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We study the effect of a power law drift on the Brownian motion in the positive half-line, where the order of
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1. Introduction

For a real-valued process X;, let Tr(X) = inf{¢t > 0 : X, = R} denote the first time the process hits the
level R. The first hitting time of a stochastic process has been widely studied due to its significant ap-
plications in both theoretical and applied probability. These applications span various fields, including
finance and chemical physics, where models are often driven by physical or economic considerations.

In finance, a common example involves analyzing interest rate fluctuations to make decisions for op-
tions based on when rates reach certain thresholds. The Cox-Ingersoll-Ross (CIR) family of diffusions
in interest theory, solve dX; = (a + bX;)dt + c\/m dB;. They are shown in [14] to be a transformation
of a Bessel process, so that the threshold for the CIR process is reduced to the more tractable Bessel
diffusion.

In chemical physics, the dissociation of a molecule might occur when a system reaches a critical
level. These phenomena are mathematically described by various stochastic differential equations, such
as those of perturbed Brownian motion or Bessel processes and their generalizations.

Key questions naturally arise, such as under what conditions a critical point is reached, when it will
occur, and how the process behaves once the threshold is attained. Some probabilistic answers to these
questions are provided by the probability density of the first hitting time, which can sometimes be
explicitly calculated. Notable examples include the classical Brownian motion with drift as discussed
in [18] and [4], the Ornstein-Uhlenbeck process ([1]), and certain Bessel bridges ([15]). Additionally,
an integral formula for the hitting time density of a geometric Brownian motion is presented in [8],
which also facilitates sharp estimates for the hitting times of Bessel processes ([7]). These results
are often derived using transformations, such as the Lamperti transformation ([20]), that relate Bessel
processes to geometric Brownian motion. Series expansions for hitting time densities of some diffusion
processes, including the first two moments for Bessel processes, are given in [19] and are linked to
the eigenvalues of the associated infinitesimal generator. Further discussions on exponential integral
functionals for Brownian motion with drift and Bessel processes are found in [6].

Despite the variety of techniques developed in these studies, exact expressions for the first hitting
time densities remain unknown in general. To address this, various numerical methods have been ex-
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approximations using Euler schemes for multidimensional diffusions ([13]), among others. The study
of large values of the first passage time also has a long history, with significant contributions such
as those by [21] and [3] for random walks, [2] for non-stationary Ornstein-Uhlenbeck processes with
statistical applications, [11] for Bessel and squared radial Ornstein-Uhlenbeck processes, [24] for the
occupation time of Brownian motion integrals, and [10] for Brownian motion with a power law drift.

Specialize X; to be a Brownian motion with a power law drift: the process satisfying the stochastic
differential equation

dX, =dB, - BX, " dt, Xo=x>0,

where 8 #0 and p > 0.
Note that when p =0, X; is a Brownian motion with drift —f, for which is known that the hitting

time of a certain level is a.s. finite if and only if the drift and the level have the same sign ([18]).

When g =0, X; is merely Brownian motion, for which it is well-known (Feller [12]) that

2 x/\t
PUX) > 1) = = /0 2 gy,
T

When p =1, X; is a Bessel process with dimension ¢ = 1 — 28, and it is known that for 8 > —%,
21/2-B x/VE
L(1/2+pB) Jo

and for 8 < —%, Py (19(X) = 00) = 1 (Going-Jaeschke and Yor [14]).
Using standard results from diffusion theory (Theorem 1.1 of Chapter 5 in Pinsky [23]), it is not hard
to show that if 8 < 0, then

Pr(to(X) > 1) = u2Be 12 gy,

Py (1p(X) =0) =1, forp>1
0< Py(rp(X)=o0) <1, forp<l.

DeBlassie and Smits [10] proved the following results for g > 0.
e Forp>1,

Ex[to(X)?] <00, ifg<1/2,
E[to(X)?] =00, ifg>1/2.

e For p < 1,limy_0 t~1=P)1+P) Jog P (10(X) > 1) = —y(p, B), where

il

Y(p.B) = Lp~2p /1) g2I(14p) [B(%’l—_pp) B (%12__[?,,)] 5 (%’1__,),,)*(1*17)/(1+p)

with B denoting the Beta function, B(a,b) = /01 11 —10)b~1dr.

In particular, there is a phase transition of sorts as the power p passes through the value 1: roughly
power law behavior (with the same power) of the tail versus subexponential behavior (with a different
power).

For the remaining case of 8 > 0 and 0 < p < 1, it is not hard to show (we do so in the next section)
that as long as the form of the drift is Sx™P for large values of x, one can change the drift to be of the
form ax™9, 0 < g < 1, for small values of x, keeping it bounded in between, and still have the process
hit O almost surely. This holds even if the multiplier « is negative. A natural question suggested by this
is to determine how much effect this change has on the asymptotic behavior of the time to hi
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We now state our results precisely. Consider the diffusion X; given by
dX; =dB; + b(X;)dt, Xop=x>0, (1.1)

where B; is one-dimensional Brownian motion and for some 0 < M| < M, and 0 < p,q < 1,

—ax™ 4, 0<x <M
b(x) = { bounded measurable, My <x<M;, acR, Bg>0. (1.2)
—Bx7P, My <x

By standard facts, the law of X; on the space of continuous paths in (0, c0) exists uniquely up to an
explosion time. Below, we will show the explosion time is the first hitting time at O and is a.s. finite:

Pr(19(X) < 00) = 1. (1.3)
Here is our main theorem.

Theorem 1.1. Under the condition (1.2), the solution X; of (1.1) satisfies

lim ~(=P)/*P) Jog P, (10(X) > 1) = —y(p, B),

—0o0

where

y(p,B) = %p—Zp/(l+p)ﬂ2/(l+p) [B (%12—_;) +B (%12;17,,)] B (%’I__I’p)—(l—p)/(lw). (14)
It is surprising that the rate function y is independent of @ and g. This says the behavior of the
process near the origin does not influence the time to hit O over very long time periods, at least at the
logarithmic level. This is surprising because a negative @ would push the process away from 0, hence
delaying the time to exit, while a positive @ would push the process towards zero, hence decreasing the
time to exit.

Our result extends to drifts of the form a(x)x?¢;(x) near 0 and B(x)x?£»(x) near co, where £; and
£y are slowly varying at 0 and co, respectively, and the coefficients a(x) and B(x) have limiting values
ap and By > 0. In the context of regular variation, one would say x4¢(x) is regularly varying at 0 from
the right, with index ¢, and x? £;(x) is regularly varying at infinity, with index p.

To be precise, a measurable function £ > 0 is slowly varying at infinity if for each 4 > 0,
£(Ax)/€(x) — 1, as x — oo. Similarly, a measurable function £ > 0 is slowly varying at zero from the
right if for each 1 > 0, £(Ax)/{(x) — 1, as x — 0%,

Theorem 1.2. Suppose a : (0,00) = R and B : (0,00) — (0, 00) are continuous and p,q € (0,1).
Assume:

e a(x) is bounded in a neighborhood of 0 and limy_, B(x) = By > 0 exists;
o (| is continuous and slowly varying at zero from the right;
o { is continuous and slowly varying at infinity.

Suppose, for some 0 < M| < M5,

—a(x)x1¢1(x), O<x <M
b(x) = { bounded measurable, My <x<M, (1.5)
\—ﬁ(y)rpfa(r)’ M> < x




Then the solution X; of (1.1) satisfies

lim ~=PY4P) Jog P, (10(X) > 1) = = ¥(p, Bo),

1—00

where y(p,Bo) is from (1.4), and is independent of the function a and the power q.

Here is a roadmap to our proof of Theorem 1.1. The basic idea is to “bootstrap” from carefully
chosen special cases to the general case. In Section 2, we prove almost sure finiteness of the explosion
time 79(X) and we set the stage for the case b € C° by deriving a Feynman-Kac representation of]
Px(19(X) > t) solely in terms of Brownian motion. It requires the use of the h—transform. For the
convenience of the reader, we provide a synopsis of the relevant facts about the h—transform in §1 of
the supplement paper [9]. There, in §2, we also list some variational formulas from [10].

In Section 3, we first obtain the liminf behavior for the special case b € C 3. For that, we use the
Feynman-Kac representation of P,(1p(X) > ¢) in terms of Brownian motion B; from Section 2. By
scaling the representation, we reduce consideration to the scaled process VIB,, u € [0,1]. The liminf
behavior is derived by analyzing small, intermediate and large values of the scaled process. The ar-
gument is technical and nontrivial. The liminf behavior in the general case follows using a simple
comparison argument with a C3 function below b.

The lim sup behavior is much harder to obtain. Even in the C3 case, analysis of the small and inter-
mediate values of the scaled process in the Feynman-Kac representation of Py (1yo(X) > ¢) in terms of
Brownian motion B; seems impossible. The way around this is to impose the simple extra condition
b’ > 0 to eliminate the issue. This reduces the analysis to only large values of the scaled process. To-
gether with some scaling tricks, this allows us to convert the estimation to a standard large deviations
setup. This is the content of Section 4.

For the lim sup behavior in the general case, it is natural to try to mimic what was done for the lim inf
behavior and compare a general b with a nondecreasing C> function satisfying (1.2) lying above b. In
general, this is impossible because past a certain point, b is negative and there can be places before
that point where b is positive. In that case, it will be impossible to find a nondecreasing C> function
satisfying (1.2) (with the corresponding M; and M, not necessarily matching those for b) that lies
above b. The remedy is to extend the Feynman-Kac representation of Py (1o(X) > t) to drifts b that
are not necessarily C> or nondecreasing. As is standard in deriving Feynman-Kac representations, the
Girsanov Theorem is used to change drifts appropriately. We do this for different b’s that match near O
and oo, but not in between, and that are not necessarily C 3. This is the content of Lemma 5.2 in Section
5. Lemma 5.4 is a variant of this for drifts that match at oo, but not necessarily near 0.

In Section 6, we choose appropriate “comparison drifts” to render a useful form of the Feynman-
Kac representation from Section 5. This will give the lim sup behavior for the case when b from (1.2) is
positive and constant on [M}, M]. A simple comparison argument yields the desired lim sup behavior
for the general case.

In the sequel, for a stochastic process Z; in (0,00), write 7 p(Z) = 7:(Z) AT (Z),0 <e <M. B,
will denote a generic Brownian motion and By will be clear from context.

2. Preliminaries
First we prove zero is hit almost surely.

Lemma 2.1. For X; as in (1.1) with b as in (1.2), Px(19(X) < 00) =1 for all x > 0.

This will ¢ the follow ol
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Lemma 2.2. For X; from (1.1), where b from (1.2) is continuous, Px(19(X) < o0) =1 for all x > 0.

Proof. Let ¢ € (0,M;) and for x € (0,c0) set

x &
p(x)= / exp (—2 / b(O)dl ) d¢  (scale function), and

v(x)= /x exp( b({)d{) [/ exp( b(f)df) dz]

Routine computations show p(c0) = limy—,e p(x) = oo (since B > 0), p(0T) = lim,_,o+ p(x) < oo and

v(0%) < co. Then by Feller’s test for explosions, Proposition 5.32 (iii) in Karatzas and Shreve ([18]),
the explosion time S = inf{f > 0: X; ¢ (0,00)} of X, is a.s finite. By Proposition 5.22(b) in ([18]),
lim; s X; = 0 a.s. It follows that § = 79(X) a.s. and so Py (19(X) < c0) = 1. O

Proof of Lemma 2.1. Given b as in (1.2), since b is bounded on [M;, M;], we can choose M1 < M,
and M2 > M, along with a correspondmg continuous b satisfying (1.2) for M, 1» M2, such that b < b
on (0,c0). Then for dX; = dB; + b(X;)dt, Xo = x, by the Comparison Theorem for SDEs (Ikeda and
Watanabe [17], Theorem 1.1 in Chapter VI), X; < X; almost surely and so

1= Py(70(X) < 00) < Py(9(X) < 00),
and so Py (19(X) < o0) =1, as claimed. O

The next results pertain to the case when b € C3(0, co).

Lemma 2.3. Suppose b from (1.2) is in C'. Then for

X

h(x) =exp (/ b(y) dy) , x>0, 2.1
0

h(x) is bounded on [My,M>]; (2.2)
h(x) is bounded below away from 0 on [M,M>]; (2.3)
h(x) = exp (—%xl_q) on (0,M]; (2.4)

q
h(x) =Cexp (—%xl_p) , X > M, for some positive constant C. (2.5)

Proof. For some constants C; and C,,

p X
w1y = =szx it 0+ e [ b(y)dy] Tty ()
1

+]Co = x| Tty oo (). (2.6)

ot . ¢ the I follow | fiately from thi N
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Lemma 2.4. Suppose b from (1.2) is in C' and a > 0. Then for

V=-1+p), (2.7)
we have V < VI, o)
Proof. Since @ > 0 and 0 < g < 1, on the interval (0, M;] we have V(x) = _2)(:22(, - 2:% < 0. The
conclusion is immediate. O

The next result is a Feynman-Kac representation of Py (79(X) > ¢) solely in terms of Brownian mo-
tion.

Lemma 2.5. Suppose X; is from (1.1) in the Introduction, where Xo = x > 0 and b given by (1.2) is in
c3. Then for h from (2.1) and V from (2.7),

Po(ro(X) > 1) = Ey [exp ( / V() ds) h(B,>ITO<B>>,] .
0

Proof. Let L = %j—; + V. Note h is positive and L-harmonic on (0,c0). The h-transform L of L is

defined by L" f = + L(hf). It is easy to show that L' = %dd—; +b-L Next, we will use the following
identity from §4 of Pinsky [23], which is stated as Theorem 1.1 in our Supplement [9], and we apply it
here for a domain D C R and f € Cy(D), to get

1
_EQx
h(x)

exp ( /0 V(Ys)dS) (hf )(Yt)ITD(Y)>t] =%

L Lh
exp (/0 T(Ys)ds) FD) Ly (v)>t

Let0 < & < M < oo be such that x € (¢, M) and in the above identity take d = 1, D = (¢, M. Then, under
the measure Q on C([0,0),(g, M)), the coordinate process Y; satisfies dY; = dB;, ¥y = x, and under|
the measure Qﬁ, the coordinate process satisfies dY; = dB; + %(Y,)dt, Yy = x. Thus, for our process
dX; = dB; + b(X;)dt, Xy = x, under the underlying Py, the above identity yields for f € Cy(g, M),

Eyx

1 t

e ( J v<Bs)ds) (Y Br, yr 300
_ 1 o '

— h(x)E [exp (/0‘ V(Bs) ds) (hf)(Yt)ITD(Y)>t:|

— gt

exp (A %h(ys) ds) f(Yt)ITD (Y)>t]

=g [f(Y) I, (v)>¢] (since Lh =0) = Ex [f(Xl)ITg,M(X)>t] :

By Monotone Convergence and Lemma 2.1, we can let £ | 0 and M T oo to get

E, = Px(10(X) > 1),

1 t
o) exp (‘/0 V(Bs) ds) h(By)1zy(B)>t

as claimed N
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3. Lower bound
The main result of this section is the following lower bound.
Theorem 3.1. Let X; be as in (1.1), where b is from (1.2). Then
lim inf =P/ P og P(r0(X) > 1) = = ¥ (p. ).
where y(p, ) is from (1.4).
We first prove a special case.

Theorem 3.2. Let X; be as in (1.1), where b from (1.2) satisfies « > 0 and b € C3. Then

liminfr~=P P log Py(10(X) > 1) = = (p. ),

where y(p, ) is from (1.4).

The proof of the theorem is long, so we break it up into pieces. By Lemma 2.5

P (t9(X)>1t)=Ex [exp ('/Ot V(Bys) ds) h(Bt)ITo(B)>t] .
Define
Ko={weCy: '/01 lw!,|* du < o},
where Cy = {w : [0,1] = R, w is continuous, w(0) = 0}, and
F(w) = %2/01 lwu |72 du + %MH*P + % /Ol(w;)z du, w € K.

Let g € Kp with g > 0. Let 6 > 0 be given and set § =g + d,

c= ,—(1—p)/(1+p)’

and
Zy=B, - g(”)/\/g
For Zy > 0, we have
10(Z)> 1= 19(B) > 1
10(Z) > 1= B, > g(u)/Ve,ue[0,1].

Now scale and use (3.5):

Px(to(X) > t) = Ex [exp ( At V(Bs)ds) h(Bt)I-rO(B)>t

= x/\/;[exp (t /1 V(\/;Bu)du\l h(\/;B])IT()(B)>1]
L \Jo / 1

3.1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)




(3.7)

1
>E, /i [exp (z /0 V(\/ZBu)du) h(NtB1) Ly z)>1 | -
Lemma 3.3. For 19(Z) > 1 and & from (3.3),
1 ﬂ2 1 5
([ VOB 1, <, + et iz Gr(@ o where lim 0 Gi(gie) == [ 200 .

Proof. By (2.7),

2 2
@ qa B pB
V(x) [10<x<M1 + ]M2<x] =- (2)(?2(1 + 2xq+1 )10<x<M1 - (2x2p + ZxP” ) IM2<x-

This is nonpositive and increasing, since a > 0 and 8 > 0. By (3.6), for u € [0,1], B, > == and so

% (\/?Bu) >V (\/Eg(u)). Thus for 79(2) > 1,

/ VOVEB) [ L, <nty *+ i, | 41 f 1V(\/Eﬂ )) |1t <, + Tntyevi, | 4
= / [ [V g(u)) 2q+"— e qlllmm

[ o) 2 ()™

e 2 e —(f)]r

e84l

(since Ing, <y, < 1 and since 79(Z) > 1 implies Lyig,<m, = I\/E(zu+g(u)/\/5)<M. < I\/t/_gg(u)<M1 for
uel0,1])

M2<‘/;Bu

hlN

du

1! N P

1
- /0 |52 60 + ppg(y ™™ | du, G8

where we have used (3.3) to replace the variable 7 in terms of the variable ¢.
Define G1(g,&) = RHS(3.8). Then

- e o) (=p) 51 ) /(1-p) s -
8G1(8,8)=—§/O [flz&z(q PIP g(u) 24 4 qag M+ a2 gy 0™ 1o 0 v du

1
L / [ﬁzg(u)‘z” +pPBeg(u) P! du. (3.9)
0

2
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Now if & < (6/M;)'~P, then for any u € [0,1], §(u) > 6 > M1£'/(1=P)_ Thus the first integral in (3.9)
is 0. The integrand in the second integral is bounded because g > ¢ and p > 0. It follows that

1 !
limeG(8,e)=—= / Bzg(u)_zl’ du,
£—0 2 0
as claimed. ]

Lemma 3.4. For any positive Cy and vy, as € — 0 (where ¢ is from (3.3)),

P e [ dut L (vig)) "+ 4  wdBy > Lo wo(B) > 1
N\ B iTe < ”+E( 1) * 2 Jy & WdBu> 2 7(B)>
- o(Px/W(TO(B) > 1)).

Proof. Since 79(B) > 1 implies B,, > 0 for u € [0,1],
! Y
Px/\/f (Clt'/o I\/fBu+\/t/_s§(u)<Mz du > %’ T0(B) > 1)

1
—y/3e
<e Ex/\ﬁ [exp (CIIA I\ﬁBu+\/t/_8§(u)<Mz du) ITO(B)>1]

1
3
</ gEx/\ﬁ [exp (Clt‘/() I\/t/_sg(u)<M2 du) LyB)>1

1
-v/3¢e
<e exp (Clt./o [\/t/_£6<M2 du) PXN;(TO(B) > 1), (3.10)
t
(since g > 6). But by (3.3), e e +P)/(-P)=1 _; o6 a5 & — 0, so for small &, [ e s<M, = 0 and we
get
! y /3
e -¥/3e
Py (Cltfo i iTe 2y, 4> 3 T0(B) > 1) < e, 3.11)

Next, for some constant C (whose exact value might change from line to line), independent of &,

B lI-p vy y\1/(1-p) Z12
Px/‘ﬁ(m(\/i&) >§)=Px/\,;(31>c( ) 1

&

<exp (—Csil/(lfp)fl/z) E v [eB‘] =exp (—C871/2 + xg1+P)20-p) 1/2) , (3.12)

using (3.3) to write ¢ in terms of . Finally,

1 ! ’ — & 1~/
Py ($/0 g'(u)dB, > %) <e 7/3\FEX/W [exp (/0 g (u)dBu)]

1
= e7V/3Ve exp(% / g'(u)zdu), (3.13)
0
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Combining (3.11)—(3.13), we get

1
Px/\ﬁ (Clt_/o I\/fBu+\/t/_€§(u)<M2 1 - (\/—Bl * _/ (W) dBy > = TO(B) > 1)
: y
< Px/\/? (Clt‘/o I\ﬁBM+\/t/_sg(u)<M2 du > 3 T0(B) > 1)

-P
N( (\/_Bl) >3— TO(B)>1)+PN(\/_/ §'(w)dB, > - T()(B)>1)
<3 1 Crexp (~Co 2 4 xp 1P 4 Oy VR, (3.14)

where the constants are independent of £. From Feller [12], as ¢t — oo (or equivalently, as € — 0)

2 N 2
P (t0(B)>1)= —/ e du~ ——= = = Gy g1HP20P), (3.15)
xIVe Var Jo V2r \/—
where Cy is independent of & and we have used (3.3) to write ¢ in terms of &.
Combining (3.14)—(3.15) yields the conclusion of the Lemma. O

Lemma 3.5. For any C; > 0 and y > 0, with € > 0 from (3.3),

Y _
hm slog /{(Clt‘/ \fBu+\/t/_eg(u)<M2 \/_Bl / "(u)dBy, S;,T()(B) > 1) =0.
Proof. Write
1
M= Clt/O L i oo <m> 4 (\/_Bl + —/ (u)dB,.
Then we want to show
. Y
lim 2 log P, ; (M <L ) > 1) -0. (3.16)
Notice
P (M<Z (B)>1)=P_, s (1o(B)> 1) =P, (M>L, 1(B)> 1
xve\M =g T BREAA XN e 10

=P (ro(B)> D1 PX/W(M>%,TO(B)>1) /PXM(TO(B)>1) .

It follows that

glogP, M < = T()(B) >1)=¢logP (to(B) > 1)
Nt x/Vt

+ & log [1 ~P g (M > % 70(B) > 1) /PXN, (to(B) > 1)] .

Eauation (3.16) follows from this. using I : 1315 N
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Lemma 3.6. For any C| > 0, with € > 0 from (3.3),

. ! B Vi I-p
ll}gl_}(l)lfa logEx/\ﬁ [exp (—Clt/o I\/EBM+\/t/_sg~(u)<M2 du—ﬂ( tBl)

1t
—$/0 g(u)dBu) LoB)>1

Proof. For any y >0,

>0.

1 ﬁ 1-p
exp (—Clt/ I\ﬁBu+\/t/_s§(u)<M2 du—m(\/;Bl)

g'(u)dB ) T()(B)>]]

liggfg log Ex/\ﬁ

L
Ve Jo

1 B \/_ 1-p
>11m161f8 logE, /\f[ (Clt/() 1«ﬁB,,+\/t/_gg(u)<M2 du+ﬂ( tBl)

/ "(u) dBy, ) 70(B)>1

-y +¢&logP /i (Cll/ ViB,, +\/t/_gg(u)<M2 (\/_Bl)

= 11m mf

1 1
+$‘/ g’ (w)dB, < g,‘['o(B) > 1) >—v+0,
0

by Lemma 3.5. Let y — O to finish. O

Lemma 3.7. We have for € > 0 from (3.3),

ﬁ 1- 1/1~/ 2
>- L g1)P- :
= gP=2 [ 8du

hmmfslogE /\f[exp( V(\/_B ) <\/;Bu<M2du)h(\/fBl)IT0(Z)>l

Proof. Since V is bounded on [M;, M>], there is C; > 0 such that |V| < C; on that interval. Then

1
E i [exp (z /0 VIVIBIIy, g, <ms du) h(N1B1) Ly (z)>1

1
2 Ey v [exP (t/() VOVIB) g, i, <, d”) h(VEB)Ly, i, Fro(2)>1

1
B 1-
2 CE, 7 [exp(‘cﬂ /0 Wi vty A= T VBT | g, o1

(where C is from (2.5) and using that IM.<«ﬁBu M, S I\ﬁBu <M2)

(wle s igez) )

/

2 CE x /Nt [exp( Cit / I\fZ +\mg(u\ M’v
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’ IM2<\/t/eg(1)ITO(Z)>1

(using (3.4) and that Iy, i, = IM2<\/;Z]+\/t/—Eg~(1) > IM2<\/t/—8g~(]) for 79(Z) > 1)

1 ﬂ 1-p
>CE,; [exp (—C]t/O Lz Tz 44 T (\/Zzl)

—i( i ~(1))1_p 1 I
l_p €8 M2<‘\/t/_sg(1) T()(Z)>l

(using that (a + b)'™P <a'™P + b'"P since 0 < p < 1)
_ B (J7zs)
=Cexp (— —p ( t/ag(l)) IM2<\/z/_sg(1)'
1
B =p
. Ex/\/f [exp (—Cll“/ov I\/;Bu+\/t/_8g(u)<M2 du— E (\/;Bl)

1, 1 [
—$/0 g (M)dBu—gfo g’(u)zdu) Lo(B)>1

(by the Cameron-Martin-Girsanov Theorem)

_ ﬁ = I=p 1 ! ~/ 2
=Cexp (——1 — (\/t/sg(l)) “2% /), §'(u) du IM2<\/t/—€g(1)-
1
i -p
Ex/\ft [exp (_CIIL I\/EBM+\/I/_6§(M)<M2du_E(\/;BI)

1 rt
_$/o g (u)dBM)ITo(B)>l

From this and Lemma 3.6, we get

. 3.17)

1
liminfe logE, 7 (exp (z /0 VIVIB) Ly, ip, <u, du) h(NtB)) Ly z)>1

. ﬁ ~ I-p 1 1~/ 2
Zhgg(l)lfs (logC— —p (\/t/ag(l)) "8 A g'(u) du+logIM2<\/t/—€g(1) +0

. PR Y
legl_}(lilf(g logc—mg(l)l p_i o g(u)zdu+£10g1M2<871/(1+p)g~(1)

(using (3.3) to substitute for # in terms of &)

ﬁ ~ 1— 1 1~/ 2
Eg(l) p_E/O &'(u)" du,
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since limg 0 Ipy, co-1/04p)5(1) = 1, as g)=g()+6>0. O

Proof of Theorem 3.2. By Theorem 2.1 in §2 of Supplement [9], y(p, 8) = inf, ek, w>0 F(w), where
F is from (3.2), so it suffices to show

t—00

liminf~(=P)/1+P) Jog P, (1(X) > 1) > — inf F(g). (3.18)
8€Ko

g>0
To see why, let g € Ky with g > 0. By (3.3) and (3.7), (recalling g > 0 and g € Cy),

liminfs~1=P)/1+P) o0 P (10(X) > 1)

t—o0

1
exp (t/o V(VtBy) du) h(\/;Bl)IT()(Z)>1

> liminfe log E v , and by using Lemma 3.3,
e—0

s

1
> lién_i(t)lfg logEx/\ﬁ exp (Gl(gf,s) +t/0 V(\/;BM)IM1<\EB,4<M2 du) h(\/;Bl)ITO(Z)>1

= liminf
e—0

1
eGi(g,e)+e logEx/\ﬁ [exp (t/o V(\/;BM)IM1<\/;BM<M2 du) h(\/;Bl)ITO(Z)>1]

ﬁZ 1 :8 1 1
> - /0 g(u)—zp du — E37(1)1—" -3 /0 g’(u)2 du, (by Lemmas 3.2 and 3.7).

Recalling g = g + 6, where ¢ > 0 was arbitrary, we can let 6 — 0 to end up with

2 1 1 1
liminf ==/ P60 P (79(X) > t)z—% /0 g(uy *Pdu — 1%7 g()P- 3 /0 ¢'(u)2du = —F(g).

t—o00

Since g > 0 in Ky was arbitrary, (3.18) holds. O

Proof of Theorem 3.1. Since b is bounded below on [M|,M;], we can choose C < 0 such that C < b
on [M, M;]. Then for some x; < M; and x, > M;, we can choose b € C3(0, o0) such that

_|a|x_qs X € (O,X]]
—Bx7P,  x€[x,),

b - |
and b > b on (0,00). By the Comparison Theorem, if dY; = dB; + b(Y;), Yy = x, then
Px(19(X) > 1) 2 Px(10(Y) > 1).

The desired lower bound follows from Theorem 3.2 applied to Y. O

4. Upper bound: a special C? case

The main theorem of this section is the following special case. It will be crucial in proving the general
case.
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Theorem 4.1. Let X; be from (1.1) where b from (1.2) satisfies « >0, b € C3and b’ >0 on (0,00).
Then, with y(p, B) from (1.4), we have

limsuplog Py (19(X) > t) < —y(p.B).

t—00
Proof. Let & be from (2.1) and V from (2.7). By Lemma 2.4 and our hypotheses that ' > 0 and a > 0,
V() < Va1, 00)() = Vit c00() = § (B00) + 5/ 06)) g, vy () < VO agy (). ()
By Lemma 2.3, since 8 > 0,
h(x) < Cexp (—ll_ipxl-l’) . x>0 4.2)

By Lemma 2.5, (4.1), scaling and translation,

Pu(1o(X)>1)=E}

t
exp (‘/0' V(Bs) ds) h(Bt)ITO(B)>t]SEx

exp ( /0 VIimy, 00 (Bs)) dS) h(Bt)IT()(B)>I:|

1
=Ey [exp (t /0 (VIipty o) (VH(By + x/ V1)) du) “h(Vi(By + x/NO) g /\/f>>1] . (4.3)

Writing € = ~(1=p)/(1+P) an4 Xg = xsl/(l’p), we have
Vi(By + x/Ni) = ViB, + x = e_l/(l_p)(sl/zBu + Xg).
By (2.7) and (1.2),
VIim,, 0 (ax) = —% (ﬁza_zl’x_zl’ +p,8a_p_1x_1’_l) L1 01y ,00)(X) < —%ﬁza_zl’x_zl’ g1 00) (%)
Thus
(VI ) (VB + %) = (Vijagy o)™ P 2By + )
< =38P N 2By +x0) P L1/ pgy ) (&2 Bu + Xe). (44)

By (4.2),

h(VtB; + x) < Cexp (—%(\/;Bl + x)l’P) = Cexp (—%871(81/231 + xg)lfp) . (4.5)
Substituting ¢ = e~ (1+P)/(1-P) jnto (4.3) and using (4.4)—(3.5) gives

2 4 -2p
Po(1o(X) > 1) < CEy [exp (—%g U (' 2Bu 4 xe) T Tjaimmiagy o) (&P Bu + o) du

— I-p
_%g 1 (51/2B1 +x8) )IT0(€1/23+XE)>1]

2 el -2p
< CEy [exp (—%s ! ./0 (Sl/zBu + xg) I[gl/(l—p)Mz’oo)(gl/zBu + xg)du

1-
——,'Bys_l !sl/zBl +pr p” .
r /1
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Writing Q. for the law on C([0,0),R) of 4/&B under Py, this becomes
2y orl _
Py(19(X) > 1) < CE9= [exp (—%s ! /0 (Wi + x5) 2P 1[81/(17P)M2’W)(wu + xg)du

—%8’1 lwi + xg|'7P )] = CE9- [exp (—% s(w))] , where

1
Js(‘”) = BTZ ‘/0 (“)u + xa)_ZP I[gl/(l’P)MQ,oo)(wM + xg)du + % |‘U1 + xall_p .
Set
J(w) = ’872 /0] w,;ZPIwM sodu + lf;pwi_plw] >0s
if the integral is finite, otherwise set J(w) = co. Then J is lower semicontinuous on Cy, and if w, — w

in Cp as n — oo, then liminf,,_,o 0+ Je(wn) = J(w). If w € Kg ={w € Cy : fol |w!,|> du < o0}, by
Varadhan’s Theorem ([27], Theorem 2.3),

limsup elog E@- [exp (—éJg(w))] < —inf, e, [J(a)) + %fol(w;)z du]

-0t
. 1, ,
= —infy ek, [J(a)) A |wu|2du] .

By Theorem 2.1 in Supplement [9], the infimum is y(p, 8). This completes the proof. O

5. Transformation of drift

In this section we set the stage to extend Theorem 4.1 to a drift with nonnegative a and b that can take
on positive values on [M;, M,]. There will be no increasing or C3 conditions imposed. We will also set
things up for the case of negative a.

First we prove a variant of the formula in Lemma 2.5 that is applicable to discontinuous drifts.

Lemma 5.1. Suppose bx and by satisfy (1.2) with the same My and M». If bx and by are continuous
on (0,00)\{M>} and each restricted to (M, M>) has a C' extension to [My,M>), then the function

y
5(y) = /0 (bx - by) (2)dz 5.0)

is a linear combination of convex functions with generalized second derivative u given by

H(A) = (bx — by)(Ma—) 6p1, (A) — /A (b = %) Iy ) (@) da (5.2)

for any Borel set A C (0,00). Here 0py, is the unit point mass at M.

Proof. By our assumptions on bx and by, bx — by is of bounded variation on any bounded open subset
U of (0,00), hence g is a linear combination of convex functions on U (Roberts and Varberg [26], page

3. W ] lized 1 derivative i b (5.2
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Since g’ = bx — by a.e., it suffices to show for each H € C(‘)"’(O, 0),

/ (H'(bx — by)) (a)da = / H(a) du(a). (5.3)

To this end, let H be so given. Then denoting the C! extensions of by, by on (M}, M>) to [My,M>]
by bx, by, respectively,

/H'(bx ~by)= /H/(BX = by) Iy )

(since bx = by on (0,M1] U [M;,0))

= SILH(}+/H,(I;X - EY)I(M1+E,M2—8)
= lim [(H(bx = by))(M; — &) — (H(bx — by)) (M +¢&) — H(b - by)
£-0 Mi+e
Mz—s

sli_)ﬂ(f)g [(H(bx —by))(M; — &) — (H(bx — by)) (M + &) - H(by - b})}

Mi+e

M,
(H(bx = by) a-) - [ HO = 85)
1
(since by, by are continuous at M and coincide there, and 15;( - 15%:193( — b, is bounded on (M, My))

M,
= H(M(bx = by o) = [ H = )
1
(since H is continuous). This gives (5.2). O

Lemma 5.2. Let x > 0 and let

dXt = dBt + bX(Xt)dt, X() =X
(5.4)
dY; = dB; + by(Y;) dt, Yo=x

be such that bx and by satisfy (1.2) with the same My and M,. If bx and by are continuous on
(0,00)\{M>} and each restricted to (M, M>) has a C' extension to [My,M>), then for g as in (5.1) and

H = (b§( - b%,) - (bg( - b;,) Iy, m,), we have

Pr(10(X)>1)=Ey [GXP (g(Yt)—g(X)—%/o H(Yy) ds—5(bx —bY)(Mz—)fzwz(Y)) I‘rg(Y)>t]’ (5.5)

where fth (Y) is the local time of Y at M.

Proof. The idea is similar to the one used by Pinsky [23] to get the formula cited in Lemma 2.5: use
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Let 0 < & < My < M, < M such that x € (¢, M). Then since bx — by is bounded on (&, M), the “Local

Novikov Condition” holds:
tATg, M Y)
e [ (bx — by)2(Y,) ds
0

< 00,

Ex

It follows that
tATe m (Y) A Te, M (Y)
M, = exp /0 (bx — by)(¥)dB, ~ § /O (bx - by (%) ds

is a martingale. By Girsanov’s Theorem,

Px(Ta,M(X) > t) =Ex [MI‘ITs,M(Y)>t]

= Lx

4 t
exp ( /0 (bx — by)(Ys) dBs - /0 (bx - by)Z(YS)ds) IT&M(Y)N] . (5.6)

Now we eliminate the stochastic integral in (5.6). By Lemma 5.1, we can apply the It6-Tanaka for-
mula (Revuz and Yor [25]) to get for 7 p(Y) > 1,

o(f) = g(x) + /O o () [dBy + by(Yy) ds] + & / (4 )u(da),

where g’ is the left derivative and u(da) is the generalized second derivative of g from (5.2) in Lemma
5.1. By our hypotheses on bx and by, g’ = bx — by a.e. on (0,00). Using this, the occupation times
formula (Revuz and Yor [25]) and Lemma 5.1 gives, for 7 ps(Y) > t,

(1) =g(x) + /0 (bx - by)(Ys) [dBy + by(¥y) ds]

1
t2

(bx — by)(Ma=) EM>(¥) - /0 (B = Bty aay) () ds |

Solving for the stochastic integral, we get, for 7o p(Y) > ¢,
t t
/0 (bx — by)(¥,) dB, = g(¥,) — g(x) - /O (bx = by)by)(¥y) ds

+3 /0 (b = By vty b)) (Vo) ds = L(bx = by) (M=) €72(Y).

Substituting this into the exponential in (5.6) gives

Px(Ts,M(X) >1)=Ex

exp (g(Yz)—g(x)— /0 ((bx — by)by)(¥)ds

+ % /0 (b = b))y my)) (Ys) ds — %(bx - bY)(Mz—)szz(Y)

t
-3 / (bx —by)z(Ys)dS) ITS)M(Y)>t]
i

JU /
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=E,

exp (g(&)—g(x)—% /0 H(Y,) ds

~5(bx - bY)(Mz—)fth(Y)) ITS,M(Y)»] .

By Monotone Convergence and Lemma 2.1, upon letting & | 0 and M T oo, we get the desired con-
clusion. O

Next, we prove a variant of the previous results applicable to the case @ < 0.

Lemma 5.3. Let by and b satisfy (1.2) with the same B > 0, My and M,, but the corresponding
a’s—call them a1 and ay, respectively—are different. Suppose by and by are continuous on (0,0) and
for some M € (M, M), by — by restricted to (My, M) and (M, M>) has C" extensions to [M,M] and
[M, M,)], respectively. Then the function

y
g(y)= /O (b1 —by)(z)dz (5.7)

is a linear combination of convex functions with generalized second derivative u given by

H(A) = - /A (8], = B3) Tonty aay) (@) da (5.8)
for any Borel set A C (0,0).

Proof. This is similar to the proof of Lemma 5.1, except because of the continuity of b; and b, on
(0, 00), there will be no point mass term in the generalized second derivative. O

Lemma 5.4. Let x > 0 and let

dXt = dBt + bX(Xt)dt, X() =X
(5.9)
dY; = dB; + by(Y;) dt, Yo=x

be such that by and by satisfy (1.2) with the same 3 > 0, M| and M>, but the corresponding a’s—call
them | and ay, respectively—are different. Suppose by and by are continuous on (0,00) and for some
M € (M1, M), by — b restricted to (My,M) and (M, M) has C' extensions to [My,M] and [M,M,].
Then for g as in (5.7) and

H = (b7 = 03) = (6] = 05) Loy oy 1)
we have

Py(19(X) > 1) = Ey [CXP (g(Yr) -8(x) - %/O H(Ys)dS) ITO(Y)»} - (5.10)

Proof. This is a simple modification of the proof of Lemma 5.1, where again, because of the continuity

of b] all(] bz on ‘“ ) |||ﬁ|ﬁ WII I!ﬁ no I(lcal time term. 4D
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6. Upper bound

The main result of this section is the following theorem, which combined with Theorem 3.1 will prove
Theorem 1.1.

Theorem 6.1. Let X; be as in (1.1), where b is from (1.2). Then

timsup =P/ P jog P (10(X) > 1) < = y(p. ).

1—00
where y(p,B) is from (1.4).

We break up the proof into the cases when @ > 0, @ < 0 and @ =0, in that order.

Let @ > 0. We will remove the assumptions that b € C> and b’ > 0 in Theorem 4.1.
Lemma 6.2. Under the condition (1.2), if @ > O, then the solution X; of (1.1) satisfies

limsuplog Py (1o(X) > t) < —y(p, B).

t—00
where y(p,[3) is from (1.4).

The proof uses several arguments that we consider next. The basic setup is as follows.
Let 0 < x; < xp, y1 <y2 <0andy >0 be given. Consider the lines

bx(x)= L2 (x—x))+y1, x>0 6.1)
X2 — X1
and
by(0)= 2" (x—x)) 4y, x>0. 6.2)
X2 — X1

Then by passes through the points (x1,y;) and (x2,7) and by passes through (x1,y;) and (x2, y2).
Lemma 6.3. For vy sufficiently large,
b% — by, — (b — by) = 0 on [x1,x2].

Proof. We have

I I St i1 N PP B 110 20 e) P
by —by = [(7 yi) =2y |+ (x —x1)

Xy — X1 X2 — X1

and b2 — b? takes on its minimum value oAl at the point x = x| — 2L0=22=X) (e

X Y ) r=-y1)?~(n-y1)? =-y1)?*=(n2-y1)?
that y — y; > yp — y1 > 0). In particular, on [x{,x2],

2 2
- .- 1y —y2) Y=y Y2-)i
(B =By )(x) + (B — By )(x) = — + -
o o (=P -(2-)? x-x1 x-x
yi(y = y2)? v=y o |- yiy = y2) R B

C (y=y)?=-(n-n) xm-x (y=y)P?-0n-»)? x-x
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for large . 0
Lemma 6.4. Let dZ, = dB; + bz(Z;) dt, where by satisfies (1.2) with bz = C > 0 on (M, M>). Then

limsuplog Px(70(Z) > 1) < —y(p. ),

—00
where y(p,B) is from (1.4).
Proof. By our hypotheses,
—ax 1, xe(0,M]
bz(x)=4C, x € (M, M) (6.3)
-Bx7P,  x€[Mp,o0).
I — -p _ (M M\ 4 .
n Lemma 5.2, choose (x2,y2) = (M2, —BM, ") and (x1,y1) = (& —a | & where K > 1 is so

large that y; < y. Notice this tells us y; < —aM 9. Then we can choose y > 0 so large that the
conclusion of Lemma 5.2 holds for by and by given by (6.1) and (6.2):

b% — by — (b — by) = 0 on [x1,x3]. (6.4)
Define
—ax 4, x€(0,x]
bx(x) =1 bx(x), x€(x1,x2)=(x1,M>) (6.5)
_ﬁx_P, X e [-xz’ oo) = [MZ’ 00)
and
—ax™4, xe€(0,x1]
by(x)=1by(x), x€(x1,x)=(x1,M3) (6.6)
_ﬂx—P’ X € [x27oo) = [M29oo)-
Then by definition of bx, by and (6.4),
by — b} — (b — by)(x, xy) = 0 0n (0,00). (6.7)

Notice this continues to hold if y is made larger. Since x| = % < M;, we can make y larger, if
necessary, so that the line segment {(x,C) : M| < z < My} (recall C is from (6.3)) lies to the right
of the line through the points (x1,y;) and (xp,7y). Since x; < M;, we have bz < bx on (0,00). By the

Comparison Theorem,
Py(19(Z) > t) < Px(10(X) > 1). (6.8)

We now apply Lemma 5.2 to by, by given by (6.5) and (6.6) respectively, but with M;, M, in the
lemma taken to be xp, xo. First check the hypotheses of the Lemma:

e bx and by are continuous on (0,00)\{x,} since

limf bx(x) =y = lim bx(x) and 1im7 by(x) =y1= lim by(x).
X—X] x—x; X=X x—xf

° S. ] . ]. : ; ] . 1 ; ; ] :1 . [ ]
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Thus Lemma 5.2 applies and so for

o(0) = /O (bx — by)y)dy and H= (0% — b2) — (b — b)) ixy v
we have
t
Px<ro<X)>t>=Ex[exp(g(Yz>—g<x)—% /0 H(Ys)ds—%(bx—by)(Mz—)fth(Y))ITO(Y)>z}- 6.9)

Now by (6.7), H > 0, and by definition of by and by,

(bx = by)(Mp=) = lim_(bx(x) = by (x)) (by (6.5)~(6.6))
2

= bx(x2) — by(x2) (since by and by are continuous)
=y —y2 (by (6.1)-(6.2)) > 0.

Then (6.9) becomes
Py(19(X) > 1) < Ex [exp (8(Y;) — g(x)) Iry(v)>t | - (6.10)

Since by = by on (x1,x,)¢ and since bx — by = bx — by is bounded on (x;,x,), we see
z
g(z)= [ (bx —by)(y)dy < sup (bx —by)(x2—x1), z>0.
0 (o1,x2)
Hence for some positive constant C; independent of ¢, (6.10) becomes
Py (19(X) > t) < C1 Px(1p(Y) > 1). (6.11)

The crucial point is that sup(g .y by < 0. This holds because:

e on (0,x1], by(x) = —ax™9 < —ax,”;
e on (x1,x2), by (6.2) and that y; <y, <0, by = by <y, <0;

e on (x3,0), by(x) = —BxP < —Bx,".

Thus Theorem 4.1 applies to the process Y, and we conclude

limsuplog Py (79(Y) > 1) < —y(p,B),

1—00

where y(p,8) is from (1.4). Combined with (6.8) and (6.11), this gives us
limsuplog Px(19(Z) > t) < —y(p, B),

t—o0
as desired. O
Proof of Lemma 6.2. Let X; be from (1.1), where b satisfies (1.2) and @ > 0. Let C = supyps, p,] DI-
Suppose dZ; = dB; + bz(Z;) dt, where by satisfies (1.2) with bz = C on (M}, M5). Then bx < bz and

so by the Comparison Theorem, Py (19(X) > t) < Px(19(Z) > t). The desired upper bound follows upon
applying Lemma 6.4 to Z ]
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Now let a < 0.
Lemma 6.5. Under the condition (1.2), if @ <0, then the solution X; of (1.1) satisfies

limsuplog Px(70(X) > 1) < =y(p. ).

1—00
where y(p,B) is from (1.4).

For the proof, we need the following special case.

Lemma 6.6. Let @ < 0. Assume b € C? satisfies condition (1.2). Suppose that for some x| € (0, M),
b(x1) =0 and b is strictly decreasing on (0,x1). Then the solution X; of (1.1) satisfies

limsuplog Px(7o(X) > 1) < —y(p. B),
t—00

where y(p, B) is from (1.4).

Proof. Define

| =b(x), xe€(0,x]
”Y(")‘{b(xx £ € (x1,00),

and let Y; solve dY; = dB; + by (Y;)dt, Yy = x.
Now b and by are continuous on (0,c0) and b — by restricted to (M}, x;) and (x1,M>) has C! exten-
sions to [M1,x] and [x;, M5 ], respectively. Then by Lemma 5.4, taking M there to be x, for

(6.12)

z
g(2) = /0 (b=by)(dy and  H = (B2 =b}) = (6" = b}) Knay by )

we have
t
o) > )= B [exp 60 - 600~ [ A |- 613)
2b'(x), xe(My,xp)
2 _ 12 g —
On the other hand, b~ = by, on (0,00) and (5" — b}, )(x) = {0’ x € (x1,00) <0.
In particular, H > 0 and (6.13) becomes
Px(t0(X) > 1) < Ex [exp (8(¥;) = 8(x)) Lrg(v)>¢] - (6.14)

Since b = by on (x},00) and b— by = 2b is nonnegative and integrable on (0, x ), we see g is bounded.
Hence for some positive constant C; independent of ¢, (6.14) becomes

Py(10(X) > 1) < C1 Px(19(Y) > 1). (6.15)
By Lemma 6.2 applied to Y,

lim suplog Py (19(X) > 1) < limsuplog Py (to(Y) > t) < —y(p, B),
t—o0 t—o0

where y(p, ) is from (1.4) O
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Proof of Lemma 6.5. Let X; be from (L.1), where b satisfies (1.2) and @ < 0. Let C > suppy, 1101

and choose @ < @ such that —a| > CM;I . Then choose by € C? having the following properties: for
some M3, My € (M, c0) with M3 < My,

by(x) = —a1x™7 on (0, M2];

by is strictly decreasing on [M», M3];

by(M3) = 0;

by =bon [M4,00).

Suppose dY; = dB; + by(Y;)dt. Then b < by and so by the Comparison Theorem, Py (79(X) > 1) <

P, (19(Y) > t). The process Y satisfies the conditions of Lemma 6.6 and the desired upper bound follows
by applying that lemma to Y. O

Now let @ = 0 and let Y; solve dY; = dB; + by (Y;) dt, Yy = x, where

x4, xe(0,Mi]
bY(x)_{b(x), x € (My,00).

Then by the Comparison Theorem, Py (19(X) > t) < Py (79(Y) > t). Since the situation of @ < 0 holds
for by, that case implies

limsuplog Px(19(X) > t) < limsuplog Py (19(Y) > t) < —y(p, B),
t—o0 t—00

once again. O

7. Proof of Theorem 1.2

Lemma 7.1. Let 6 >0 be so small that 0 <p—-6<p+d<land0<q—06<q+06<1. Bydecreasing
M and increasing M, if necessary, we have

x 0 <t(x)<x%, for x>My, and x°<li(x)<x7%, for x<M,.
Proof. By making M; bigger if necessary, by Theorem 3.2 (a) in Supplement [9], we get
M;°0(Ms) < 1/2 <2 < MJ O (My). (7.1)

Then by Theorem 3.1 (a) in Supplement [9], again by making M, bigger if necessary, we have for
x > M,

{r(x) <2 max ((X/Mz)és (X/Mz)_é) 6(My) =2(x/ My)° ba(Ma) = 2x° My 2 (M) < 2x°(1/2) = x°,
and
£2(M) < 2max (Mo /)%, (Mo )7 ) €2(x) = 2(x/ Ma)* a(x) < (M (M) /M2 £2(x)
= x* 6 (Mp)r(x).
Rearranging the latter, we have x~¢ < £5(x), so combined we get that if x > M, then
x70 < fr(x) < x9.

Similarly, by making M; smaller if necessary, by Theorem 3.2 (b) and Theorem 3.1 (b) of Suplement
if x < s < <x°
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Proof of Theorem 1.2. Let £ > 0 be small so that 0 < 8y — & < By + € < 1, and if necessary, decrease
M; and increase M, so that Lemma 7.1 continues to apply. We have ag = sup s, |a| < oo, and if]
x>M>then0< By—e<pB(x)<By+e<l.

Define
_ x99, 0<x <M B —apx479, O0<x <M
b(x) =1 b(x), My <x <M, and b(x) =1 b(x), My <x<M,
—(Bo + £)xP*9, M, < x, —(Bo — &)xP79, M, < x.

Let )?t and Yt be the solutions of the equations
dX, =dB, + b(X,)dt, Xo=x, and dX,;=dB;+bX,)d:, Xo=x.
Since b< b < b, by the Comparison Theorem we have
Py(10(X) > 1) < Py(19(X) > 1) < Pu(70(X) > 1).
But Theorem 1.1 applies to X; and X; and so we get
—y(p—-6,8y—¢) < litrgg}ft‘(l‘l’)/ 14P) Jog Py (19(X) > 1)

<limsup =P 1+P) 106 P (1(X) > 1) < —y(p + 6, B + &)

t—o0

Let £ and 6 go to O to get the desired conclusion. O
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Supplementary Material

Supplement to “Subexponential estimates for the first hitting time of a Brownian motion with
singular drift”

The supplementary material [9] contains auxiliary results that help the reader with some technical
details. In Section 1, a summary of A-transform results from Pinsky [23] leads to an important identity
that is used in Lemma 2.5. In Section 2, we summarize the main variational results from DeBlassie and
Smits [10] needed in the proof of Theorems 3.2 and 4.1. In the proof of Theorem 1.2 we used some
bounds and representations of slowly varying functions from Bingham, Goldie and Teugels [5], which
are summarized for convenience in Section 3.
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