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ABSTRACT. We study a family of stochastic additive functionals of Markov processes
with locally independent increments switched by jump Markov processes in an asymp-
totic split phase space. Based on an average approximation, we obtain a large deviation
result for this stochastic evolutionary system using a weak convergence approach. Exam-
ples, including compound Poisson processes, illustrate cases in which the rate function is
calculated in an explicit form.
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1. Introduction

The main mathematical object of this paper is a family of coupled
Markov processes (£(t),x(t)), t > 0 called the switched and switching pro-
cesses, respectively. The switched process describes the evolution of the
system and it is a stochastic functional of the process n(t;x),t > 0,z € E
with locally independent increments [6] (they are also called weakly differ-
entiable [5] or piecewise deterministic [2] processes). In order to reduce the
complexity of the phase space, the switching processes that describe the
random changes in the evolution of the system, are jump Markov processes
considered in a split space F = U,ivzlEk, EyNEpy =0, k # k' with non-
communicating components, and having the ergodic property on each class
E}. By introducing the parameter ¢ > 0 one defines a jump Markov pro-
cess on the split phase space with small transition probabilities between the
states of the system and further merges the classes E, k =1,2,--- , N into
distinct states k, 1 < k < N. The average limit theorem of the stochas-
tic additive functional with fast time-scaling switching process is obtained
by using the martingale characterization [11] and a solution of the singular
perturbation problem for reducible-invertible operators [7]. We are inter-
ested in finding the large deviation principle for this sequence of stochastic
additive functionals. Using the weak convergence approach of Dupuis and
Ellis [3], a large deviation principle is derived for a sequence of random
walks constructed such that they have the same distribution as the linear
interpolation sequence of samples of stochastic additive functionals.

This research was supported by Mathematical Sciences Division, US Army
Research Office, Grant No. W911NF-07-0283.
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2. Preliminaries

Let (E,&) be a complete, separable metric space. We will use the
following notation and definitions throughout the paper.

DJ[0,00) the space of right continuous functions having left hand side
limits. This embedded with Skorokhod metric becomes a complete, separa-
ble metric space.

(C[0,00), || - ||) with ||z|| = supi>o|z(t)], x € C[0,00) is a complete,
separable metric space. -

B the Banach space of all bounded measurable functions with norm,
lol| = supeeple(z)], ¢ € B.

Stochastic space (£, F, (Ft)t>0, IP) with the filtration (F;)>0 satisfying
the usual conditions: it is right-continuous and complete.

The family of cadlag Markov processes n(t; x), t > 0,z € E, parameter-
ized by x, are such that n(¢; x(t)) is measurable, are of locally independent
increment processes determined by their infinitesimal generators

(2.1) T(2)p(u) = alu; z)¢'(u) + /Rd [o(u +v) = p(u) — v (W)L (u, dv; ),

where the positive kernels I'(u, dv; x), z € E, are continuous and bounded on
v e RY, and uniformly continuous and bounded on x € E, and the product
ay’ stands for the inner product < a, Vo > in R%.

The switching jump Markov process x(t), t > 0 is defined by its infini-
tesimal generator Q) as

(2.2) Qul) = a(z) /E Pz, dy)p(y) — o)),

where the kernel P(z, B) is the transition kernel of the embedded Markov
chain, and ¢(x),z € E is the intensity of jumps function.

The Markov additive process (£(t),z(t)), ¢ > 0 is determined by the
infinitesimal generator

(2.3) Lo(u,z) = Qe(u, ) + IT'(z)p(u, x).

The general scheme of phase merging is realized by the family of time-
homogeneous cadlag Markov jump process z¢(t), t > 0,€e > 0 with the stan-
dard phase space (F,£), on the split phase space

N
E=UB.  EBBe=0 kW
k=1
given by the infinitesimal generator
(24) Qela) = ale) [ P(o.dy)lply) ~ ola)].

The phase merging algorithm is considered under the following assump-
tions:
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A1. The stochastic kernel in (2.4) is represented in the following form

P¢(z,B) = P(x,B) + ¢P(z, B)
where the stochastic kernel P(x, B) is coordinated with the splitting
as follows:
1, z € E;,
0, z=¢&Ey
A2. The Markov supporting process z(t), t > 0, on the state space (E,£),
determined by the generator ) given in (2.2) is supposed to be uni-

formly ergodic in every class Fy, 1 < k < N, with the stationary
distribution 7 (dz), 1 < k < N, satisfying the following relations

mr(dz)q(z) = quox(dz), qk:=l/; r(d)q(z),

P(l’,Ek) = ]Ik(:c) = {

p(B) = [ mldo)P@B),  p(B) =1

The perturbing operator P;(x, B) is a signed kernel which satisfies the
conservative condition Pj(x, E) = 0.
A3. The average exit probabilities satisfy the following condition

P = / pk(dx)Pl(l‘,E\Ek) > 0, 1<k<N.
Ey

Introduce the merging function m(z) = k, x € Fy,1 < k < N, and
the merged process
(2.5) () :=m(a(t/e)), t=>0,
on the merged phase space F = {1,...,N}.

The phase merging principle establishes the weak convergence of the
above process to the limit Markov process Z(t).

Theorem 2.1. (Ergodic phase merging principle) Under the assumptions
Al — A3, the following weak convergence holds

(L) = &(t), e — 0.

The limit merged Markov process Z(t),t > 0, on the merged state space E is
determined by the generator matriz

Q = (Grr;1 < k7 < N),

with entries
(2.6)  Qrr = QrPrrs Phr = / pr(dz)Py(z, E,), 1 <Ek,r<N,
Ex

where py, is the stationary distribution of the corresponding embedded Markov
chain.
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Theorem 2.2. (Average approzimation [8]) Let the stochastic evolutionary
system £(t),t > 0 be represented by

(2.7) (1) = €5(0) + /Ot 7 (ds;:cf(z)) . t>0,e>0.

Let the process n°(t;x), t > 0,e > 0, € E be given by the infinitesimal
generators
(2.8)

(@) p(u) = a*(u; )¢ (u) + ¢! / [t ev) — plu) — evi! ()T, dos ).
R
Let the switching Markov process xz€(t), t > 0 satisfies the phase merging
condition of Theorem 2.1. Let the following conditions be valid
C1. the drift velocity a(u;x) belongs to the Banach space B!, with
a‘(u; z) = a(u; x) + 0°(u; )

where 0(u;z) — 0 as € — 0 uniformly on (u;x) and T¢(u,dv;x) =
I'(u, dv; z) independent of e.

C2. the operator v (x)p(u) = € ! [palp(u+ev) — o(u) — evy' (u)]T (u, dv; )
is negligible on B':

sup |[[ye(@)pl| =0 as  e—0
peCL(RY)

C3. the convergence in probability of the initial values of (£°(t), m(z*(%)), t >
0 holds, that is

(£°(0), m(2(0)) — (£(0), 2(0))
and there exists a constant ¢ € R such that sup.oIE|£°(0)] < ¢ < o0.

Then the stochastic evolutionary system £°(t), t > 0 defined by (2.7) con-
verges weakly to the averaged stochastic system &(t),

Et)=£E(t)  as  e—0.

The limit process é(t),t > 0 is defined by a solution of the evolutionary
equation

d » - .
(2.9) &) =al&):a),  £(0)=¢(0),
where the averaged velocity is determined by

a(us k) = /E 7k (dx)a(u; x) 1<k<N.

Note 2.3. The limit process & (t) is a random dynamical system evolving
deterministically on random time intervals [1;, 7i4+1), where {Tz}f\;(lT ) are the
transition times of the stationary merged process & (t) and N(T') the number

of transitions on [0, 7.
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3. Large deviation principle for ergodic Markov processes

Let z(t), t € R4 be a time-homogeneous Markov process on a compact
metric space X, B(X) be the Borel o-algebra in X and M(X) the space of
probability measures on B(X). Let introduce a random measure on B(X)
by

1

t
v(B) = t/o liz(s)epyds, B € B(X).

Theorem 3.1. Assume that the process z(t), t € Ry is an ergodic Markov
process. Then the following large deviation result holds

— inlﬁ I(m) < hmlnf logIP{Vt el < hmsup logIP{Vt e} < — inf I(m)
mel™® mel
where the rate function I : M(X) — [0,400] is defined by

- —mf{/ )1Qé(x)m(dz) : 6 € D(Q),é > 0}

and I' € B(M(X)) be the Borel o-algebra in M(X).
Typically T = {v € M(X)|d(v,m) > 6,1(m) = 0} where d is some metric
on M(X).

The rate function I(m) verifies the following properties

(i) I(m) > 0 for all m € M(X), and I(m) = 0 if and only if m is the
invariant measure for the ergodic Markov process,
(ii) I(m) is a convex function, i.e.,
I(smi+(1—s)mg) < sI(my)+(1—s)I(m2), m;ie M(X),i=1,2,0<s<1
(iii) I(m) is a lower semi-continuous function, i.e.,

liminf I(my) > I(m)

(iv) For any b > 0 the set Cy(I) = {m : I(m) < b} is compact, and the
function I(m) is continuous on this compact set.

For proofs and details see [9] and [10].

We illustrate the concept of the split phase space in the following ex-
ample.

Example 3.2.

Let us consider a four-state Markov process x(t), t € R4 on the split
phase space E = {1,2,3,4} = E1 U Ey , E; = {1,2}, Ey = {3,4} generated
by

A1 A 0 0

pr —p1 0 0
@=1% 0o X A
0 0 pe  —p2
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One checks that the Markov process z(t) is ergodic in both E; and E» with

stationary distributions m = ( Al’j:m Al/}rlm) and o = ( )\Q’fm /\2’12“2).

Now we analyze singularly perturbed Markov processes by introducing
a small parameter e > 0 which leads to a singular perturbed system involving
two-time scales, the actual time t and the stretched time E Since the process
x(t) is ergodic on Ej, Eso, the system can be decomposed and the states of
the Markov process can be aggregated.

Let x¢(t) be a Markov chain on E generated by @ + €@ with @ defined
above and ()1 given by

-1 0 A1 0
0 = 0 m
@=1l 0 —xn 0
0 2 0 —pe
and xe(z) be a time-invariant Markov process with generator Q€ = %Q—{—Ql.

Note that for small €, the Markov process xe(é) jumps more frequently
within each block and less frequently from one block to another. To further
understanding of the underlying process, we consider the merged process
2€(t) == m(z(L)) obtained by aggregating the states in the k™ block by
a single state k and study its asymptotic behavior (for many asymptotic
results see [12]).

Theorem 2.1 states that the limit process is a Markov process on the
merged space £ = {1,2} determined by generator matrix @ = (Gr, 1 <
k,r < 2) with g, verifying (2.6). For this example, ¢; = if‘jr’;i, 9 = z;‘i‘:ﬁz,
pii=-1, pi2=1, pa=1, pa=—1 Thus,

_2Mm 2A 11
Q — A1+p1 A1+p1 — —A A
2Xap2 _2Xape | - [T

Ao+pu2 A2+p2

Note 3.3. The merged process i¢(t), unlike its limit &(¢), is not time-
homogeneous.

Let us consider now the occupational time of Z(¢) defined by

1 t
w(B) = [ Taem()is

for any B € B(E) By ergodic theorem, the measure v; converges to the
ergodic distribution p as t goes to co. As an example, let M be the set
of all probability measures on {0,1} identified with {(p,1 —p),0 < p < 1}
and d(z,y) = |z| + |y|, z,y € R? . Then Theorem 3.1 implies that for
p = (po,1 —po) and I' = {(p,1 — p) | d((p,1 — p), (po,1 — po)) > 6}, P(1 €
I') ~exp(—tI(pp + 6,1 —pg — 0)) for large t with

@0 : )
I(m) = f{/gqs(y) (dy) : & € DQ), 6(y) > 0,Vy € {0,1}}
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~mﬂmﬁ%—w+mvm@8—m;mmwm>m

for m = (p,1 — p).
The infimum is attained at %(% —1) and I(m) = Ap + p(1 — p) —

2y/Aup(1 = p).

4. Large deviations for stochastic additive functionals

Let us consider the family of stochastic additive functionals £€(t), ¢ > 0
represented by

£(t) = £°(0) + /Ot n° (dS;m€(§)> . t>0,e>0.

The family of coupled Markov processes (§¢(t),2¢(£)), ¢ > 0, € > 0 on RIxE
has infinitesimal generator IL given by IL¢ = %Q + Q1 + I'(x) with the
domain D(ILF) dense in C(R? x E) and the limit process (£(t), Z(t)), t > 0
is a Markov process on R? x E.

Our goal is to show the large deviation principle for this family of sto-
chastic additive functionals with the rate function I stated as

(4.1) - ilgfI < lim iglfelog P{¢f €T} <limsupeloglP{¢( € '} < —inf]
o PN T

where I'° and T represent the interior respectively the closure of the set T.
In the particular case in which we take T' = {£(t) : ||£(t) — €()|| > 6} one
gets the asymptotic behavior of the IP(sup,¢c(o 7y [1€°(t) — E@)|| > 0).

An important consequence of the large deviation principle is due to
Varadhan and it is called the Laplace principle [3] (Theorem 1.2.1).

Proposition 4.1. If the sequence £¢ satisfies the large deviation principle
on D([0,T),RY) with rate function I,(¢), then for all bounded continuous
functions h : D([0,T],RY) — R

(42)  lim clogBfexp [~ - h(€)]) = ~inf epom0 (h(#) + Fu(9))

The Laplace principle implies the large deviation principle with the
same rate function [3](Theorem 1.2.3).

Proposition 4.2. If I, is a rate function on D([0,T],IR?) and the limit
(4.2) is valid for all bounded continuous functions h, then the sequence &
satisfies the large deviation principle on D([0, T], RY) with rate function I.

Lemma 4.3. Suppose that for each fized k € E, the family & =& (u k), t >
0, € > 0 satisfies the large deviation principle with the rate function I, (-).

If 2, is a stationary process on E then & (u; (1)) satisfies the large deviation
principle with the rate function I,(¢) = min{l, x(p) : 1 <k < N}.
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Proof. Since for each fixed k € E, the family &(us k), t > 0, ¢ > 0 satisfy
the large deviation principle with the rate function I, ;, we have

clog P(£° € T3 = k) ~ — inf I, s

Let’s denote bf, := P(¢° € T'|2° = k), by := infr I, and p, = P(2° = k).
Thus elog b§, ~ —by and therefore b, = exp(—2by + ¢) with ¢f = o(2).
We want to prove that elog P({€ € T') ~ —min{by,--- ,by}. We may assume
that by < by <--- <byand 0 < p; < 1,1 < i< N without loss of generality.
Since P({€ e T') = Zszl P(¢ e Iz = k)IP(z€ = k), it is enough to prove

that elog(bipi + - - - + bypn) ~ —by which is equivalent to m ~
1

W This is true because Z—% = exp(—%(bi — by +e(c§ —¢§)) goes to 0 as e
goes to 0. O

Theorem 4.4. (Main result) For absolutely continuous functions ¢ from
D([0,T],RY), with T > 0 arbitrary fized, satisfying ©(0) = u, and for each
fizred k € E, define

T
(4.3) Lale) = [ L))t

where L is subsequently defined by (4.9). For all other functions in D([0, T],IR%),
I, 1 () :==00. Then the family £(t), e > 0 satisfies the Large deviation prin-
ciple with rate function

(4.4) L(¢) = min{L(p) : 1 < k < N}

Proof. This will be carried out in several steps. For the sake of clarity, it
became necessary to state a number of known results, which we reformulated
and adapted to our situation.

Step 1: Consider the martingale problem for the generator IL¢ and its rela-
tionship with the exponential martingale problem [11] by taking the trans-
formation H€ defined as

(4.5) Hef:= cem Lt

An important step is to prove the convergence of H¢ for an appropriate
collection of sequences f€ to an operator H in the sense that if f€ converges
to f as e — 0 the H€f€ converges to H f [4].

Let us consider the test functions f¢(u,z) = f(u) + €log ¢ (u, z) with
e (u,x) = p(u,m(z)) + ep1(u, ), where f,p(u,z) are bounded, mea-
surable, continuous differentiable functions on u € RY, with bounded first
derivative, and uniformly continuous on FE, convergent to the function f(u)
Then, H€f€ converges to H f,

(4.6)  Hf(wz):=a(u;z)f (u) + / (/"W — 1 — v f'(w)(u, dv; z).

Rd
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Applying the stationary projector II : B(E) — E, defined by p(z) =
J5 p(dx)p(y)L(x) (where I(x) =1 for all z € E), we obtain

(@7 Hf(uk) = alu k) (u) + / (7' 1 o f(u))T(u, du; k)

]Rd
where

a(us k) = / mp(dz)a(u;z) and T(u,dvik) = / 7 (dx)(u, dv; k).
Ek Ek
A key role is played by the function in u and p in R? defined by
(4.8) H(u,p; k) := a(u; k)p —I—/ (e? — 1 — vp)D(u, dv; k)
Rd

having the following properties:

(a) for each p € R? and each k € E, sup,,cpa H (u, p; k) < o00;

(b) for each k € E, h(u, p; k) is a continuous function of (u,p) € R? x IR%.
For u and ¢ in R? we define the Legendre-Fenchel transform

(4.9) L(u,q; k) := SuII:d{pq — H(u,p; k)}

Step 2: As in Lemma 6.2.3. [3] the following properties of the Legendre-
Fenchel function can be proved.

Lemma 4.5. The functions H(u,p; k) and L(u,q; k) defined by (4.8) and

(4.9) respectively, have the following properties

(a) For each u € R?, k € E, H(u,p; k) is a finite conver function of
p € RY which is differentiable for all p. In addition, H(u,p;k) is a
continuous function of (u,p) € R? x R?

(b) For eachu € R k € E, L(u,q; k) is a convex function of ¢ € R? . In
addition, L(u,q;k) is a nonnegative, lower semi-continuous function
of (u,q) € R? x R4

(¢) L(u,q; k) is uniformly superlinear in the sense:

lim inf inf 1 L(u,q; k) = o0
N—c0 ueRe qeRtljgl= [lal]

(d) For each u € RY, k € E, the relative interior ri(domL(u,-; k)) =
ri(convS,juk)); 0 particular L(u,q;k) equals oo for u € R? and
q € (cl(convSy(jur)))¢- For any q € ri(domL(u,-;k)) there exists
v=uv(u,q; k) € R? such that Vo H(u,v(u,q; k); k) = q. In addition,

L(u,q; k) = v(u,q; k)qg — H(u,v(u, q; k); k)

(e) Suppose in addition that for a given u € R, convS,,(./u) has nonempty
interior. Then H(u,v;k) is a strictly convex function of v € RY,
int(domL(u,-; k)) is nonempty, for each q € int(domL(u,-;k)) there
exists a unique value of v such that V,H (u,v(u,q;k);k) = ¢, and
L(u,-; k) is differentiable on int(domL(u, -;k)).
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(f) For each u and q in R?, k € E,

L(u, g; k) = inf{ R(v()[|u(-u, k) - v € P(le),/ vv(dv) = q}
Rg

and the infimum is always attained. If L(u,q;k) < oo, then the in-
fimum is attained uniquely. R(-||-) is the relative entropy defined by
R(v]|0) = [(log ‘;—’g’)dv whenever v is absolutely continuous with re-
spect to 0. Otherwise R(v||0) := co.

(g) There is a stochastic kernel v(dv|u, k) on R? given R? x E satisfying
for u and q in R?,

R(v(-|u, k)||p(-|u, k) = L(u, q; k) and /Rd vv(dvlu, k) = ¢

(h) If v € P(RY) satisfies R(v(-)||pu(-|u, k)) < oo for u € Rk € E then
Jga llv||v(dv) < oo and

R(v(-|u, k)| |u, k) = L(uy/ vv(dv); k).
Rq
Step 3: To prove Laplace principle for the sequence &€ it is sufficient to prove
it for a sequence of random walks X™ constructed below.

Let h be any bounded continuous function mapping D([0, 7], R¢) into
IR. We prove the Laplace limit (4.2) when ¢ — 0 along any sequence
{€n,n € IN} converging to 0. Let’s fix such a sequence. By sampling the
process £ at a sequence of times depending on ¢, we define a sequence
of piecewise linear processes {¢",n € IN} for which we prove Laplace prin-
ciple. Then we show that the sequence is superexponentially closed to
{{&,n e N}

Fix T' > 0. For each n € IN, let ¢,, := [%] ( where [z] represents the inte-

ger part of z). Consider the sampled sequence (SE"(CCF—Z),j =0,1,---,c,—1.
Define ¢" := {¢"(t),t € [0,T]} by

Ty Tj\ (een TG+ L T5
Dyvente- T (e e

Cn Cn Cn Cn

¢"(t) = €7 (

for t € [Q M], which is the linear interpolation of the sampled se-

cn’ Cn
quence fe"(%),j =0,1-+-,¢,—1.
For each fixed k € E, let {v}(u;k),u € R%,j € INo} be an i.i.d sequence
of random vector fields having the common distribution

T
(4.10) u(dvlu, k) == 1P, <(£€"() —u) € dv>
T Cn
which is a stochastic kernel on R¢ given IR? x E.
We construct the random walks corresponding to the sequence of sto-
chastic kernels p"(dv|u, k) as follows: for each u € R4,k € E,n € N,
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consider the sequence of random variables {X;l, j=0,1,--- ¢, — 1} tak-
ing values in R? with
T
= X+ ;v?(X;-L;k), X§ =u.
Suppose that the the sequence of random vectors Xis interpolated into
a piecewise linear continuous-time process X" := {X"(¢),t € [0,T]} by

T7 T7 T(j+1
X"(t) = XJ+ (t _ 9) VXI5 E), te [], rG+1

Cn Cn Cn

:|)j:O7]-a"'7cn_]-

Then the distribution of " is the same as the distribution of X™. For each
n e N and u,p € R% k € E, define

(4.11) H"(u,p; k) := log/ P (dvlu, k)
Rd

Step 4: We will show that the function H(u,p;k) defined in (4.8) can be
written as the moment generating function of a stochastic kernel p(dv|u, k).

Since the conditions of the Proposition 10.3.2 in [3] are fulfilled the next
result follow.

Proposition 4.6. For each k € E, the following conclusions hold:
(a) there ezists a superlinear function f : (0,00) — RU{oco} such that for
any € > 0,6 > 0,s € [0,T],t € (s,T]

t—s o
sup P, 1{ su o) —E(s)]| > 0} < 2dexp | —
sup Pl s [€°00) = €(0)] 2 6) < 2dexp ()
(b) for each p € R%, sup,,en sup,,cpe H™(u, p; k) < oo
(c) for each p € R? and each compact subset K C RY,
(4.12) lim su]g |H" (u,p; k) — H(u,p; k)| =0
n—oo ue
(d) for each u € RY, the sequence of probability measures ™ (dv|u, k),n €
IN converges weakly to a probability measure p(dv|u, k) on R and for
each p € RY,

H(u,pik) =log [ " uldolu, k).
R(i

The family p(dv|u, k),u € R, k € E defines a stochastic kernel on R?
given R x E. In addition, the function mapping u € R — pu(-|u, k) €
P(RY) is continuous in the topology of weak convergence on P(IR?).

Step 5: In order to study the Laplace principle for the process X", we need
to verify the asymptotic behavior of

(4.13) W (u) == _L log E,, (exp(—cph(X™))),

n
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where IE,, denotes the expectation with respect to IP,, and h is any bounded
continuous function mapping C([0, 7], RY) into IR. We will show that this
is equal to the minimal cost of function of an associated stochastic control
problem.

We now specify the stochastic control problem whose minimal cost function
gives a representation for the function W”(u). The controlled process is a
discrete-time process X'J”, 7 =0,1,--- ,¢,—1, and at each time ¢ there will
be a control v}" giving the distributions of the controlled random variable
that replaces this noise due to the increments. l/]n is a stochastic kernels on
(R%)7+1, denoted by vi(dv) = V;L(dv\)zg, e ,X]”). A sequence of controls
{l/ﬁj, j=0,1,--- ¢, — 1} is called an admissible control sequence.

Then, as in [3] (Theorem 4.3.1) we get the variational representation of
W as

(4.14) w( mf]E {"z_: [ (M1 XF k)| +Rh(X™}

where the infimum is taken over all admissible control sequences {v}'}.
For n € IN and ¢ € [0,T], define the stochastic kernel

n o ](dv) te[?’%)v J=0,1,--,¢c, —2
1% (d’(}‘t) = n T(c n_l)
ng (d’[)), le [ginaT]

The following representation holds (similar as in [3] (Corollary 5.2.1))

T
(4.15) W"(u) = iyrglf]Eu{/O R (-[0)] (| X7(8)) + h(X™)}

where X" = {X™(t),t € [0,T]} is ‘the piecewise constant interpolation of
the controlled random variables {X;‘,j =0,1,--+,¢, — 1}.

Step 6: Laplace principle upper bound

Let I, x(p) = fo ), o(t), k)dt where L is the Legendre-Fenchel
transform deﬁned in (4. 9) Then I, 1 is a rate function and
1
(4.16) limsup — log E, (exp(—cp,h(X™))) < — inf  (Lyx(e) + h(p))
n—oo Cn 0eC([0,T],R%)

Indeed, first it can be shown that I,, ;, has compact level sets in C([0, 7], R%)
by using parts (b) and (c) of the Proposition 4.6, which implies that I,
is a rate function. Then using part (h) of Proposition 4.5 we will get

lim inf W"(u) > inf Ty k(@) + h(e)).
oo peC([0,T],RY)

Step 7: Laplace principle lower bound.
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In order to prove the Laplace principle lower bound we need to char-
acterize the relative interior of the effective domain of L(u,-;k) in terms
of the stochastic kernel pu(dv|u, k). This is done in part (d) of Proposition
4.5.

For A, B subsets of R define

A+B:={ueR:u=a+bac Abe B}.

A subset C of R? is called a convex cone if it has the property that for
ceC, Axce CVAe€|0,00). Denote conC for the convex cone of C'.
We can rewrite H (u,p; k) as

H(u,p; k) = b(u; k)p + /Rd(e”p — 1)I(u, dv; k)

where

~

b(us k) := a(us k) — /Rd oI (u, dv; k)

Let Sf@,k) be the support of f(u,k) and define T(,, ) := {b(u; k)}+conSf(u’k>
The relative interior ri(domL(u, ;k)) = 7i(T(,)) and the following
properties hold:
(a) The sets intT(, ) are independent of (u, k) € RY x E
(b) 0 € ’L'TLtT(u’k)
With similar arguments as in Theorem 6.5.1 [3] it can be proved that

lim sup W™ (u, k) < inf  (Luk(p) + h(p))-
n—oo 0eC([0,T],R%)

This gives the Laplace principle lower bound for X™.
1
(4.17) liminf — log IE, (exp(—c,h(X™))) > — inf (Luk () + h(e)).
o0 Cp ¢eC([0,T,R?)

Thus the Laplace principle is proved for the random walk X" and there-
fore for the process (".

Step 8: Laplace principle holds for the sequence £* because £, (™ are su-
perexponentially closed, i.e.
(4.18) limsup sup €, logIP,(p(§, (™) > 6) = —o0,

n—oo UERd

where p is Skorokhod metric on D([0, T],IR%).

Thus, by Proposition 4.2 we obtain the large deviation principle for
the sequence of random variables & (u; k) with the rate function I, x(¢) =
fOT L(p(t), o(t); k)dt. Using Lemma 4.3 we get the large deviation principle
for the sequence of stochastic additive functionals £¢ with rate function
L(¢) = min{L,4() : 1 < k < N}.

This completes the proof of the theorem.
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This principle has many applications, for example finding the probabil-
ity of exit from a stable domain of the process. In some cases the infimum
can be explicitly found by using calculus of variations. The class of ab-
solutely continuous functions on [0,7] can be identified with the Sobolev
space H%'[0,T], and since the Legendre-Fenchel function L(u,q;k) verifies
the conditions of Tonelli’s existence theorem (Theorem 3.7 [1]), the existence
of the minimizer will follow. If ¢ € ACI0,T] is a local minimizer of the func-
tional L(p, ), then ¢ will satisfy the Euler-Lagrange equation which will
be further simplified to the Beltrami equation: L(y,¢") — 'Ly (p,¢") = C,
where C' is a constant.

Example 4.7. Compound Poisson process

Consider the compound Poisson process £(t), t > 0 switched by the
jump Markov process z(t), t > 0 defined in Example 3.2, of the form
v(t/e;x(t/e) ¢
EWy= > al(x(=))

k=1 €
with the infinitesimal generator given by

r@otn) = [ otu+ ) - o] Fldvia).

€
Here v(t;x),t > 0,z € E = {1,2,3,4} is a homogeneous Poisson process,
with intensity A(x) and ag(z),k > 1,2 € E is a sequence of i.i.d. random
variables, independent of v(t), t > 0, with common distribution F(dv;x).

Using notation a(k) = fEk mr(dz)a(z), this process converges weakly,

(1) = /O a(i(s))ds, as e — 0.

Applying the operator H¢f¢ as in equation (4.5) we get the limitting
operator H f as follows

Hf(u,2) = Az) / ! @) _ 1) F(dv, ).
]Rd

For tractability purposes, let’s suppose that F'(dv;z) is independent of
x. Then the projected operator H f is

A Flu, k) = Ak) / e 1] F(dv)
Rd
where A(k) = Jg, m(dz)A(z). Hence, A1) = /31)\—1%7;11 and A(2) = f;‘i’;i
Assume that the random variables a(z) are distributed exponential with
the parameter A. Then the function H(p;k),p € R,k € E = {1,2} defined

in the relation 4.8 is

H(p:k) = A(k)ma A>p
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The Legendre-Fenchel transform L(g; k) = sup,cgr{prq — H(p; k)} becomes

L(gi k) = Mg — 2/ AgA (k) + A(k),

M. Therefore, for T > 0

arbitrary fixed, and for absolutely continuous functions ¢ € D([0,T],R),
with ¢(0) = 0, the process £° satisfies the large deviation principle. Its

rate function is I(¢) = ming— 2 I(¢), where I;(p) = fOT L(¢'(t); k)dt and

L(¢' (1)) = A/ (1) = 24/ A () A(K) + A(k).
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