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Abstract

A large deviation principle for a normalized time-changed Brownian motion
is obtained using a weak convergence approach. The time-change stems
from the study of parabolic Cauchy problems with state-dependent intensity
coefficients. Using the duality weak convergence - large deviations, we prove
a large deviation principle for the superposition between the time-changed
Brownian motion and the inverse process of the additive functional that
determines the time change.
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1. Introduction

Let’s consider the following parabolic Cauchy problem,

%u(t, z) = Mx)Au(t,z), t>0,z € R

1

u(0,z) = f(x), t=0,z¢cR .

with A being the standard Laplace operator, and A(z) the intensity coeffi-
cient.

Assume that one can construct a Markov process X = {X;, t > 0} defined

on some probability space (Q, F,P), starting from the point z € R¢, with

respect to the natural filtration {FX, t > 0}, FX = o(X,, s < t), that has
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the infinitesimal generator A(x)A. Then, the solution of the Cauchy problem
(1) is represented as

u(t,:c) = E[f(Xt) ’XO = QZ] = Ptf<x>7

where {P;};>¢ is the Markov semigroup associated to the infinitesimal gen-
erator \(z)A.

There are situations when directly constructing a Markov semigroup that
corresponds to an infinitesimal generator L is not feasible, thus new ap-
proaches need to be investigated. There are few known methods of construct-
ing Markov semigroups ([1]), one of them being the time change method.
The time change from t to ct, for some constant ¢ > 0, of a Markov semi-
group, corresponds to a change of the infinitesimal generator from L to ¢ L.
This transformation is very convenient for normalizing the infinitesimal gen-
erators, while a change of the infinitesimal generator L into A(z)L would
require a random rate function that depends on the position of the pro-
cess. Note that the carré du champ operator, defined as the bilinear map
L(f,9) = 5[L(f9)— fL(g) — gL([)], has the property that I'(f) = T'(f, f) > 0
on the domain of L. Since the transformed carré du champ operator is A(z)T",
the coefficient A(z) should be positive. Moreover, to ensure the continuity of
the associated Markov process, we will restrict to the case of strictly positive
bounded measurable functions, 0 < a < A(z) < b < oo. The time-change
method is described next.

Let {X;, t > 0} be a Markov process starting from a fixed point = € R¢,
with infinitesimal generator L. Define the additive functional,

t ds
Sx(tw) = / X (@)’

and its generalized right-continuous inverse process {7, t > 0},
Ti(w) = inf{u > 0: Sx(u,w) > t}, inf ) = +o0.

Since A(x) is assumed uniformly bounded, the additive functional Sx () (w
fixed) and the time change 7; are continuous and increasing functions ([7],
section 3.4), such that Sx(r;) = t. Addltlonally, Sy is a bljeCthe map from
R, to Ry, with derivative S%(t) = (X), and for any t > 0, 7/ = S,(th) =
A(X,,). Since the process Sy is adapted to the natural filtration F¥, the
time change 7; is a stopping time with respect to this filtration. Due to the



strong Markov property applied to the stopping times 7;, the time-changed
process X, = X, becomes a Markov process. We show that its infinitesimal
generator is A(z)L.

Indeed, using Itd’s formula, one derives df (X;) = dM/ + Lf(X,)dt, where
{M/, t >0} is a local martingale with respect to the filtration {FX, ¢ > 0}.
By composition rule, df (X,,) = 7/[dMI + Lf(r;)dt], and thus df (X,) =
dM] + N X;)Lf(X,), where M/ is a local martingale with respect to the
filtration 7 :={Ae F: An{n <u} € F,}.

Specialize X; to be the standard Brownian motion B; with infinitesimal
generator A = %%. The time-changed process X, = B, becomes a diffusion
process and a martingale with respect to the filtration JF,,, represented as

t
Xt:XO+/ VAX,) dB,, (2)
0

for some Wiener process B. Thus, starting with the infinitesimal generator
A= %%, and performing the random time change, one gets an infinitesimal
generator of the form L = A(z)A, with A(z) a uniformly bounded coefficient.
Moreover, if a further Girsanov transformation is performed, the infinitesimal
generator changes into L = %)\(x)cj‘l—; + b(z)L, with bounded measurable
coefficients b(x) and A(x), thus representing a larger class of diffusions that
do not require Lipschitz coefficients.

Probabilistic approaches to Cauchy problems with sufficiently smooth co-
efficients (such as Lipschitz conditions) have long been studied, and Freidlin-
Wentzell theory ([6]) covers an extensive analysis of large deviations for ran-
dom perturbations of such systems. Physical examples that exhibits non-
Lipschitz singularities motivated the study of Cauchy problems with irregu-
larities and singularities. Viscosity solutions methods are often used to over-
come such issues, but not easily manageable. As an alternative approach,
the time change method was used by Kondratiev et all in [8] to study the
asymptotic behavior of the stochastic processes associated with such systems.
The setup is the following.

Let C[0,T] be the space of continuous functions and C'[0, T the space
of continuous and increasing functions. Consider the sequence of stochastic
processes {(Vn, Cn) bn>1, defined on the product space CT[0,7T] x C[0,T], en-
dowed with the corresponding o-fields generated by the uniform topology, as
follows:

nlt) = 2 Zl) = Z=Bute G0 = Zoltn0) = S=Bre (3)



The functional limit theorems for the normalized time-changed Brownian
motion have been studied in [8] under different scenarios regarding the inten-
sity coefficient A, including the case in which the limits, lim, 1., A(z) = a4,
with ayx > 0, exist. In this case, it has been proved (Theorem 3.2.1 in [8])
that for ¢ € [0, 77,

= W(n (), as n— oo, (4)

o) = [ AOVE) s, 1) = 2 Tom@) + Temnfe): 6)

In this paper we study a large deviation principle (LDP) for the normal-
ized time-changed Brownian motion under the conditions described above.
Using the duality between the large deviation theory and the weak conver-
gence theory ([4], [5]), we develop a similar argument, based on superposition,
as in [8].

2. Large deviation principle

The theory of large deviations is devoted to estimating normalizations of
logIP(A,,) for sequences of events with asymptotically vanishing probability.
The standard formulation, due to S.R.S. Varadhan ([14], 1966), is that the
sequence of random variables {X,,},>; with values in a complete separable
metric space (F,Bg) satisfies the large deviation principle if there exists a
lower semicontinuous function I : E' — [0, 00| such that:

(i) for each open set G € E,

1
liminf —log P{X,, € G} > — inf I(x);
n

n—00 zeG

(ii) for each closed set C € E,

1
limsup — logIP{X,, € C} < — inf I(z);

n—oo T zeC
(iii) for each a € [0,00), {z: I(z) < a} is a compact set in E.
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The function [ satisfying (i) and (ii) is called the rate function, and if in
addition (iii) holds, it is called a good rate function for the large deviation
principle. Therefore, in the literature, it is said that a sequence of random
variables satisfies a LDP with rate function I, if (¢) and (i¢) hold, and it
satisfies a full LDP if the rate function is good. Also, it is said that the
sequence of random variables satisfies a weak LDP with rate function [ if
(7) holds for compact sets. In the sequel, by LDP we mean a full LDP.

Let E = C[0,T]) be the space of continuous functions on [0, 7], endowed
with the uniform norm, and Cy[0, T'] the space of continuous functions ¢, sat-
isfying ¢(0) = 0. Denote by HZ[0, T the space of absolutely continuous func-
tions ¢ € Cy[0,T] with derivatives ¢ € L?[0,T]. The celebrated functional
large deviation principle for the Brownian motion, known as Schilder’s The-
orem ([14]), states that the sequence of stochastic processes {X,,}n>1, with

Xn(t) = \/LﬁBt, satisfies the LDP with the rate function I : C[0,T] — [0, 0o],

1) = {Efo S(t)2dt, if e H20,T] ©)

0, otherwise.

A large deviation principle for time-changed Gaussian processes has been
obtained in [11], with the time-change derived from a subordination. Sub-
ordination is a method of producing new Markov semigroups through time
averaging, and in this case the process and the time change are independent.
For large deviations of tempered subordinators and their inverses we refer
to [9]. Another example, a large deviation principle for renewal processes
and superpositions of independent renewal processes is given in [13], where a
LDP for a sequence of stochastic processes leads to an LDP for the associated
first-passage-time and inverse processes.

Here, the time change 7 is not independent of the Brownian motion B,
and moreover, the time-changed B, is not a square-integrable martingale.
Therefore, a superposition argument as in [8] is natural. We will study the
large deviation principle for the couple processes {(vp, (,) }n>1 defined on the
product space CT[0,T] x C[0,T] and then derive the LDP for the marginal
processes {(, }n>1 using the contraction principle. This principle states that
the LDP is preserved under continuous mapping transformations. That is,
if the sequence of stochastic processes {X,},>1 obeys an LDP with rate
function I and if f is a continuous function, then {f(X,)},>1 obeys an LDP
with rate function I'(y) = infi,.p)=yy [(x). A slight generalization ([15],
[12]), which is called extended contraction principle, is stated as follows:
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Theorem 2.1. If the sequence of stochastic processes {X,}n>1 obeys the
LDP with rate function I and if { fn}n>1 is a sequence of measurable functions
and f is a continuous function on the restriction sets {x : I(x) < a}, a > 0,
and if fno(x,) — f(x) as n — oo for all sequences x, such that x, — x as
n — 00, for all x for which I(x) < oo, then the sequence { fn(Xy)}n>1 0beys
the LDP with rate function,

)= it I@). (7)

The duality between the weak convergence and the large deviation theory
has been extensively employed (see e.g. [4], [5]). For example, an analogue of
Prohorov’s theorem where the tightness condition and the finite dimensional
convergence lead to the weak convergence of stochastic processes ([2]), is
that the exponential tightness and a weak large deviation principle determine
a large deviation principle with a good rate function (see e.g. Puhalskii
([10, 12]).

Definition 2.2. A sequence of random variables { X, },>1 on a metric space
E is said to be exponentially tight with speed {1y, }n>1 if for any N < oo, there
exists a compact set Ky C F, such that

1
limsup —log IP(X,, ¢ Kn) < —N.

n—o0 n

Next we state a criteria for exponential tightness that was derived by
A.A. Puhalskii ([12]) for stochastic processes on metric spaces.

Theorem 2.3. A sequence of stochastic processes { X, }n>1 is exponentially
tight in C[0, T'| with speed function {r,} if and only if the following conditions
hold:

(i) lim g Timsup, ., - log P{|X,,(0)] > A} = —oo;

(i) 1m0 i SUD, o SUDye 071 2 108 P{SUD ey 5 | Xon(5) — Xu(D)] > €} =
—o0 for any T > 0, and € > 0.

For a more general characterization of the exponential tightness, we refer to
[5], Theorem 4.1.
Let us consider the following assumptions:



A1. ) is measurable such that 1/) is locally integrable;
A2. there exists two positive numbers ay such that lim, ,1. A(x) = ay;

A3. ) is uniformly bounded, 0 < ¢ < A(z) < d.

Proposition 2.4. Under the assumptions A1— A3, the sequence of processes
{Gi}n>1 defined as (,(t) = \/LEBW fort € [0,T], is exponentially tight on
C[0,T], for any T > 0.

Proof:  We need to check the conditions (i) and (i7) of Theorem 2.3.
Condition (i) is obviously true since (,(0) = 0. To prove (ii), let 7" > 0 and
e > 0 be fixed. For > 0 be arbitrarily chosen, we have:

1 N N
P{ sup [Cu(s) — Cu(t)| > e} =TP{ sup —=|Xps — Xoue| > €}
s€[t,1+9] seltiro] VT
_P{ sup explun/il X — Koul) > exp(npe)}
SE[t,t+40]

< exp(—nue)E[GXP(N\/an(tH) — X)),

by Doob’s martingale inequality.
Using the martingale decomposition (2) for the time-changed process, we
write for some Wiener process By,

n(t+9) ~ B
P {supscpt,e+8)|Cn(s) — Cu(t)|>e} Sexp(—n,us)IE[eXp (,u\/ﬁ /t \/ )\(Xs)st)

= exp(—npue)E lexp (“27” /n jW) X)) ds)]
= exp(—nue)E lexp (“2;2 /t " A X)) dS)} :

Since A(z) is bounded, by the dominated convergence theorem, when 6 — 0,

1
limsuplimsup sup —logP{ sup |[(.(s) — Cu(t)| > e} < —pe,
n—oo  §—0 te[o, 7] T SE[t,t+9)

for any p > 0 arbitrarily chosen, which proves condition (7i) of the exponen-
tial tightness. [ |



Pro osition 2.5. Under the assumptions Al1— A3, the sequence of processes
{S tn>1, where S () = 1Sp(nt) for t € [0,T], satisfies the LDP on
C'0,T) with rate functzon,

piwy = [3 00907t if o € HE0,T] such that [ 5(p(u))du = v(0)
0, otherwise,

(8)
where 7 is defined in (5).

Proof: We first show the exponential tightness. As the condition (i) of
Theorem 2.3 is obviously true, we will prove (ii). Let 7" > 0 and € > 0 be
fixed. For some Wiener process B and g > 0 arbitrarily chosen, using the
fact that A(z) > ¢ we will get,

IP{ sup |Sg(ns)— Sp(nt)| > ne} =1P{ sup |/ | >net <

sE[t,t+4] sE[t,t+40]

P { [ } e{ [ )

< exp(—npe)E {exp <nu /t " ﬁ)} < exp(—npe) exp (”7“5) |

By taking § — 0, and then n — oo, it follows that

1 n
limsup limsup sup —logIP{ sup \S ( ) — S}B)(t)\ > e} < —pe,
5—0 n—oo te[0,7] T s€[t,t44]

which proves the exponential tightness of the process.
Note that

S”(t)—l/nt ds _1/t ndu _/t du _/t du
Py ABs) 1o MBua)  Jo MWL) Jy A(nBp)
where B! = \/L,;Wu satisfies the LDP with rate function (6).

Let {¢n}n>1 be a sequence in C[0,T] such that gon — e With respect to

the uniform topology. For any ¢t € [0, 77, let f,(vn)( fo 5 \ﬂon . Since
Ax) > ¢ > 0 and lim, 1 A(z) = ax, we apply the Lebesgue’s domlnated




convergence theorem and get

Tim £, ()(t) :/0 B&ﬁ

11 1
~ [ |0 et) + e (otw))] du= s
0 lLay a_
Due to the extended contraction principle (Theorem 2.1), the sequence of
stochastic processes {S} := f,,(B™), n > 1} obeys the large deviation prin-
ciple on CT[0,T] with rate function

I'(v) = inf I(yp)
(oS A () du=u ()}

Note that for any ¢,s > 0, ¥(t + s) — 9(t) > 0, s0 (1) = [y v(p(u)du is
a continuous and strictly increasing function, therefore its inverse ex1sts and
is continuous, and thus the sequence {S%},>; satisfies the LDP on C'[0, 7]
with rate function given in (8). [

Proposition 2.6. Under the assumptions A1— A3, the sequence of processes
{vn}n>1, with v, (t) = 27y, satisfies the LDP on C'[0,T] with rate function

1) = L3 o #Pdt if o € HED, T such that [ y(p(u)) du=67'()
1 0, otherwise.

(9)
with ~ defined in (5).

Proof:

According to Theorem 3.1 in [13], a large deviation principle for an inverse
process with linear scalings is obtained from the LDP of the given process.
Therefore the sequence {v,},>1, where v,(t) = 17(nt), obeys an LDP on
C'0, T] with rate function I;(¢) = I'(¢~'). Since I’ is a good rate function,
such is I;, making the sequence {v,},>1 exponentially tight. [ ]
Proposition 2.7. Let Z,(t) = \/LEBM and {x, }n>0 be a sequence in C1[0,T)
such that x, — x in C[0,T]. Then the sequence of stochastic processes
{Z,(xn) }n>1 satisfies a large deviation principle with rate function

)2dt, if o € H20,T] such that pox = ®
2<<1>|x>={ o (POt i € HE0.T) ’ (10

otherwise.



Proof:
We show that the sequences of stochastic processes { Z,,(x,,) }n>1 and { Z,,(z) }n>1
are LDP equivalent (which means that if one obeys an LDP with rate func-
tion I, the same is true for the other). By Lemma 3.13 in [5], it suffices to
prove that for any € > 0,

lim 1 log P{ sup |Z,(z,(t)) — Zn(z(t))| > e} = —o0.

n—oo n t€[0,T]
Indeed, let € > 0 be fixed. For some p > 0 arbitrarily chosen we have:
P{ sup |Z,(2n(t)) = Zn(x(1))] > e} = IP{ sup. | B(nan(t)) — B(nx(t)| > vne}
telo,

te[0,T]

= P{uv/n sup |B(na,(t)) — B(nx(t))| > pne}

te(0,7)

= P{un S |B(@y(t)) — B(x(t))| > pne}

< exp(—nue)E
te[0,T

exp(un sup |B(zn(t)) — B(f(t))l)]

<exp(—nue)exp | un sup clz,(t) —z(t)|* |,
te[0,T]

where ¢ > 0 and 0 < a < %, due to the a-Holder continuity of the Brownian
motion.

As 2" — x in CM0, T, lim, o0 SUPseppy [2" (1) — z(t)| = 0. Therefore,
there exists n > ng(d) such that sup,ep ) [2"(t) — 2(t)| < ¢ and such that

o< (%)1/(1. Thus,

Lo P{sup (2,07 (1) = Zafe(®)] > <} < —p(e "),

for any g > 0 and n > nyg, so

lim S log P{ sup |Zu(z"(£)) — Zu(2(t))] > £} = —o0.

n=oo 1 te[0,T]
For fixed x(t) € C'(0, T, sup,co 7 #(t) = #(T) and
F:Cl0,z(T)] = C[0,T], F(®) =®oux,
is continuous. Therefore, by the contraction principle, the sequence {Z,,(z)},>1

satisfies the LDP with rate function I5(® | x) on C[0,z(T")] given in (10). W
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Next, we consider the construction of a rate function on the product space.
If (E1,&) and (F», &) are two Polish spaces with their associated Borel
o-fields, and {1, }n>1 & sequence of probability measures on (Ey,&;), let
{vn(x1, By) }n>1 be a sequence of probability transition functions defined on
Ey x &. Then, a sequence a probability measure {u,},>1 on the product
space E; X Fs is represented as,

in(By x By) = / Va1, By)djunn (1), (11)

B

forany B, € &,1=1,2.
The following definition was introduced by Chaganty in [3] to provide a
large deviation criteria on a product space.

Definition 2.8. The sequence of probability transition functions {v,(x1,-)},
x1 € Ey, satisfies the (LDP) continuity condition in x1 with rate function
J(SL’l,fBQ) Zf

(1) for each xy € Ey, J(x1,-) is a rate function on Es;

(ii) for any sequence {x1,} in Ey such that x1, — x1, the sequence of
measures {Vp(T1n, )} on Ey obeys the LDP with rate function J(xq,-);

(111) J(xy1,x9) is lower semi-continuous as a function of (x1,x2).

To prove the large deviation principle on the product space we use The-
orem 2.3 from [3], which states:

Theorem 2.9. Let (E,&;) and (Es, &) be two Polish spaces with their as-
sociated Borel o-fields. Suppose that the sequence of probability measures
{pn} defined in (11) is exponentially tight on the product space 1 X Es, and
that the sequence of probability transition functions {v,(x1, B2)} satisfies the
(LDP) continuity condition with rate function J(x1,x2). If {p1n} obeys LDP
with rate function I (xq), then the sequence {u,} satisfies a large deviation
principle with rate function

I(zy,29) = I1(x1) + J(21, 22).

Consequently, the marginal sequence of measures {pio,} on Ey also obeys the
LDP with rate function

Iy(x9) = inf [I1(x1) 4+ J(z1,x2)].

T1€F
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We can now state the main result.

Theorem 2.10. Let B,, be the time-changed Brownian motion associated
to the infinitesimal generator \(x)A, where A is the Laplace operator and
AR — (0,00) is a measurable function satisfying the following assumptions:

(A1) X is measurable such that 1/X is locally integrable;
(A2) there exists two positive numbers ax such that lim, 1o \(x) = ag;
(A3) A is uniformly bounded, 0 < ¢ < A(z) < d.

Then the sequence of normalized time-changed processes {(, }n>1, where ,(t) =
\/LEBTM fort € [0,T), satisfies the large deviation principle with rate function
I:C[0,T] — [0,00],

L@)= it [1(0)+L(@|0)

with I,(¢) and Iy(® | ) given in equations (9) and (10), respectively.

Proof:

We apply Theorem 2.9 to the sequence of processes {(vy, () }n>1. The
exponential tightness follows from [5] (Lemma 3.6), stating that a sequence
of probability measures on the product space is exponentially tight if and
only if the marginal distributions are exponential tight, provided that each
individual probability measure is tight. We know that any probability mea-
sure defined on a Polish space is tight (Theorem 1.3 in [2]). Accordingly,
since C[0, T] equipped with the supremum norm topology is a Polish space,
the exponential tightness of the couple processes follows from the exponential
tightness of the marginal processes. Since {(,},>1 is exponentially tight on
C[0,T] (Proposition 2.4), and {v;, },>1 is exponentially tight on C'[0, 7] (from
the proof of Proposition 2.6), then the sequence { (v, () }n>1 is exponentially
tight on C'[0, 7] x C[0, T).

Next, we prove the (LDP) continuity conditions for the transition mea-
sures. That is, show that the rate function J(¢, ®) := (P | ¢) satisfies the
conditions (i)-(iii) in Definition 2.8. In Proposition 2.7 we proved that the
conditions (i) and (ii) hold true. It only remains to verify condition (iii),
which is the lower semicontinuity property of J(¢, ®).

12



Indeed, if we assume that (¢", ®") — (¢, @), then, when J(¢", ") < oo,
using Fatou’s lemma, we get

T
liminf J(¢", ®") = lim inf 1 / i[@”((qs")—l)]dt
0

1 [T d
> / T 2 (B"(67) )t = J(, )

Thus, the sequence of couple processes {(vy,(n)}n>1 Obeys the LDP with
rate function I(¢, ®) = I(¢)+ J(¢, ). Consequently, due to the contraction
principle, the sequence of process {(, },>1 obeys the LDP with rate function
(10). [ |
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