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1. Introduction

Let (92, F,IP) be a probability space, (E, Bg) a complete separable metric space, and let X;,t > 0 be a
homogeneous Markov process defined on 2 with values in E. Let p(t, z, dy) be the transition probability

function on FE, i.e.,
(i) p(t,x,dy) is a probability measure on Bg for each pair (t,x): t >0,z € E
(ii) for each B € Bg, the function (¢,x) — p(t, z, B) is Borel measurable on (0,00) x E

(iii) Chapman-Kolmogorov relation: for all B € By and for all ¢ > 0, s > 0

p(t+ 5,7, B) = /E p(s, . B)p(t, 2, dy).
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Assume that p(¢, z,dy) admits an invariant probability measure m on (£, Bg):

m(B) = /p(t,x,B)m(dx)

for all B € Bg.

Define L2(E,m) = {f : E — R,||f]l2 = (fE|f|2d77’L)1/2 < o0}. Define the transition operators
semigroup on the Banach space of all real bounded measurable functions B(E), P, : B(E) — B(E) by

(Pf)(x /f p(t,z,dy) t>0,xz€E

Then {P;, t > 0} is a contraction semigroup on L?(E,m):

IPufIE = /(Ptﬂx))?m(dx)s /(Ptf m(dz) / £2(2) m(dz) = [ 13

Let L be the infinitesimal generator of (X, t > 0) with domain D(L) C L?(m)

Pf—
Lf :=lim (i
t—0 t
with the limit being in sup norm. Since || - ||2 is weaker than sup norm, we consider L the extension of

L on L2(E,m).

Theorem 1.1 (FCLT, Bhathacharya [2]) Let {X:, t > 0} be a progressively measurable stationary er-
godic Markov process having transition probability function p(t,x,dy) and invariant initial distribution
m. If f € R(L), the range of its infinitesimal generator, then

nt
= —= s d
St \/ﬁ/o f(X ) s =W

where W is the Wiener measure with zero drift and variance parameter
7 ==2< fig>=-2 [ f@)g(e) m(do),
and g is an element of domain D(L).

If the process is not in equilibrium (i.e. the initial distribution # m), then the FCLT still holds under
the additional condition of the convergence in norm of the transition probability function

Ip(t, z, dy) —m(dy)|| — 0
as t — 0, and for all x € E as was established in [2].
The FCLT have been studied by many authors, notably by Kipnis and Varadhan [11] who proved

the FCLT for additive functionals of stationary reversible ergodic Markov chains. A recent result that
extends Theorem 1.1 is due to Ferre et al. [7], where the FCLT holds under the following assumptions:



e Markov process (X¢)¢>0 is stationary with initial distribution m
e Markov semigroup (P,);>0 has spectral gap on L%(m)
limioo|| Py —|l2 =0
where IT denotes the projection on L?(m), IIf = m(f)1g

o S = fot f(Xs) ds satisfies the moment condition

sup B, (]S]?) < o0.
te(0,1]

If the process is uniformly ergodic, i.e., lim;—o0|| Pt — I||oc = 0 then the FCLT also follows.

In Cattiaux et al. [4] a FCLT for a Markov diffusion process X; on IR? is established. The authors
provide an alternative approach which is not based on the resolvent as in Kipnis and Varadhan [11], and
instead they use a martingale approximation via Poisson equation in L?(m). A criterion for the existence
of the solution of the Poisson equation is given:

Theorem 1.2 ([4]) Let f € L*(m) with [ fdu = 0. If Jo~ slI1PsfllL2(my ds < oo then f € D(L™') and
g(-) = = [;° Psf(-) ds solves the Poisson equation Lg = f.

2. Martingale decomposition

In [13] we proved a martingale decomposition for a class of additive functionals of Markov chains. In
what follows we apply analogous method in continuous time setting.

Assume f € L?(m) such that [ fdm = 0 and define
t
Sy = / f(Xs)ds (2.1)
0

Then S; € L?(m) C L'(m).
We say that X is a solution of the martingale problem for L with domain D(L) if and only if there
is a filtration F3,t > 0 such that for any g € D(L)

7y = g(X)) — g(Xo) - /0 (Lg)(X,) ds

is a local L?-martingale with respect to the filtration F;. If Lf is bounded then Z; is a zero mean
martingale.

Assume that there exists g solving the Poisson equation Lg = f in L?(m), and without loss of
generality assume that [ gdm = 0. Then S; has the following decomposition

St:Mt-i-Rt

where M, is a local L?-martingale, R; = g(X;) — g(Xo), My = —Z; and My = Rg = 0.



In this section we want to prove a martingale decomposition theorem for the additive functionals of
Markov processes defined as

nt
s = U\l/ﬁ /O F(X,) ds. (2.2)

Definition 2.1 f: R — R is in the H, class if there exists B > 1 such that for large ||z||

%h(HxH) < [f(x)] < Bh([lx]]) (2.3)
where h : [0,00) — [0,00) is continuous such that
(7) h(b) < Bb®, for some 1 < a < 0o
(14) @ is nondecreasing

for large b.

. . . . h(b
Remark 2.2 h(-) is strictly increasing and (7) > h(

).

Lemma 2.3 Let {Xy, t > 0} be a Markov process such that for any 0 < T < oo and large b with
[ Xoll <o,

o=

1
P{||X7||>b ] sup | Xy >0} >, 1< A< o0 (2.4)
0<t<T A
Then for any f € Hg,,
b
P{ sup |f(Xt)|>b}§AIP{|f(XT)|>h<B3>}. (2.5)
t€[0,T]

; P{||Xr|>21
Proof: Given % < ]P{HXTH > % | supg<i<p |1 X¢]| > %} < e {IXzl>5}

UPo<t<T HXt||>%}
b b b
P q sup h([|X:)) > | & P sup [[Xif| > 50 < AP [ X7 > 5
0<t<T 0<t<T

av {uixaly > 1 ()}

we have

IN

IN

By Definition 2.1 and Remark 2.2 we get

P{ sup |f(Xy| > Bb} <TP{ sup |f(Xt)]>h(b)}§IP{ s —= 1 <
0<t<T 0<t<T 0<t<T

P {Oig%h(nxtn) > h (g)} <P {n(1xel) > 1 () } < 4P {lrceni> 0 (55 )}

whence setting b — & gives (2.5).

wp (I > h;ﬁ} <



Theorem 2.4 Let {X;,t > 0} be an ergodic E-valued Markov process with property (2.4), initial dis-
tribution u and unique invariant measure m. Let f € L*(m) = {f : E — R, Is f?dm < oo} such
that

(i) [gfdm =0 and f € H,,

)
(@0) |1 Pefll2(m) < P11 fllz2(m) for some 0 < p <1,
(791) duP < Ddm < oo for some 0 < D < oo,

)

() |P.f(z)| < Ca whenever |f(x)| < a for somel < C < oo, x € E forlarge a, f{mzfQ(x)M} f2(z)mdr <

¥@) for large a, and ¢ : Ry — IRy is such that lim, ;s % =00
Then
/ F(X MM 4 ™
where {Mt(n), t > 0} is a local L?- martingale relative to (Q, F,P), Fy = 0(Xs: s <t) and
B
nl;rgo logn log P {ti%pl T } —00 (2.6)

Proof:  Condition (i) implies that [ s||Psf|l2(m) ds < oo so the conditions of Theorem (1.2) are
fulfilled. It follows that there exists a solution of the Poisson equation and the martingale decomposition

yields
/ F(Xy)ds =M™ + ™

where RE”) = g(Xnt) — 9(Xo). Furthermore,
nt
m),_ 1 Xds — ™ 4 L pm
St ’ U\/ﬁ/o f( S)ds t +U\/ﬁRt
(n

with M = S and R = g(Xnt) — 9(Xo0) = — [2((Pof)(Xnpy) — (Pof)(X0)) ds. To prove (2.6) we
proceed as follows.

P< sup ’R(n)‘ >Cep=P< sup sup R (”)’ <
t€[0,1] ovn L<k<n te[h=1 k] ov/n -
ZIP sup  |9(Xnt) — 9(Xo)| > Ceov/n 3 <
te[k 1 k
n nl/4
Z P sup / [Psf(Xnt) - Psf(XO)] ds| > C{_:O-\/ﬁ +
o et o 2
Y Pq sup / [Pof(Xpni) — Psf(Xo)] ds| > cs”‘/ﬁ
1 kn17§ nl/4 2




1

Let b= #, then for each term of the first sum we have

nl/4
P { sup / |Psf(Xne) — Psf(Xo)|ds > 2Cbn1/4} <
te( 170

n ’n

k—1 k

n ’'n

nl/4 nl/4
P{Sw / &ﬂ&ow>cmw}+w{/ \aﬂ&M%>cmM}s
te[ ]/0 0

k—1,k

nl/4 nl/4
]P{ sup / |P,f(X,)|ds > Cbn1/4} +1P {/ |Psf(Xo)|ds > Cbn1/4} .
u€ 1J0 0

By (iv), if | f(Xu)| < bimplies | P, f(X,)| < Cband integrating over [0, n'/4], we get f0n1/4 |Ps f(Xy)| ds <
Cbhn'/* so

nl/4
P { sup / |Psf(Xy)| ds > C’bnl/4} <P{ sup |f(Xu)| >0} (2.7)
u€lk—1,k] JO u€lk—1,k]|

Using Lemma 2.3 and setting r = r(b) = h(%) > 1 for sufficiently large b, we get

b A
P{ sup |[f(Xy)|>b} < AP {|f(Xk)| >h (Bg)} < —E{|f (X)L p(xp)>rp =
u€lk—1,k] r

A/ |f(2)puPs(dz) < A- De= )
" JIf(@)2>r?

Similarly,

1/4

an

2

On the other hand, for the second term we have

!&ﬂ&m%>0mm}SPHN%H>MSDwa%%-

Thus,

1/4

An[&ﬂXM—&ﬂme

> 050\2/%} < n[Cle—GD(TQ) + 028—50(172)]. (2.8)

P sup / |Pyf(Xpi) — Pof(Xo)|ds > 2Cbn*/* 3 <P sup / |Pyf (Xpi)| ds > Con*/4 3 +
te[ft 5] Int/t te[ft 5] Int/t

o
P {/ |P,f(Xo)| ds > Cbn1/4}
nl/4

Using properties (ii) and (iii) we further get



0 1 o
P sup / |Ps f(Xnt)| ds > ot/ < ﬁIE sup / |Psf(Xnt)|ds | <
te[%,ﬁ] nl/4 Chn / te[’“ 1 k} nl/4

1 [o.¢]
— T E P f(X P, P¥(dz))ds <
Gt o Bl s PO b5 < o [ [ s ) e <

ol laas < 2Wfll2 ™
Gzt | DIPSds < o [ - DI flads < o [ Dplplads < D12 ol

Similarly,

p{ [ 1P sCs s> Geovh < DU s
m = Chnl/ilog L'

It follows that there exists positive constant C'5 such that

i P sup

k=1 te[E=1 k)

1/
> Ca"\f <03 < Opne ™ (2.9)

/noo [Psf(Xnt) — Psf(Xo)] ds b /i

1/4

where v = —log p > 0. Combining equations (2.8) and (2.9) we get

(n)
P sup Bl et < nfcie ) 1 Coe o0 4 /e
t€[0,1] oy/n

This shows that (2.6) holds because lim,, 2(r®) _ o and lim,,—so0 2(”) _ o Indeed, &) — £(?) logr?

logn logn — > logn ~ logr? logn
with the first factor going to infinity according to assumption (iv), while lf;ggcl > 1> 0 for large n due
2 2 2
to h ( 5) > he(1 )BG zelzB[h (1 )—c2onst-\/7z.
The same argument implies lim,, o l(b ) — 0. |

ogn
Corollary 2.5 Some processes that satisfy the conclusions of Theorem 2.4:

(a) finite state irreducible continuous-time Markov chains (X¢)

(b) continuous-time Markov processes that are symmetric on L*(m) (i.e. for which m is a reversible
measure)

(¢) uniformly ergodic Markov processes with bounded functions f.
Proof:

(a). Since there exists a unique invariant measure m = (myq, ...,my)?, the assumption (), Jg fdm =0

reads le\il fim; = mT f =0, where f = (f1,..., fv)T. By By Fredholm Alternative for the gener-
ator L = Q = (gi5), 1 < 1,5 < N, the equation Qg = f has a solution if and only if f L h where



Q"Th = 0. This holds because m@Q = 0 or QTm” = 0. Regarding f € H,, it is always satisfied
on a finite state space. There is no need to verify (i7) since that was assumed to guarantee a so-
lution g to Lg = f. Moreover (ii7) and (7v) hold because f is bounded and Lemma 2.3 is not needed.

(b). For the sake of the discussion, we consider a class of continuous time Markov processes in (R%, |- |)
such that P.f = e!4f for smooth functions f, where the infinitesimal generator A has a discrete
spectrum {—\,,n € N} with A\g =0 < A\; < A\2--- and its corresponding orthonormal in L?(m)
set of eigenfunctions {e,,n € IN} with ey = 1. Then for any f in the orthogonal complement
1+, the condition (i) is satisfied and Pie, = e *vfe,, n > 1. Consequently, for f € 1+, f =
S ey P (@) = Y5, e teq, whence | Pf(2)llp2gmy < o8| 2my With 0 < p = e < 1
and this gives (7). Furthermore, the invariant measure m often has a density with respect to

Lebesgue measure and condition % < D < oo is satisfied. Finally, given m, the tail condition

oe 1 f2dm < exp(—p(n)) is readily verifiable for a large class of f € 1+ in addition to which f
{f2>n} ¥y
is chosen to satisfy (iv).

(c) If the Markov process is uniformly ergodic then the potential operator R = fooo(Pt —I)dt is a
bounded operator and g = Rf is the unique solution of the Poisson equation Lg = f (see [12]),
with projector operator on L?(m) defined by Ilf(z) = [ m(dy)f(y)I(x). Since R is bounded the
conclusions of the martingale decomposition theorem follows directly.

|
Example.
Consider a 1-dimensional Ornstein-Uhlenbeck process X; satisfying the equation d X; = —%Xtdt—i—dBt,
1.d? 1,.d

Xo = x, where B; is the standard Brownian motion, with infinitesimal generator A = 575 — gz~ and
1

22
the invariant measure dm = ﬁ(dem. Then P, f(z) := [ f(y)p(t, z,y)dy, where

o 27(1 —e™t)
is a m-symmetric hypercontractive Hermite semigroup.
Here, for Hermite polynomials H, = (_1)%%%6_%7 we have Hy = 1, Hy = 2, Hy = 22 — 1,H3 =
23 —3z,..., e, = % form an orthonormal basis for L?(m) and AH,, = —4 H,, gives the corresponding
eigenvalues A\, = —5, n € IN. Since
P B =

27(1 — e t)

then, for example, taking p = §, = dg we have
duby 1 6_%(1i;t> < e _p

dm V1—et e—1

It is easy to see that for polynomial domination, |f(z)| < B|z|, I € N, and for large n

/ f2dm < C’nmfle*% < 67%
{f7>n} - B



whence one may choose p(z) = ‘%2 to satisfy the tail estimate.
For example, taking f(z) = x one gets

2
| P, f (z </|f p(t,z,y dy\) <1—e '+ 2% < dmax(l,2?)

and condition (iv) holds true with C' = 2.

To see why (2.4) holds for the Ornstein-Uhlenbeck starting at Xy = 0 observe that X; = fg’ e~ 2(t=9) dWs,
which after changing a clock is a Brownian motion, thanks to reflection principle satisfies IP{|X7| > b |
supg<y<r | X¢| > b} > or A=2.

3. Almost sure functional central limit theorem

Let us consider a sequence of random variables X,,,n > 0 and their corresponding empirical distributions
Qn = ﬁ Y ore1 %(5 x, Where L(n) = >}, % Statements regarding the convergence of the empirical
distributions to a limit distribution with probability one are referred to as almost sure limit theorems.
One may replace L(n) by logn. Whenever the limit distribution is Gaussian, the convergence is referred
to as an almost sure central limit theorem (ASCLT). Almost sure central limit theorems for sequences of
independent and identically distributed random variables were established by Brosamler [3], Shatte [19]
and Lacey and Phillip [14].

We state here the functional almost sure central limit theorem (FASCLT) for Brownian motion.

Theorem 3.1 ([5]) Let B be a one-dimensional Brownian motion starting at 0 on some probability space
(Q, F,IP) and define the C[0, 1]-valued random variables B®), s > 0

Bus, w€|[0,1].

By averaging the random point measure (53(5)(w) in C[0,1] on a logarithmic time scale, we get the random
measures

1 tds
=—— | —dgwey,), t>1
He(w) logt/l s B >

and their discrete analogs

logn Z A B(k) W N > 2.

Then
(@) limpyoo e =W P — ace.
(0) limp ooy =W P —ace.

where W is the Wiener measure on C[0, 1].



Almost sure central limit theorems versions for martingales were established by Maaouia [16], Chaa-
bane [5], Chaabane and Maaouia [6], Lifshits [15] and Bercu [1]. In [13] we proved an almost sure CLT
result for a class of additive functionals for discrete-time Markov chains using a martingale approxima-
tion. Here we apply the martingale decomposition for continuous-time Markov processes, Theorem 2.4,
in order to establish an almost sure version of the FCLT given in Theorem 1.1. Due to Corollary 2.5,
Theorem 3.2 is also an almost sure version of the functional CLT given in [7].

Theorem 3.2 (FASCLT) Let {X;, t > 0} be an ergodic Markov process with initial distribution p and
unique tnvariant measure m. Let f € L2( ) satisfies the conditions of the martingale decomposition

Theorem 2.4, and let S(u f s)ds. The corresponding empirical measures are defined by
1 tdu
Wi(w) = Togt 2 0500 (w)
and

Wolw) = o > Hgwy, n>2
Then
(@) limpyoo Wy =W, P —a.e.
(b) limy, 0o W,, =W, P —ae.

where W is the Wiener measure on C[0,00).

Proof: From Theorem 2.4,

L L
M -
ovn ! * U\/ﬁRt

where M, (t) is a local L?>-martingale. Let’s denote Mt(n) = G—\l/ﬁMt(") and let WM be the empirical
n)

s =

measure associated with the local L2-martingale Mt( . If we assume that on C|0, c0)
WM =W, P-ae. (3.1)

then to prove that W, () converges weakly to the Wiener measure, we need for any bounded continuous
function h : C[0,00) - R

nl;rgloL Z(Sh sty = nhn;oL Z(S pary P —ae.

This is equivalent to showing

i (n) _ prn) = _
nh_)rr;oHS’ M lcjo,00) =0 P —ace.



(n)
Let A, = {w: supte[o,l]% > ¢}. From (2.6), we have IP(A,) < n™% where a, is a sequence

converging to co. Since Y 7 n~ % < oo using Borrel-Cantelli lemma we get that A, converges to 0

P-a.s.. This gives .
lim 1S — MM lep =0 P —as.

and implies that W), converges weakly to the Wiener measure on C[0, 1], IP — a.e.. By replacing 1 with N
in the above, one can show that the result holds for C[0, N], for every N > 0. The extension to C[0, c0)
is standard: a sequence v, converges weakly to v on C[0,c0) if for every N > 0, myv,, converges weakly
to myv on C[0, N], where 7y of a measure on C[0,c0) denotes the measure it induces on C[0, N].

To complete the proof it remains to verify (3.1). Let us define the stopping time

Ty == inf {s : (M), >t}

where (M), is the quadratic variation of the local martingale Mt(n). According to Dambis-Dubins-

Schwarz theorem (see Theorem 1.6, [18]), By = M}?) is a (Fr,)-Brownian motion and Mt(n) = By, -
We have 1 ]
or(n) (n)
M)W = ——=M}" = ——B/y/n
¢ oyn ! ovn (M),

whence (3.1) holds by Theorem 3.1 and proves 3.2b while the proof of 3.2a is similar. [ |
4. Large deviation principle from an almost sure central limit theorem

In this section we establish a large deviation principle (LDP) for the sequence of empirical measures

1 1
W (w) = Togn ; %5s<k>(w)

that satisfy the functional almost everywhere central limit theorem 3.2. In [13] we proved a LDP result
for a class of empirical measures associated with additive functionals of the form

n—1

Su(f) = F(Xk)

k=0

where (Xj) is a Markov chain with an invariant measure m and f € L?(m). A Donsker-Varadhan type
rate function has been derived and in what follows we will show a similar result.

Let ¢ : R4+ — R4 be a continuous function such that

ORI ()

Iim ——ft— = = 4.1
150 t|log t| v tlogt > (4.1)
and the set Cy defined as
t
Cp :={w € C[0,00) : sup M < oo} (4.2)

ter, O(t)
Mi(Cy) :={Q € M1(C[0,00)) : Q(Cy) = 1}



Lemma 4.1 Let Y, and Z, be random variables with values in a metric space (E,d) such that for all
€e>0
logIP{d(Yy,, Z),)) > €} = —oc0 (4.3)

lim
n—0o0 log n

Then Y, and Z, are equivalent with respect to LDP (or exponentially equivalent), which means that if
(Y,,) satisfies LDP with constants (logn) and rate function I, then (Z,) also satisfies LDP with the same
constants and rate function.

To use this lemma for sequences of random variables in M;(Cy) it is necessary to define a metric, as
done in [8].

Let (Cg, | - |¢) be a metric space, with |w|y = supycg, % On M;(Cy) define

dy(p.v) :=Sup{’/fdu—/fdv

where [|f[z = supyec, [f(W)] + SuPy wecy wrwr W‘Z):iw. Then (M;(Cy),dy) becomes a metric space

and the following properties hold:

eI < 5 (4.4

(a) dg <1
(b) dy(api+ (1= a)v, afi+ (1—a)) < ady(p, i)+ (1—a)dy(v, ¥), for a € [0,1] and o, i, v, € My (Cy)
() dp(0r ) < o — 'y for w,e’ € C.

Lemma 4.2 If

lim
n—00 ]og

log P{|S™ — ]\;[(")](z, >ep=—00 (4.5)
then W,, = L(n Zk 1 $0s) and WM L(n) > he1 30x700 are LDP equivalent.

Proof: For f € C(Cy,R), || f|lr < & we have

B v o b Ly oo
[raw, - [ raw < > IS8 ) - )
[n£/2} n

1 1 - 1 L[f(S¢ ) f( )]

- Z1£(S®Y — £ pr®) — - L
~ 2] L) — L(n/?) ~

) _ ), < L] sin 15® _
| My < L) 2L(n) 1+W/Q}pgkgnl Mg

1 ~
Sho sup S -,
2 2 1+[ne/2]<k<n

whence . -
P{dy(Wp, WM) > e} <PP{ sup [S®) — M®)|4 > el
1+[ne/2]<k<n



Condition (4.5) implies that for every ¢ > 0 and N > 0, there exists ko such that for any k& > ko,
P{|S® — N®|, > e} < k=% 2. Therefore,

n

P{dy(Wo, W) > e} < > P{s® - m®), > 2} <

k=[ns/2]+1
n oN o
Z ek 2< n—N Z k=2 =cn N,
k=[ns/?]+1 k=1

where c is a positive constant, and thus

. 1 i
nh_}rrgo log log P{dy(Wy,,W,") > e} = —c0
so according to Lemma 4.1 the sequences W,, and WTZL\Z are LDP equivalent. |

Define for @ in M;(C[0,00)) the function

liMg 00 37053/ (Q o |[11’a} /W o |[1{a]> if Q is f-invariant (4.6)

00 otherwise

1(Q) :=

Theorem 4.3 Let ¢ be the continuous function defined in (4.1) and the set Cy defined in (4.2). Assume
that inficr, ¢(t) > C > 0. Then the sequence (Wy,), with W,, = ﬁzzzl %55(;@), satisfies the large

deviation principle with constants (logn) and rate function I|M1(C¢) . That is, for any Borel set A C
Mi(Cy),

—infl < liminf1 L logIP{W,, € A}

A° n—oo logn
1
< limsup logIP{W,, € A} < —inf ]
n—oo 108N A

Proof: ~ Using the martingale decomposition theorem, St(n) = Mt(n) + Rﬁ”), where Mt(n) is a
L?—martingale and invoking a LDP result for martingales ([9]), it remains to prove that W,, and WM are
LDP equivalent. According to Lemma 4.2, this is equivalent to verifying the condition (4.5). We have:

- (n) _ ()
P{|S™W-M™|s > e} = P{ sup 1S - My | > e} =P{sup > eoy/n} < IP{ sup ]Rin)| > Ceoy/n}
teR 4 ¢(t) teR 4 (rb(t) teR

IR

In the proof of the Theorem 2.4 we showed that there exists a sequence a,,, lim, o a, = 00, such that

P{ sup \Rgn)] > Ceoy/n} < n~ .
te(0,1]

Similarly, one can get for any N > 0,

P{ sup |R§n)| > Ceoy/n} <n .
t€[0,N]



Since the sequence Ay = {sup;¢c(o, v ng”)| > Ceoy/n} is increasing, by letting N — oo we get

P{ sup \R,En)| > Ceoy/n} < n %
te[0,00)

and the condition (4.5) follows.
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