By (2.19) and (2) we obtain
1 1
a”UH%Z(z) JrCL||U27||2L2(1) < 76||u||§{1(1) + *(;HUm”Qm(I)
—|—2Cg( +e (a+1))\w(t))” |5§xl+;3) +20106%W w(t)
+2C11 (1 4 e2O)||v][S ) + 2C12e 220, (2.26)
Note that by (1.5),
1 2
||UI|L2(I) < 013Hu||13{1(1)”u||21(1). (2~27)

By (2.27) we get
2d||ul|Zs sy < 5||UHH1 + CuallullZs )
which along with (2.11) and (2.26) ylelds

d 5 1
£||UHQL2(1) + 2d||u||%2(1) + a||uz\|%2(l) < §5||U||%{1(1 + *5||Um||3:2(1)

4x(a+1)(4a+3)

+20,(1 + 68(0‘+1))‘w(t))||v||§{o?&6) +2C e~ 2ot ¥ w(t)
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+2011(1 + SSAw(t))||UH(;{1(I) + 2012612)\“)@) + 015. (228)
On the other hand, by (2.8) we get
1d .
2dtHUr”L2(1 Jrbva”H(I) Jrd”"’%”ﬂ(]) —e? (t)/lc(t)uvmd:c
1 — w
< §b||vm||%2(1) + Crge™* (t)||u||%2(1)~ (2.29)
By (2.27) we obtain
Croe P Olulary < Solullfngn + Cre Ol (230)

By (2.11) and (2.29)-(2.30) we get

d 1 s
@Ilvﬁllizm +b||vx$H%2(l) +2d||vx||i2(1) < 15”“”%{1(1) + Crge @0 (2.31)
It follows from (2) and (2.31) that

d
ﬁ(HUH%Z(z) + ||Uz||%2(1)) + 2d(||u||%2(,) + ||%H%2(1)) + a||UzH%2(z) + bHvIIH%Q(I)

7 1
< S0lullfy + 50lvaalzacy

4x(a+1)(4a+3) w(®)

+2Cy(1 + e <a+1>m<t>)||v||8a+6 1+ 2006zl

+2C11 (14 e2O)|[0]$1 1) + 2C12"22D + Crge ™0 + Cy5. (2.32)
By (2.23) and (2) we find that

d 1 1
a(HUH%zu) + HUmHQLz(z)) + d(||u||%2(1) + HUIH%?(I)) + §a||um||%2(1) + inv””%Q(I)

4x(a41)(4a43)

< 209(1 + 68(a+1)>\w(t))“’u| ?ﬁ-i(_[s) + QCloeT“}(t)

+2C11 (1 + e2O)|[0]%1 1) + 2C12"2D + Crge™ 0 + Cy5. (2.33)

By (2) and Lemma 2.2 we infer that there exists C19 = C19(7, T, w, R, \g) > 0 such
that for all ¢ € [7,7 4+ T] and 0 < A < Ao,

d 1
T (llZae + lowlZe) + 5 minfa, B} (lua 72 1) + vaellza(r) < Cho,
from Wthh (2.18) follows. O

As an immediate consequence of Lemmas 2.1, 2.2 and 2.3 we obtain the global
existence of solutions for problem (2.7)-(2.10).

Corollary 2.4. Suppose (2.5) holds true. Let T € R, w € Q and (ug,vo) € L*(I) x
HY(I) with ug > 0 and vg > 0. Then system (2.7)-(2.10) possesses a unique
nonnegative solution (u,v) = (u(t, 7, w,uq),v(t, 7,w,v0)) defined for all t > T with
the properties

u € C([r,00), (1) [ ) Line((7, 00), HN(I)), % € Li.((1,00), HH(I))
and
v e C([r,00), H(I) [\ Lie((7,00), H*(I))  and % € Li.((1,00), L*(I)).

In addition, (u(t),v(t)) is continuous with respect to initial data (ug,vo) in € L*(I)x
H(I) and is measurable with respect to w € Q for every t > 7.
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Next, we establish the uniform estimates of solutions of problem (2.7)-(2.10) in
HY(I) x H*(I).
Lemma 2.5. Suppose (2.5) holds true. Let \g > 0, T >0, 7 € R, w € Q and
(uo,vo) € L*(I) x H*(I) with ug > 0, vo > 0, and ||uo||2(r) + |[voll g2 < R for some
R > 0. Then there exists a positive number Ms = Ms(t,T,w, R, o) such that the
solution (u,v) of problem (2.7)-(2.10) satisfies, for all 0 < XA < Ag,
||u(t,7‘,w,u0)\|%{1 yHv(E, 7w u0)||H2 < Mz+Ms(t—7)"1  for all t € (1,7+T).
(2.34)
Proof. By (2.8) we get
1d w
g gl sy + losaalia + dlvaaliagny = =00 [ usosande
1 2

—2Aw(t)
2% (Be

< bHUmz”m(I) + o7 ||ux||2L2(1)
which implies

d 1y
%Hvzw”%?(z) + 0l|veza |72y + 2] Ve |72y < gcz(t)e 29O ug |32y (2.35)

By (2.7) we obtain

1d 9 ( 9 .
3 gllvallze + allueelzagy = /u” o < ug (€ (%))

1 1 0 02 ?
- 2 - e Aw(t) v Aw(t)
< 2a||um||L2(1) + 2a/1 (Uac &cf(e v) +ua$2f(6 v)) dx
which implies

Tlualiz + alluaalZzq)
3
< 7/ ((eAw(t)f/((i)\w(t)’U)uxU ) ( )\w(t)f( Aw(t) )U'Ua:a:)2> dr

aJr

+Z /(62’\‘“(’5)f”(e)‘“(t)v)vgu)zdx. (2.36)
I
We now estimate the right-hand side of (2). By (1.6) and Lemma 2.2 we find that

there exists C; = C1(7,T,w, R, A\g) > 0 such that for all 0 < A < Ao,
lv@)llc < C1 forall te[r,7+T]. (2.37)
By (2.5) and (2.37) we obtain from (2) that, for all 0 < XA < Ao,

d
£||u$\|%2(1) + a||um||2L2(1) < CQ/I (u2v2 + u*v2, + vpu®) da (2.38)
for some Cy = Co(7,T,w, R, \o) > 0. By (1.5) we have
5 3
luallary < Cslltaallpzcpllullfz gy + CallullL2), (2.39)
(I) (I)
and ) :
lullacry < Calluaa || Eopylull £2 () + Callull 2y (2.40)
(I) (I)

By (2.39)-(2.40) and Lemmas 2.2 and 2.3 we obtain
@ﬁﬁﬁMS@wmmm%mm

5 3 1 7
< CS(||UM||22(1)||UHE2(1) + ||“H%2(1))(H%m||£2(1)||vz|‘zz(1) + ||Uz||%2(l))
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5 1 1 1
< Co(1+ [ta o ) 1+ 0 o 1)) < Jlltas 3200y 70l0sael3ay +Cr (241)

Similarly, by (2.39)-(2.40) we can also obtain

1 5
CQ/UQU;ixdx < Cg(1+ ”uﬂﬂﬂ?H;ﬁ(]))(l =+ ||U:cxa:||z2(1))
I

1 1
< zaHquD”%?(I) + ZbvaH%zu) + Co, (2.42)
and by (1.7) and (2.39)-(2.40),

@zﬁﬁmsammﬂm%mm

1 1
< Cll(l + ||ua:HL2(1))(1 + ||Uma:H[2,2(1)) < H“:DH%?(I) + ZbHUwMH%?(I) + Cha. (2~43)
It follows from (2.38) and (2.41)-(2) that

d 1 3
%”UIH%Z(]) + §allumllizu) < ZbHUII!L’”%%I) + Hur||%2(1) + Chs,

which along with (2.35) yields
d 2 2 1 2 1 2 2
%(HU’I”LZ(I) + vaallz2(ny) + §a||um||L2(1) + Zb||UIII||L2(I) + 2d|vesll 72y
< 014Hu:rr||2L2(1) + Chs. (2.44)
Let t € (1,7 + T] and s € (7,t). Integrating (2.44) on (s,t) we get

luz (172 (1) + lvaa ()12

T+T
< lua () 1221y + Ve ()72 + 014/ l[we (1)1 221y dr + Crs T

We now integrate the above with respect to s on (7,t) to obtain

(t = ) (lua (O 21) + 02 (O Z2(r)

t T+T
g/mw@@m+mmw@mm+aﬂf et (P12 + Cas T2,

T+T T+T
<[ )y + o) o) + O [ s (0l + CraT

T

which along with Lemmas 2.2 and 2.3 yields the desired estimates. O

As a consequence of Lemma 2.5 and the compactness of Sobolev embedding
HY(I)x H?(I) = L*(I)x H'(I), we obtain the compactness of the solution operator
of problem (2.7)-(2.10).

Corollary 2.6. Suppose (2.5) holds true. Then given T € R, t > 7, w € Q, and
a bounded sequence {(ugn,v0.,)}52, of nonnegative initial data in L*(I) x H*(I),
the sequence {(u(t, T, w,ugn),v(t, 7, w,v0.n)) oL of the solutions of problem (2.7)-
(2.10) has a convergent subsequence in L*(I) x H(I).
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Now by the solution (u,v) of (2.7)-(2.10), we can get a solution (u,p) for the
stochastic system (2.1)-(2.4) where p is given by

p(t777w7p0) = e/\W(t)U(thac'WUO) (245)

with pg = e**(Dyg. By Corollary 2.4 we find that for every (ug, po) € L*(I)x H(I)
with ug > 0 and pg > 0, system (2.1)-(2.4) has a unique nonnegative solution
(u(t, 7, w,up), p(t, 7,w, po)) in L2(I) x H'(I) which is defined for all t+ > 7. This
solution is both continuous in t € [r,00) and in (ug, po) € L?(I) x H*(I). Moreover,
(u(t, 7, ug), p(t, 7, po)) + Q — L2(I) x H(I) is measurable. Let v be a fixed
positive number, and define a subset of L?(I) x H'(I) by

H = {(u,p) € L*(I) x H*(I): u>0, p>0, /Iu(:v)d:cgv}.

Then we see that H is invariant under the solution operator of system (2.1)-(2.4).
We now define a continuous cocycle in H for (2.1)-(2.4). Let ® : RT xRx Q x H
— H be a mapping given by, for every t € R, 7 € R, w € Q and (uq, po) € H,

O(t, T, w, (ug, po)) = (u(t + 7,7,0 _;w,ug), p(t + 7, 7,0 _rw, po))
= (u(t+7,7,0_;w,up), 6)‘(“’(’5)7‘“(77))1)(25 +7,7,0_rw, 1)) (2.46)
where vy = e*(=7) py. We will investigate the tempered random attractors for ® in
H

Let D = {D(r,w) C H : 7 € R,w € Q} be a family of bounded nonempty subsets
of H. Such a family D is called tempered if for every C' > 0, 7 € R and w € ),

- Ct _
t_l>1r_nooe |ID(T + t,0:w)| = 0,

where the norm || Dl of a set D in H is given by || D[ = sup |[(u, p)|[z2(1)x 1 (1)-
(u,p)€D

We will use D to denote the collection of all tempered families of bounded nonempty

subsets of H:

D={D={D(r,w) CH:7T€R,weN}: D istempered in H}.

3. Uniform estimates. In this section, we derive uniform estimates for the cocycle
® defined by (2). These estimates will be used to construct tempered pullback
absorbing sets for system (2.1)-(2.4). We start with the uniform estimates on the
component v of problem (2.7)-(2.10) in H(I).

Lemma 3.1. Suppose (2.5) holds true. Then for every \g > 0, 0 € R, 7 € R,
w € Q and D € D, there exists Ty = T1(1,w, D, \g,0) > 0 such that for allt > T
and 0 < X < Ay, the solution (u,v) of problem (2.7)-(2.10) satisfies

||U(O', T — t’ G—Twa UO)HHl(I) S Ll + Ll / (O' — T — s)7%ed(S*O"FT)eA(w(*T)*UJ(S))d57
B (3.1)
where (ug, M= g0y € D(1 —t,0_4w), and Ly is a positive constant inde-
pendent of T, w, D and \.
Proof. By replacing ¢t by o, 7 by 7 — ¢t and w by #_,w in (2.17) we obtain, for all
0< A < /\07
A2 v(o, 7 — t,0_rw,vo)ll2r) < C1e™ D fug | 11

+C3HUOHL1(I) / (0 — 3)7%e*d(U*S)e/\(w(fT)fw(sfr))ds

T—1
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< C«lefd(ofT)Jr)\w(*T)efdtf)\w(ft)HD(T I
+03’Y/ ) (c—7— s)‘%ed(8—0+7)e/\(w(—T)—w(s))dS
— 00
Sl TG |

+ O3y / (0 — 71— 5) Fells=Ttn AT ~w(s) gy (3.2)

— 00

Since D € D, we find that

lim Cle—d(a—7)+)\g|w(—T)|e—dt+)\o\w(—t)| ||D(7- —t, 94“)” =0,
t—o00

and hence there exists Ty = T1(7,w, D, Ag,0) > 0 such that for all ¢ > T} and
0< A< A,

Cre~ o= Holw=n)lg=dt+Xolw (=D D(7 — ¢ 0 w)| < 1. (3.3)
Then (3.1) follows from (3.2)-(3.3). O

We now establish the uniform estimates on the component u of problem (2.7)-
(2.10) in L3(I).

Lemma 3.2. Suppose (2.5) holds true. Then for every \g > 0, 0 € R, 7 € R,
w € Q and D € D, there exists To = To(T,w, D, Ny, 0) > 0 such that for allt > Ty
and 0 < A < A, the solution (u,v) of problem (2.7)-(2.10) satisfies

g

lu(o, T —t,0_ w, u0)||L2 < Lgy + L2/ e =) g (r, 0_rw)dr

— 00

o e} . 16a+12
+ LQ/ edr=2) (/ sSedSe)‘(“’(T)“’(TTS))ds) dr, (3.4)
0

where (ug, NN y0) € D(T—t,0_4w), Lo is a positive constant independent
of T, w, D and A, and

4x(a+1)(4a+3) w(r) A(8u+6)

d))\(T,w) — 616(a+1))\w(r) +e St te w(r) +e 12 w(r) + e—BAw(r) +1.
(3.5)

Proof. By (2) we find

d
%(HUHZH(U + Hva%%[)) + d(||u||2L2(I) + ||UxH%2(1))

4x(a41)(4a43)

< 209(1 + e8(o¢+1)>\w(t))H'U| ?_1‘?‘1'2_[6) + QCloeTu}(t)

£2C11 (1 + MO [o][8 1) + 2012120 1 Crge= 0 4 Oy

< Crp(1 4 HOTIND) [y St8 4 2Cype ™ Bert el

A(8a+6)

+020(1+6 w(t))_|_2012el2>\w(t)+c 6_3)\w(t)+015.
4x(a+1)(4a+3)

< HUH??&F;Q + CopetflatDAe(t) | oy o™ ozt @)
A(8a+6)

+ Chre= o @O 4 Oy 4 0y e300 4 0y, (3.6)
By (3.5) and (3.6) we get

dt(HUHL? +||UIHL2(I )+d(||uHL2(I +||Uz||L2(I)) < ||U||}{61a}r)12+021¢>\(t7w)' (3.7)
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Multiplying (3.7) by e%, and then integrating on (7 — t,0) we get
||U(O’, T—1w, UO)”%?(I) + ||U$(G7 T—1w, UO) ”%2(1)

< AT unlfay + el ) + [ €Ut = b, o) 355 2
t

T—

+Czl/ =) g (1, w)dr. (3.8)

—t
Replacing w by 0_,w in (3.8) we obtain that for every 0 € R, 7 € R, w €  and
T—t< o,

lw(o, T —t,0_rw, u0)||2L2(1) + vz (o, —t, 0w, v0)||%2(1)

< N ol + ool ) + [ R ot .0 )55 2ar

—|—C'21/ e =) gy (1, 0_rw)dr. (3.9)
T—1
Since (ug, eMNW(=N=w(=)y0) € D(T —t,0_,w) and D € D, for the first term on the
right-hand side of (3.9) we have
M (fuol| T2y +llvo 7 1)) < ¥ (14 ACEDTCEMN D (r — 1,0 w) |
< edr=t=) (1 4 2Ao(w=nIHC DY D(r — ¢, 6_,w)||2 = 0 as t — oo.

Therefore, there exists To = Ta(7,w, D, A\g,0) > 0 such that for all ¢ > T, and
0< A< A,

T (Jluol[Z2 gy + lollE 1)) < 1. (3.10)

Similarly, we have
lim edmHAolw(=n)lglolw(=0)lo~ 5384 |D(1T —t,0_;w)| =0,
t—oo
and hence there exists T3 = T5(7,w, D, Ag) > 0 such that for all ¢ > T3,
edrtrolw(=n)l role(=Dle=mzitza | D(r — ¢, 0_,w)| < 1. (3.11)
By (3.2) and (3.11) we get, for all t > T5 and 0 < A < Ag,

||U(T, T — t, H_Tw, 1]0) ||H1(I)

< Cgpe™ Mt emmatan 4 Cyy / ) (r—7 —5) sl AW=T)—w(s) g
dt 70000 7
< Ogge Ut gsmaian 022/ s Ee BAW=T)—wlr=T=5)) g (3.12)
0

Let Ty = max{T,T3}. Then by (3.9), (3.10) and (3.12) we obtain, for all ¢ > Ty
and 0 < A < A,

||u(a, T — t, 9_7-(4], U0)||2Lz(]) + ||”Um(0', T —t, 9_.,-&), ’U())H%z([)

o
— 1 — —
< 1—|-023€ do€2dte dt(16a+12)/ e dr(16a+11)dr
T—1

o 00 16a+12
+C’23€_d‘7/ edr (/ s_ge_dse’\(“(_T)_“(T_T_s))ds) dr
T—t1 0

+C21/ ed(rﬂ’)gé,\(r, 0_ w)dr
T—t
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S 1+ Ae*daefd‘r(l&)ki»ll)ef%dt
d(16a + 11)
16412

+Cyze”% /g edr (/OQ s_ge_dse’\(“(_ﬂ_“(r_“s))ds) dr
T—t1 0

+ 021/ ed(r_”)qb,\(r, 0_rw)dr. (3.13)
T—1
Note that there exists Ts = T5(7,0) > 0 such that for all ¢ > Tj,

Cas3 —do ,—dr(16a+11) ,—1dt
o T le% 3 <1
d(16a+11)° °© cT =0

which along with (3.13) shows that for all ¢ > max{Ty,T5} and 0 < A < ),

||u(a, T — t, 9,7-(.(}, U0)||2L2(]) + ||’Uz(0', T —t, Q,Tw, ’Uo)”%zu)

<24 Cy / M=) gy (r, 0_;w)dr
T—1

—do 7 dr * oz —ds Mw(—7)—w(r—7—3)) toariz
+Caze e s 8se e ds dr
T—1 0

<24 Cy / ed(PU)d)A(T, 0_rw)dr

o o) 16a+12
+C. —da/ dr (/ —% —ds )\(w(—T)—w(T—T—s))d ) d
23€ (& S e (& S r.
0

— 00

This completes the proof. O

For later purpose, we prove the following compactness of solutions of problem
(2.7)-(2.10).

Lemma 3.3. Suppose (2.5) holds true. Let 7 € R, w € Q, t, — oo and (uo,n,
eMw(Ttn) ==y ) € D(T —ty,,0_4,w) for some D € D. Then the sequence of the
solutions of problem (2.7)-(2.10),

{(u(r, T —tn, 0_rw,uopn), V(T, T — ty, 0_rw,v0.n)) foei,
has a convergent subsequence in L?(I) x H(I).

Proof. Since t,, — oo and (uom,eA(“’(*t")*“(*T))vom) € D(1 — tp,0_4,w) for some
D € D, by Lemmas 3.1 and (3.2) with 0 = 7 — 1, we find that there exists N =
N(1,w,D,A) > 0 such that for all n > N,

(T =1, 7 —tp, 07w, uo.n) || 72(py + [0(T = 1,7 = tn, 0_rw, v0.0) |11y < C1, (3.14)
where Cy = C1(7,w, A) > 0. Note that
(u(r, 7 —tn,0_rw,u0 ), 0(T, T — Ty, 0_rw,v0n))
=(u(r,7—1,0_;w,u(t — 1,7 — tp,0_rw,upn)),
o(r, T —1,0_;w,v(t — 1,7 —ty,0_;w,v0.))). (3.15)

Then by (3.14)-(3) and Corollary 2.6 we infer that the sequence {(u(r, 7 —t,,0_rw,
0.1 ), (T, T — tn, 07w, v0,))}52; has a convergent subsequence in L?(I) x H(I).
This completes the proof. O
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4. Existence of tempered random attractors. This section is devoted to the
existence of tempered random attractors for system (2.1)-(2.4). We first present
the existence of pullback absorbing sets for the system in L?(I) x H'(I).

Lemma 4.1. Suppose (2.5) holds true. Given A >0, 7 € R and w € Q, let
Ex(r,w) = {(u,p) € H : [|(u, p) | F2(rysr 1y < Ia(T,0)}, (4.1)

where Ly (7,w) is given by

e8] 2
La(r,w) = L3(1 + e 27)) 4 L (/ s_ge_dse_)“*’(_s)ds)
0

0 %) 16412
+ L3/ edr (/ sgedse’\(“’(T)”(TS))ds) dr
— 00 0

0
+L3 / e o (r 4 1,0_ w)dr, (4.2)

— 0o
where Ls is a positive constant independent of 7, w and X\, and ¢y is given by (3.5).
Then Ky = {Kx(t,w) : 7 € Ryw € Q} € D is a closed measurable D-pullback
absorbing set of the cocycle .

Proof. As a first step, we show that K pullback absorbs every D € D. By (2.45)
we have

p(r,7—t,0_,w, pg) = e*’\“(*T)v(T,Tft, 0_rw,v), po= e)‘(“’(*t)*w(*ﬂ)vo. (4.3)

Let (uo, po) € D(T —t,0_;w). Then by (4.3) we find that (ug, e*“(=O=“(=")yy) €
D(r —t,0_4w). Thus by Lemma 3.1, there exists Ty = T1(7,w, D, A) > 0 such that
for all t > T,

0 2

lo(7, 7=, 07w, v0) |3 () < 2L7+2L] (/ (—8)‘56“6““(‘”‘“(3’%8) , (44)

— 00

where L is a positive constant independent of 7, w, D and A. By (4.4) we get, for
all ¢ Z Tl,

o) 2
lv(r, T —t, 9_7-0.),1)0)“?{1(1) < 2L%+2L% (/O sgedsek(w(‘r)w(s))ds> . (4.5)

By (4.3) and (4.5) we obtain, for all t > T},

||p(T?T - ta H—Twapo)”%{l(l)

o) 2
< 2L P o2 2w (=T (/o sgedse)‘(‘”('r)“’(s))ds> . (4.6)

On the other hand, by Lemma 3.2, there exists Ty = To(7,w, D, \) > T such that
for all t > T5,

0
lu(r, T —t,0_rw, u0)||:£2(1) < Lo+ Ly / e (r +1,0_rw)dr

— 00

0 e . 16a+12
+ L2/ edr </ sSedse)‘(“’(T)‘“(Ts))ds> dr, (4.7
—00 0
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where Lo is a positive constant independent of 7, w, D and A, and ¢, is given by
(3.5). Let Lz = max{Lg,2L?}. Tt follows from (4)-(4.7) that for all ¢ > Ty and
(ug, po) € D(T —t,0_4w),

Hu(Ta T—1,0_rw, UO)”%Q(I) + ||,0<7'7 T—t,0_rw, PO)H%{l([) < L>\<va)7

where Ly(7,w) is given by (4.1). This shows that for all ¢ > T, and (ug, po) €
D(T — t, H,tw),

(U(Ta T = ta 0*7'("}3 Uo), P(T, T = tv H*va pO)) € K)\(Ta w)v (48)
where K (7,w) is given by(4.1). On the other hand, by (2) we have
(I)(t7 T — t7 e—tw7 (Uo, po)) = (U(Ta T — t) 9_7—(41, Uo), p(Ta T — t’ 9—7'0‘)’ pO)) (49)

By (4.8)-(4.9) we find that ®(¢,7—t,0_,w, D(T — t,0_1w)) C Kx(7,w) for all t > Ty,
and hence K, pullback absorbs every member D of D. Since Ly (7, w) is measurable
in w € Q, we see that K,(7,w) is a closed measurable random set in H.

It remains to show K is tempered, i.e., K\ € D. Replacing 7 by 7 —t and w by
f_iw in (4.1), after simple calculations, we get

Ly(t—t,60_w) =Ls(1+ e*QA(W(fr)fw(ft)))

0o 2
+Lg (/ S—ge—dsek(w(—t)—w(—s—t))ds)
0

0 oo 16a+12
+ LB/ edr (/ S—ge—dse)\(w(—T)—w(r—s—t))ds) dr
0

—00

0
+Ls / e pa(r+1 —t,0_,w)dr, (4.10)
o0
where ¢y (r + 7 —t,0_,w) is given by
On(r 4+ 7 — £, 0_rw) = eMOEFDAI—t)—w(=7) 4 PG w(r—t) —w(-))
4o T (wr—t)—w(=7)) 4 l2A(@(r—t)=w(=7)) | =BA(w(r—t)=w(=T)) 4 1.
Let C' > 0 be an arbitrary constant. Then we get from (4.1) and (4) that

e 2O K (1 —t,0_w)|? = e 2 Ly (T — t,0_,w)

o) 2
< Lye 20t (1 4 em @D —w(=0)) 4 [,e—2C ( / s—5e—dseW<—t>—w<—s—t>>ds>
0

16a+12

0 0o
+ L36—2Ct/ edr (/ S—ge—dse/\(w(—f)—w(r—s—t))d8> dr
—oo 0

0
+Lge™2¢1 / eon(r+1 —t,0_ w)dr. (4.11)
—o0

Next, we show that the right-hand side of (4) converges to zero as t — co. Note
that for every € > 0 and w € €, there exists Ty = Tp(e,w) > 0 such that for all
§ > T,

w(=§)| < &€ (4.12)
. o d d c
e =min{oy Y320 £ 20) MNiba +12) (4.13)
Now for t > Ty, s > 0 and r < 0, we have t + s — r > T}, and hence by (4.12) for
E=t+s—r,

Let

w(r—s—t)| <elt+s—r). (4.14)
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By (4.14) we have the following estimate for the third term on the right-hand side

of (4),
0 oo 16a+12
L3672Ct\/ edr (/ Sgedse)\(w(’r)w(rst))ds) dr
0

—0o0

0 00 . 16a+12
< Lge—QCt/ edr (/ 8—8e—dse)\w(—T)eke(s+t—r)dS> dr
—00 0

00 16a+12 0
< L3e(16a+12)>\w(—7)e—20t (/ 5_;€_d56>\ssds) / edr€(16a+12)>\s(t—r)dr
0

—00

which along with (4.13) implies

0 e’} 16412
L36—2Ct / edr (/ s—ge—dse)\(w(—r)—w(r—s—t))ds) dr
—o0 0

%) 16a+12 0
< L36(16a+12))\w(7‘r)€70t (/ sgeédsds> / e%drdr
0

— 00

oo 16a+12
< 2L3d—16(16a+12)/\w(—r)e—0t (/ S—ge—;dsd8> ]
0

Therefore, we obtain that for any C' > 0,

: —2Ct 0 dr ® 1 —ds AMw(—7)—w(r—s—t)) toariz _
lim Lge e s 8e e ds dr=0. (4.15)
0

t—o00 oo

Similarly, by (4.13), one can verify that the other terms on the right-hand side of
(4) also converge to zero as t — oo, which together with (4) and (4.15) yields

lim e 2| Ky (1 —t,0_w)|? =
t—o00

In other words, K € D. This completes the proof. O
Next, we prove the D-pullback asymptotic compactness of ® in H.

Lemma 4.2. Suppose (2.5) holds true. Then for every A >0, 7 € R, w € Q and
D ={D(r,w) : 7 € R,w € Q} € D, the sequence P(t,, T — tpn,0_1,w, (U0, Po.n))
has a convergent subsequence in H whenever t, — oo and (ugn, pon) € D(T —
tn, g_tnw).

Proof. By (4.3) we have

(T, T=tn, 0_rw, po.n) = €_>\w(_T)U<T,T—tn, O_rw,v0.n)s Po,n = e’\(“(_t")_“’(_ﬂ)vo,n
(4.16)

Since (U, Po.n) € D(T — tn,0_;, w), by (4.16) we find that (ug,,, e (Tt =w(=7)

vo,n) € D(T — tpn,0_,w). Therefore, by Lemma 3.3 we know that the sequence

(w(r, T —tn, 0_rw,ug ), V(T,T —tn,0_rw,0v0.4))

has a convergent subsequence in L?(I) x H'(I), which along with (4.16) show that
the sequence

(U(T7 T — tn7 9,Tw, uO,n)a P(T7 T — tnu 9,7—(,&}, pO,n))

has a convergent subsequence in L2(I) x H!(I). Then by (4.9) we conclude that
O (ty, T —tn,0_1,w, (Uo.n, Po,n)) has a convergent subsequence in H. O

We are now ready to present the main result of this section as given below.
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Theorem 4.3. Suppose (2.5) holds true. Then the cocycle ® of problem (2.1)-(2.4)
has a unique D-pullback attractor A = {A(T,w) :7 €R, we Q} €D in H. If, in
addition, the function c : R — R is periodic with period T > 0, then the attractor
A is also periodic with period T, i.e., A(T + T,w) = A(r,w) for all 7 € R and
w € Q.

Proof. By Lemmas 4.1 and 4.2, we obtain the existence and uniqueness of the D-
pullback attractor A immediately from [38, 40]. If the function ¢ : R — RY is
periodic with period T' > 0, then so is the cocycle @, i.e., ®(t, 7+ T, w, (ug, po)) =
O(t,7,w, (ug,po)) for all t € RY, 7 € R, w € Q and (ug,po) € H. Then the
T-periodicity of A follows from Proposition 3.2 in [38]. O

5. Convergence of tempered random attractors. In this section, we investi-
gate the limiting behavior of the solutions of the stochastic system (2.1)-(2.4) as
the intensity A of noise approaches zero. We will show that the D-pullback random
attractors of the stochastic system converge to that of a deterministic system in
terms of the Hausdorff semi-distance in L?(I) x H*(I) as A — 0.

To indicate the dependence of solutions on A, from now on, we write the solution
of problem (2.1)-(2.4) as (uy, py), and the corresponding cocycle as ®,. For the
same reason, we write the solution of system (2.7)-(2.10) as (ux,vz):

8’u>\ 821@\ 0 0 Aw
W =a 83’;2 - % U)\%f(e (t)U)\) , t> T, (51)
81/)\ o 8211)\ 7)\w(t)
5 = b o dvy + c(t)e uy, t>T, (5.2)
with boundary conditions
810\ - au,\ - 81})\ - 6’0)\ -
al_ (a‘l’t)_ ax (bl,t)_ al_ (a/lﬁt)_ ax (b17t)_07 t>Ta (53)
and initial conditions
ux(z,7) = upA(z), vz, T) = voxr(2). (5.4)

In the limiting case A = 0, the stochastic system (2.1)-(2.4) becomes a determin-
istic system:

ou 0%u 0 0
% %92 o (Uax (P)) ; (5.5)
op 0%
with boundary conditions
ou _ Ou _Op _Op B
%(al,t) = o7 (b1, t) = 97 (a1,t) = 833(171,15) =0, (5.7)
and initial conditions
u(z, ) = up(x), plz,7)=po(x), (5.8)

In the rest of this paper, we always assume A € [0,1]. Note that all uniform
estimates obtained in the previous sections are valid for A = 0. This indicates that
system (5.5)-(5.8) is well-posed in H. Let ®; be the corresponding continuous de-
terministic cocycle associated with problem (5.5)-(5.8). Denote by Dy the collection
of tempered families of deterministic nonempty subsets of H, i.e.,

Dy={D={D(r) CH:7€R}: lim CUD(r+1)| =0, VT €R, ¥V C > 0}.



STOCHASTIC KELLER-SEGEL EQUATIONS 1385

By Theorem 4.3, we see that, for every positive A\, @, has a unique D-pullback
random attractor Ay € D. By the same argument, we can prove that ®( also has a
unique Dy-pullback attractor Ay = {Ao(7) : 7 € R} € Dy. The goal of this section
is to investigate the relation between Ay and Ay as A — 0.

For 0 < A < 1, let K, be the D-pullback absorbing set of ®, given by (4.1).
When A = 0, we define Ky to be the following family of subsets of H:

Ko = {Ko(r) ={(u,p) € H: | (w,p)l}2 0y < Lo(r)}: TR}, (5.9)

where Lo(7) is given by

00 2
Lo(t) =2L5 + L3 (/ s_ge_dsds)
0

0 o 160412 0
+L3/ edr (/ s_se_dsds) dr + 6L3/ e dr, (5.10)
—oo 0 —oo

with Lz being the same positive constant as in (4.1). Since Lemma 4.1 is also valid
for A = 0, we find that Ky is a Dy-pullback absorbing set of &y in H. In addition,
by (4.1)-(4.1) and (5.9)-(5), one can verify that for every 7 € R and w €

Tim [[Fy (7, w) [ = lim || Ly (7, @)l = | Zo(7)]| = [[Ko()]|*. (5.11)
—0 A—0
Given 7 € R and w € (Q, denote by

B(r,w) = {(u,p) € H : ||(u; )| 221y wrrr 1y < LT, w)}, (5.12)

where L(7,w) is given by

o] 2
L(r,w) = Ls(1 4+ 2«7 4 Ly (/ s_ge_dsew(_s)lds>
0

0 0 16a+12
+L3/ €dT (/ S—ge—dsew(—T)H—w(r—s)|ds> dr
—00 0

0
+Ls / e d(r + 1,0_,w)dr, (5.13)

and ¢(r + 7,0_,w) is given by

B(r + 7,0 rw) = ! 6EFD (=N | 22 (wm)+w(=7)

e mt (e Hw(=m)) 4 gl2(jw(r)+lw(=n)]) 4 3w+ 4 1,
By (4.1)-(4.1) and (5.12)-(5) we see that K (7,w) C B(7,w) for all A € (0,1], 7 € R
and w € Q. Therefore, for every 7 € R and w € Q,
U Ax(r,w) C U K)\(1,w) C B(T,w). (5.14)
0<A<1 0<A<1

On the other hand, by (5.12)-(5) and Lemma 2.5 we infer that there exists a
positive constant C; = C(7,w) (independent of A) such that for all 0 < A <1 and
(ug, po) € B(T — 1,6_1w), the solutions of system (5.1)-(5.4) satisfy

|(ux(m, 7 — 1,0_rw, ug),va(T, T — 179—TW7U0))||%{1(1)XH2(1) < (y, (5.15)

where vy = M@= =w(=1) ) By (4.3) and (5.15) we get, for all 0 < A < 1 and for
all (UO,p()) S B(T — 1,0,10.))

||(U,\(T,T — 1,9,TW,UO),p)\(T,T — 1,9,7—0.),p())>||%{1([)><H2(1) S 01(1 + 62‘“)(_7—)').
(5.16)
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By (4.9) and (5.16) we obtain, for all 0 < A < 1 and for all (ug, pg) € B(t—1,0_1w),

1@x(1, 7 = 1,0-1w, (w0, po) )| Fr 1y mrzery < Cr(1+ 2=l (5.17)
By (5.14) and (5.17) we see that for all 0 < A <1 and (ug,vp) € Ax(T —1,0_1w),
@A (1,7 — 1,01, (w0, po)) I3 1y pr2(ry < Ca(1 + 2=l (5.18)

By the invariance of Ay, we have
D1, 7 — 1,0 1w, Ax(7 — 1,0_1w)) = A\(T,w),
which together with (5.18) implies

(s )30 1y ez () < Ca(1 4 €2<CDN), for all (u, p) € Ax(r,w) with 0 < A < 1.
(5.19)

By (5.19) we find that the set |J Ax(7,w) is bounded in H'(I) x H?(I) and
0<A<1

hence precompact in L?(I) x H'(I), which will be used to prove the upper semi-
continuity of Ay in L2(I) x HY(I) as A — 0.
Next, we establish the convergence of solutions of system (2.1)-(2.4) as A — 0.

Lemma 5.1. Suppose (2.5) holds true. Let (ug,x,vo,x) € H and (uo, po) € H such
that

[[(wo,xs vo)llL2nxmiy <R - and  ||[(uo, po)llL2yxmi(r) < R,
for some R > 0. Then, for every t € R, w € Q, T >0 and ¢ € (0,1], there exists a
positive number A\g = \o(T,w, T, &) such that for all0 < X\ < Ag and t € [1,7+ T,
the solutions of systems (5.1)-(5.4) and (5.5)-(5.8) satisfy

Huz\(t77—7w7u0v\) —u(t, T, uO)H%Q(I) + ”U)\(thvw?’UO,)\) —p(t,, pO)H%Il(I)

< My(|luo,x = uoll72cry + llvox — pollF () +€Ms,

where My and Ms are positive constants depending on 7,w,T and R, but indepen-
dent of € and .

Proof. Let k = uy —w and n = vy — p. Then by (5.1)-(5.2) and (5.5)-(5.6) we get
Ok 9%k 0 ( 0

(W, + u(a%f(e““)m) - af(p») , t>T,

ot “9x2 " or \“ox Ox
(5.20)
an 0% —aw(t) ()
Eri bw —dn+c(t) (e K+ (e - 1)u) , t>T, (5.21)

with initial conditions

k(z,0) = ko(z) = woa(z) —uo(x), n(z,0) =mno(x) =vor(x) —po(z). (5.22)

Given 1 € R, w € Q, T > 0 and ¢ € (0, 1], by the continuity of w, we find that there
exists \g = Ao(7,w, T, €) € (0, 1] such that for all A € (0, \¢] and for all t € [r,7+T7,

|6)\w(t) _ 1‘ 4 |6*)\W(t) _ 1| < €. (523)

By (5.20) we obtain

1d
5@“"@”%2(1) + a||’%||2L2(1)

0

= /Imw/ﬁaaxf(em(t)v,\)dx—l—/lf-imu(;wf(e)‘w(t)v,\) ~ % (p))dex. (5.24)



STOCHASTIC KELLER-SEGEL EQUATIONS 1387

For the last term on the right-hand side of (5) we have

[ e (;xf(e*“‘”w) - ;cf(p)) da

_ /qu <f/(e)\w(t)v/\)e/\w(t)av>\ _ f’(p)pz> de
I 8.T

ov v
¢ Aw(t) o Aw(t) TYA / Aw(t) YV
o ((F1400) = PO 4 PO < ) o

:/[Qx
1

Ov
=/I u(f"(s)(e O + (e ()—1)p)e“(”37;+f’(p)(e““)nz+(e*““)—l)px))
Ov Ov
_ 2 w(t) 1 CUN Aw(t) (L Aw(t) _ 7 JUX
/Ie 17(s8)kzun 5 dm—i—/je (e 1) f"(s)kzup 5 dx

’ / MO ' (pwgunsdr + / (O 1) f'(p)rsupsda. (5.25)
I I

We need to estimate every term on the right-hand side of (5.25). First, by Lemmas
2.2 and 2.3, we find that there exists C; = Ci(7,w,T, R) > 0 such that for all
0<A<landte]/[r,7+T],

o

IS

F(8)(@Wuy — p)e == %A + (), + () — 1)Pw)> du

”u)\(t’T’waUO,}\)HQL?(I) + HU/\(t’T’wva,)\)H%{l(l) < Cy, (5.26)
T+T
/ (||u)\(s,7',w,uoy>\)||%1(1) + [[a(s, 7w, vo ) || mr2(1)) 2ds < Ch, (5.27)
”u(thv UO)H%%I) + ||p(t, T PO)”%}I([) < Ch, (5'28)
and
T+T
/ (luls, 7, uo)ll3ra gy + lo(s: 72 po) I Fr2(1))ds < Ch. (5.29)
By (1.6), (5.26) and (5.28) we get, for all 0 < A <1 and t € [1,7 + T,
HUA(tv Tﬂwva,)\)”C(T) + ”p(tﬂ—vvaO)HC(f) < Cy, (5'30)

for some Cy = Co(1,w, T, R) > 0. By (2.5), (5.26), (5.28) and (5.30), for the first
term on the right-hand side of (5.25) we have, for all 0 < A <1 and t € [r,7 + T,

v v
2 w(t) g1 A < A
[ 01 e < Ca [l G2 o

81},\
< Ca||/’vm||L2<1)||UHL4(1)||7||L4<1)||77||L°°(I)
(9’(),\ 81})\

1 3
< Cullkall g2y ull o oy Well E2 oy =g Wy 5 22y Il ey

81))\

1
< Gsllalleanllull gy =5 ||H1(1)||n||H1(1>

av,\

1
= aH"%HL? 05) +CG||U|‘H1(I)|| ||H1(1)||77||H1(1)

< gaHHmHLz(I) + Cr(1+ HUHHl(z) + ||”A||H2(1))||77||H1(1)~ (5.31)

Similarly, we can also obtain

| / A0 F(p)rgundz| < Callws iz lull oo el g
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1 3 1 3
< CQH’%”L?(I)H“||}4{1(1)Hu||22(1)H77w||}4-11(1)||779:HE2(1)
1 1 3
< ClO”’%”Lz(l)H“”;{l(z)||n1“;11(1)||77z||£2(1)

1 1
< gallellzz( + 701wl + Cro(L+ lullzr ) Il oy- (5.32)

For the second term on the right-hand side of (5.25), by (5.23), we get, for all
0<A<Xandte][rT+T],

w w 67))\ 61&
\/‘fA (t)(el\ (t)—l)f”(s)“muﬂidﬂ S5012”’%HL2(1)||u||L4(I)H7HL4(1)||p||L°°(I)
I ox Jr

a’U)\ 81})\

< eCusllkall2(r ||UHH1(I)||UHL2(1)|| ||H1(1)H ||L2(1)||P||H1

aU)\

< 5014||"5zHL2(1)||U||11L11(1 == ||H1([)

aHF»wIILa +eCus(1+ [ullfr oy + loallzrzn)- (5.33)

Similarly, for the 1ast term on the right-hand side of (5.25), by (5.23), we get, for
al0 < A< Agandte[r,7+T],

I/ MO 1) (p)kaupade| < eCugllrallrznllull acn llpsll o

1 3 1 3
< 5cl7||"5z||L2(I)Hu”;{l([)Hunfz(j)||Pz||;11(1)||/)r||22(1)

1 1
< eCuslIrallzznllul gy ol e

—_

< gallrallZzay +eCro(L + lull oy + lelle ) (5.34)

It follows from (5.25), and (5.31)-(5.34) that for all 0 < A < A\g and ¢ € [r,7 + T,
0 0 1 1
[ e (e @00 = ) ) o < Sallsalr, + ol

+eCao(1+ ullfp(ry + ol + lloallire )
+Co1 (1 + [[ullF gy + [loallF2 ) 10l 7 1y - (5.35)
For the first term on the right-hand side of (5) we have

9 Aw(t) _ 1 Aw(t) Aw(t) vy
|/Ingﬁaxf(e vy)dx| = \/Iffgﬁf (e vz)e 5 dx|

81))\
< CZQH”I”LQ(I)||’€HL2(I)||%”L°°(I)

1
< gaH“zH%?([) + C23||U/\H%12(1)||HH%2(1)~ (5.36)
By (5) and (5)-(5) we obtain that for all 0 < A < X\g and ¢ € [r,7 + T,

d
a”““%zu) + Za”“xHZm(l)

b||77m||L2 + 2eCa0(1 + ||U||12r{1(1) + ||P||%12(1) + ||UA||?12(1))

+Cz4(1 HllullF gy + loxlize ) (K122 0y + 1010 @) (5.37)
On the other hand, by (5.21), (5.23), (5.26)-(5.28) we get

1d
§$||77||%{1(1) +0(n2llZ2 1y + IneallZ2r)) + dllnllF



STOCHASTIC KELLER-SEGEL EQUATIONS 1389

=c(t) /1 ef)“”(t)ii(n — Naz)dx + (t) /I(ef/\“’(t) — Du(n — nge)de.

< Cosllsll 2y (nll 22y + 1Mol L20) + eCosllull L2y (10l 22y + 1122l 2(1)

1
< Zb||77xa:||%2(1) + C27(||“H%2(1) + ||77||%2(1)) + eChs. (5.38)
By (5)-(5.38) we obtain that for all 0 < A < Xg and ¢ € [1,7 + 11,
L sl22cry + Il ry)
dt L2(I) M (1)
< eCoo(1 + [ullFrr 1y + lIollFr2(r) + oAl Fr2ry)
+C0(1 4 [ullFr py + loallFrzcry) (18l 2oy + 017 )- (5.39)
Applying Gronwall’s inequality to (5), we obtain, for all0 < A < Agand ¢ € [, 7+T],
H’i(thvwa H0)”%2(1) + ||77(t777w»770)||§11(1)

< o Jr O lam o)l i Hioa o b0 g2 )9 (g 12, ) 4 Yol 3 1)

t
Cso [P(1 7u0) |12 7w, 20 ))d
+€ng/ o0 [ (1t lluls,muo)l 7 g +llva(s,mwvo a2 ) (1 + () 2

T

Hlp) 2 (r) + o) 1 1)dr,

which together with (5.27) and (5.29) implies that for all 0 < A < A9 and ¢ €
7,7+ T,

Is(t, 7w, 50)l[Z2ry + It 7w, m0) 1y < CarllrollZary + InoliFrn (1)) + €Ce.
(5.40)
By (5.22) and (5.40) we conclude the proof. O

We now present the convergence of the solutions of system (2.1)-(2.4) as A — 0.

Lemma 5.2. Suppose (2.5) holds true. Let (ugx,pox) € H and (uo, po) € H such
that

(0,3, po.x) = (uo, po) in L*(I) x H'(I) as A= 0.
Then, for everyt € R, w € Q, T >0 and t € [r,7+ T,
(ux(t, Ty w,u0.), pa(t, Tyw, pox)) — (u(t, T, u0), p(t, 7, po)) in L*(I) x H*(I)
)

as A — 0, where (ux(t, T,w,uo. ), pA(t, T,w, po.x)) and (u(t,T,up), p(t, T, po)) are the
solutions of system (2.1)-(2.4) and system (5.5)-(5.8), respectively.

Proof. This follows from (2.45) and Lemma 5.1 immediately. O

We finally prove the upper semi-continuity of D-pullback random attractors for
the stochastic system (2.1)-(2.4).

Theorem 5.3. Suppose (2.5) holds true. Then for every 7 € R and w € Q,
)l\ig})diSth(I)XH1(1)(.A)\(T,w),.AQ(T)) =0. (5.41)

Proof. Based on (5.11), (5.19) and Lemma 5.2, we see that (5.41) follows from
Theorem 3.2 in [39] directly. O
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