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1. Introduction

We study a class of empirical measures on C[0, c0) associated
with S,(9) = Yop— 9(Xi), where (X}) is a Markov chain with an
invariant measure m and g € L*(m), via an invariance principle
corresponding to interpolation of .S,,.

Section two introduces the necessary background and provides
auxiliary results for subsequent analysis. In section three we pro-
vide criteria which allow us to establish a martingale decomposition
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representation for S,(g), the key element in the proof of the large
deviation result presented in the last section of the paper.

2. Auxiliary results

2.1. Functional almost everywhere central limit theo-
rems for additive functionals. Let X, X5,... be a sequence
of i.i.d. random variables on (2, F,IP) such that IE(X;) = 0,
E(X?) =1and S, = Y i, X;. Define the interpolation processes,
with 1, (%) =9, for 1 <k <n,

1

(2.1) U(t) = NG (Spg + (nt — [nt]) (Spg1 — Spny)) , 0 <t < 1

and empirical processes W, : C[0, 1] — M (C][0,1]),

(2.9 Wal) 1= £ 2 piee

with L(n) = 37, 1. The following functional almost everywhere
central limit theorem is due to Brosamler [1].

Theorem 2.1. The random process W, converges weakly to
the Wiener measure W on C|0, 1], P-a.e.

Let (X,,) be an ergodic Markov chain with stationary measure
m, Sn(9) = Sop—s 9(Xx) be such that IE,,(S?) = 0® € (0,00) and
for any initial distribution p and any k € IN, IE,(S?) < co. Define
the interpolation processes
(2.3)

U, (1) = ﬁ(

and the empirical processes

S[nt] + (nt - [nt])(S[nt]Jrl - S[nt])) ,0<t <

n

(2.4) W) =

L(n) 5{‘1’k€'}

| =

k=1

Theorem 2.2. W, converges weakly to the Wiener measure
W on C[0,00), IP,-a.e.

PROOF. By using our martingale decomposition (see section 3,

Theorem 3.1) we can write S, = M,, + R, where ()M,,) is a mean

zero martingale for which sup; <, (‘7’% converges in probability to



0. Define the empirical measures

1 1
M —_ —,—,——— [e—
(2'5) Wy () = L(n) ;:1: kd{‘l/kMe.}
where UM is the interpolation process

(2.6) U () = —={Mpng + (nt — [nt])(Mipg1 — Miny)

v

corresponding to the martingale M = (M,,). By [8], WM converges
weakly to the Wiener measure W on C[0, 1], i.e., for any bounded
continuous function f : C [O 1] >R, W-ae.,

n~>oo L Z k fo\I'M = )

To show that W,, converges weakly to the Wiener measure W
on C[0, 1], we check that

nliriloL Z 5f°q“k_niooL Z g Orents

for which it is sufficient to have lim,_.o |[¥,, — WX |co1) = 0. In-
deed,

n

1, — UM ey = sup |, (¢) — UM ()] =
t€[0,1]

sup
te(0,1]

#{RM (0t = 1) Riss — o)} <

su su Ry +
1<kgnte[k?k] \/—| fnt)
sup

—I|R
1<k<n U\/ﬁ| g

which by (3.2) converges to 0 in probability.

By replacing 1 with N in the above proof the result holds for
C[0, N], for every N > 0. The extension to C[0,0) is standard: v,
converges weakly to v on C|[0, 00) if for every N > 0, w1, converges
weakly to v on C[0, N], where my of a measure on C|[0, c0) denotes
the measure it induces on C[0, N].

In our case this means that W,, converges weakly to the Wiener
measure W on C|0, 00). O

(nt — [nt]) (Rins 11 — Ringg)| <



2.2. Large deviation principle for Ornstein-Uhlenbeck
processes. Define the canonical shifts o, : C(IR) — C(IR) by

ow(s) == w(t + s)
and empirical processes Ry : C(R) — M (C(R)) for any T > 0 by
1 T

Ry = — Ot
oot )

Assume that o is an ergodic transformation, and let IP be a o-
invariant measure i.e. IP is the probability measure on the space
of trajectories corresponding to the Ornstein-Uhlenbeck processes
starting with stationary distribution at time ¢ = 0.

Let © = C(IR), then for any bounded continuous function we
have:

[rwarr = o [ ([ s =g [ oo
- [ swap

a.s. as T" — oo by ergodic theorem. This implies the weak con-
vergence Ry = IP as T" — oo. The exponential decay for the
deviations of Ry from IP was given by Donsker and Varadhan in
2] through the rate function H(Q), @ € M;(C(IR)) defined as

1@ = {

where |;(p) denote the image of a measure p under the restriction
map on I and h(u/v) is the relative entropy of p with respect to v,

(2.7) W /v) = { golog(i.ﬁ—’;) if < v

limyoo #2(S|2rr1(Q) /S| (IP)) if Q is o invariant
00 otherwise

otherwise

Theorem 2.3. For every bounded interval I C IR,

Hi()i= inf H(Q)
QeS| ()

is a rate function on M1 (C(I)) and for any Borel set A C My(C(1)),
: ... 1
- 11£1c>f H; < lﬁgf T log P{S|;(Rr) € A}

1
< hmsup?log IP{S3|;(Rr) € A} < —i%f H;

T—o0



An extension to paths on [0, 00) by using a finer topology than
the topology of uniform convergence on compact sets was obtained
by Heck in [4].

Theorem 2.4. Let ® : IR — [0,00) be a continuous function
satisfying
O(t (¢
(2.8) lim et = lim 2(t) =
t—o0 \/E t——00 /|t’
and Cp == {w € C(R) : supteR% < oo}, Mi(Cy) = {Q €

Mi(C(R)) : Q(Cs) = 1}. Then H|py(c,) Is a rate function on
M (Cs), and for every Borel set A C M;(Cs),

. .1
—1£§H < thlgnglog]P{RTGA}

1
< lim supilog P{R; € A} < —i%fH

T—o00

REMARK 2.5. Under condition (2.8), IP € M;(Cs) and P-a.e.
Rr € ./\/ll(&p)

2.3. Large deviation principle for Brownian motion. Let
¢ : Ry — R, be a continuous function such that

el e
=0 /t|logt| t=oo \/t|logt|

and the set C, defined as

(2.9)

t
Cyp :={w € C[0,00) : sup ()] < o0}
teR ¢(t>
Consider the isomorphism F : C(IR) — C[0,00), F(w)(t) :=
Vitw(logt). Then F¢, : Co — Cg4 is a bijective isometry with re-
spect to |- |p and |- |, if O(-) = 2ex20) et us denote W := Sp(IP),

V()

so W is Wiener measure on C[0,00). Theorem 2.4 can be written
in terms of Brownian motion as follows:

For any ¢ € IR define 6, : C[0, 00) — C[0,00) by fw(s) := e™"2w(ets)
and for any 7' > 0 empirical processes St : C[0,00) — M;(C[0, c0))
by

1 T
Sr(w) = o / ot



Theorem 2.6. Define for any Q) in M;(C|0,00)) the function

(2.10)
Q) = { My oo 7S e-7 011 (Q) /o1 o) (W) i Q is Q—invariant
00 otherwise

Then I| 4, (c,) Is a rate function and for any Borel set A C M;(Cy),
. .1
— 1£Of I < hTng;lf 7 logW{Sr € A}

1
< limsup T logW{Sr € A} < — ir}lfl

T—o0
where M;(Cy) = {Q € M1(C[0,00)) : Q(Cy) = 1}
Let’s define for any a > 0, 6, : C[0,00) — C[0, 00) by
1
Ow(t) = %w(at)

and empirical processes Ry : C[0,00) — M;(C[0, 0)),

n ] /ﬁk dt
T logT J o "y
VT

Then (R,) satisfies LDP with constants (logn) and rate function

I, where
(2.11)

: 1 ~1 _1 . vy .
1(Q) = { limg o0 glogah (Q o ’[%ﬂ}/W o ][%ﬂ]) if ) is f-invariant

00 otherwise

which means

1
—inf7 < liminf logW{R, € A}
A° n—oo logn
< limsup logW{R, € A} < —inf[
n—00 n A

e AT

. n . . .
Since —— I\ 0o 4t has under W the same distribution as P)
logn J1 tt logn 7 tt

we have the following corollary:

~

Corollary 2.7. Let R, = an [{" 60, %. Then (R,) satisfies
LDP with constants (logn) and rate function I defined in (2.11).



2.4. Large deviation principle for sequence of i.i.d. ran-
dom variables. Let’s consider Xi, Xo, ... i.i.d. random variables
on (Q,F,IP) such that E(X;) =0, E(X?)=1and S, =", X,.
We want to prove the LDP for the functional almost everywhere
central limit theorem given in Theorem 2.1.

Lemma 2.8. LetY,, and Z, be random variables with values
in a metric space (E,d) such that for all ¢ > 0,

2.12 li
( ) nl—{go log n

log IP{d(Y,,, Z,,) > €} = —oc0

Then Y,, and Z,, are equivalent with respect to LDP (or exponen-
tially equivalent), which means that if (Y,) satisfies LDP with con-
stants (logn) and rate function I, then (Z,) also satisfies LDP with
the same constants and rate function.

To use this lemma for sequences of random variables in M;(Cy)
it is necessary to define a metric, as done in [4].

Let (Cy, | - [¢) be a metric space, with |w|y = sup,cg, % On
M1(6¢) define
(2.13)

ol v) = Sup{‘/fdu—/fdv

where Hf”L = Supw€C¢ ’f(w)| + Supw,w’€C¢,w7éw’ M Then

lw—w’|

e IflL < 3

(Mi(Cy),ds) becomes a metric space and the following properties
hold:
(a) dyp <1
(b) dyagt(1—a)w, afi+(1-0)) < ady(u, )+ (1—a)dy(v, ),
for o € [0,1] and p, 1, v, v € M;(Cy)
(¢) dp(du,6u) < |w—w'|y for w,w’ € Cy.

Then, as shown in [3], we have
Lemma 2.9. Let Y;,Z;, t € [1,00) be random variables with

values in the separable metric space (Cy,| - |4) such that t — Y,
t — Z, are continuous from the right or left and for all € > 0,

1
2.14 lim — log IP sup |Ys — Zslp > e p = —0
( ) I—oo log ! {se[l,l+1) | g }



Then (@ I 5ys%> and <lo;;n I 623%) are equivalent with re-
spect to LDP.

Let W,, = ﬁ > h_i 10y, be as defined in (2.2) and ¢ above
satisfies in addition ¢(t) > t5° fort € [0, 1].

Theorem 2.10. (WV,,) satisfies LDP with constants (logn) and
rate function I defined by (2.11).

PROOF. Let W, := @ I Oy, % First we show that W, and
W, are exponentially equivalent. By Lemma 2.8 it suffices to verify

lim
n—00 log n

log P{dy(W,, W,) > e} = —00
Given f € C(Cy, R), ||f|lz < 5 we have

| [raw,— [raiv,| -

1 « 1 1 1
= llogn ;bg(l + )0, — ) > S f ()

n

1 " dt 1 1
logn /1 (@) T I 2 Ef(wk)

k
1 1 1 & 11
< |y ot 500+ gy 22 (st 4 = ) 700
i e[S os(1 4 )

which converges to 0 uniformly as n — oo.
Let X1, Xs,.... be i.i.d. random variables such that IE(X;) = 0,
[E(X?) = 1 and the partial sum S,, = Y | X;. If one shows that

~

(W,,) satisfies the LDP with constants (log n) and rate function [ in
the case in which X; are i.i.d. N(0,1)-distributed, then the general
case follows, see [3], i.e., by Skorokhod’s representation theorem
there exists a probability space (2, F,IP) with random variables



(Y,) and (Z,) such that Y,,,n € IN are i.i.d. with the same dis-

~

tribution as X, Z, are i.i.d N(0,1)-distributed and (W,) corre-
sponding to (Y,,) and respectively (Z,,) are shown to be equivalent
with respect to LDP. Therefore, it remains to consider the case for
X; which are i.i.d. N(0,1)-distributed.

Let (2 = Cy[0,00), F,IP = W) with coordinate map X;(w) = w(t)
and X;(w) = w(i) —w(i — 1) ~ iid. N(0,1)-distributed. We will

show that (W,,) satisfies the LDP by checking that I/T/n and 7N3n are
equivalent with respect to LDP.
By Lemma 2.9, this reduces to checking that for any € > 0

(2.15) lim

n—oo logn

logW ¢ sup |0s —¢plp >ep = —00
s€[n,n+1)
The probability W{sup,cj, 1) |0s = ¥nlg > €} is dominated by the

sum of three probabilities, W{supsc, ni1) [0n — ¥nls > 51,
w(st)—w(nt
W{Supse[n,n—I—l) Supt6R+ \/LE% > 2}7

WA{suDsernnt1) SUDser |\/L§ - \/Lﬂ ‘“’dfg” > ¢}. Given € > 0, based on

arguments of Lemma 4 in [4], the estimates below hold for large n
and utilize the properties of function ¢ given in Theorem 2.6 along
with the properties of Brownian motion,

" {“’ € Golo,00) : sp (1) — ()] > } <200 (-3

te(a,b]

for all 0 < a < b and ¢ > 0, and the inequalities: Log(el*) >

WTH, supse[n,nﬂ)(\/iﬁ - \/La) < 1n=3/2. In what follows the positive

constant ¢;; represent the j-th constant in the i-th estimate.
Regarding the first estimate we have

W{ sup sup |6, — bl > 5} <

s€[n,n+1) teR+ 2

10n(t) —¥n(®)] _ €
R P N A

W {sup sup |w(t) —w(k)| > g\/ﬁgb (%)}

k>1 telk,k+1)



Then for sufficiently large n

w{sup sup () — w(k)| > SV (S)}g

1<k<n telk,k+1)

kf}W {[p Jolt) = ()] > NG (g)} <

Zw{ sup |w(t) — w(k)| >5’”+€} <

—1 tek,k+1) 2 nf
n 1e2 lt2e g2
ZQexp (_§Z = ) < 2nexp (—gn)
k=1
and
€ k k
W< sup  sup |w(t) —w(k)| > =v/ny/=Log | — ) ¢ <
k>n+1 te[k,k+1) 2 n n
S W sup Jw(t) —w(k)| > oVEE <
[ — telk,k+1) 2
- 1¢e2 _
Z 2€Xp (-529]4]) < C11€ czn
k=n+1
Therefore,

2

W{ sup ‘95 - wn‘qﬁ > 8} S 2nexp <_€_n> + Cllefcun.
s€[n,n+1) 8

For the second estimate one obtains

lw(st) —w(nt)| €
W sup sup > -8 <
{se[n,n—i-l) teRy Vso(t) 4

ZW{ wp  sup 00— wlt) >5\/ﬁ}

= s€[n,n+1) tefel,eltl) ¢(t) 4

S {Sup wp s ) —w@nl n}g

= s€[0,1) tefel el tl) gb(t) 4

IN




ZW{sup sup (s + m)t) — w(nt)] > SyAo) )}g

e s€[0,1) te[l,e) \/6_

s€[0,1) te[l,e) 4

ZW{ sup sup |w((s+n)t) —w(nt)| > 5\/nLOg(e|l)C(e|l|>} .

Z corn exp(—cae®n(|l] + 1)) < cazn exp(—cose’n),

=
where ( : [1,00) — [1, 00),
¢(t) :=1 fs€R+\( f f(() oL limy_, o, ((t) = o0.
Finally,
1 | |w(nt)] e
w sup sup |— — — >_\ <
{se[n n+1) teRy \/_ n| ¢(t) 4
lw(nt)] 6} lw(t)]  en
WS sup —————— > —» < w sup ——— > — » <
{t€R+ n\/ﬁ(b(t) 4 g% tefel el+1) (t) 4
ZW{ sup [w(t)] > a—\/Log<ell><<ell>} <
tell,e) 4
=

Z cz1 exp(—e*nesa (|l + 1)) < ez exp(—czae®n?).
lez

which establishes (2.15) and concludes the proof.

3. Martingale decomposition of Markov functionals

In this section we show that certain functionals of Markov chains
can be written as martingales perturbed by random variables whose
maxima (scaled by factor \/Lﬁ) converge in probability to zero at a
prescribed rate. The main interest in such representation stems
from the fact that when proving central limit theorem or large de-
viation principle, the methods in Markovian versus martingale case
are essentially different (except when the two cases overlap and ei-
ther method can be employed), while martingale approach is often
preferable. For instance, martingale maximal inequalities offer a
useful tool in handling the tail estimates which in turn could be
applied to Markovian cases whenever possible.



In what follows we provide criteria for a martingale decomposi-
tion and describe the classes of Markov chain functionals that allow
such representation.

Let (Q, F,IP) be a probability space, (E,Bg) a complete sepa-
rable metric space, and let X,,,n > 0 be a Markov chain defined on
) with values in £. Given a probability measure p on (E, Bg), one
defines the probability measures IP, by

IP,(B) = ulP(B) = /Ep(dx)p(x,B), re B, BeF

where p(z,B), v € E, B € Bg is the Markov transition function
of X;,,n > 0. We denote by [E, and IE, the expectations corre-
sponding to IP, and IP, respectively. Inductively one defines the
n-step transition probability by p"(z, B) = P(X,, € B| Xy = x) =
P(X,1m € B| X, = ).

Let P be the transition probability operator defined as

Po() = Elp(tns)|n = 2] = / p(z, dy)o(y)

E

and denote by P" the n-step transition operator corresponding to
the n-step transition probability p"(z, B).

Theorem 3.1. Let X,,,n > 0 be an ergodic E-valued Markov
chain with initial distribution p and unique invariant probability
measure m.

If g e L*(m) :={g : E — R : [,¢°dm < oo} satisfies the
properties:

(i) [pgdm =0
(ii) [[P*gllr2(my < p"|lgllr2(m) for some 0 < p <1, k € IN
(iii) % < D < oo, k € N and f{m:g2(x)>n} g (z)m(dz) <

exp(—p(n)) for n large, with ¢ : R, — IR, such that
e(x)
log()
(iv) |Pkg(x)] < Cn, whenever |g(z)| < n, for some 1 < C < oo,

x € F, ke N, and large n

lim, .o — 00

then

(3.1) Sulg) =Y _g(Xx) = M, + R,



where M, is a mean zero martingale relative to (S0, F,,IP), with
the natural filtration F,, = o(Xo, ..., X,,) and

su R?
n

ProOF. We show that under our hypothesis the Poisson equa-
tion (I — P)u = g has a unique solution. Notice that I — P is not
invertible, while ((1 4 ¢)I — P)u. = g, € > 0 has unique solution

(3.2) lim

n—oo logn

1 e Pk—lg
33 e — ]_ I—P_l =
3 w=(+al =Py = Y o

thanks to 1+e¢ being in the resolvent of L?(m)-contractive P, whose
spectral radius is 1. Condition (i7) implies that the series in (3.3)
converges in L?(m) and we have

(3.4) u(z) = hm us(x Z P*g.

Therefore, S,(g) = 3529 9(Xi) = Ljy (u(Xe) = Pu(Xp)) +
u(Xo) — u(X,) and by Markov property

M, Z (Xi) — Pu(Xj-1))
is a mean zero martingale in L?*(m) with respect to the natural
filtration F,, = o(Xy, ..., X,,). Setting
(3.5) R, = u(Xo) — u(X,)

establishes the martingale decomposition (3.1).

To simplify notation, summation index below and whenever else
integer is needed, is understood as the integer part of the number.
For each k € IN we have

%
P(u*(X;) >Cn) < P ZPig(Xk) > VCn

+ P ). Pg(Xy)|>




The second term with n > 4 satisfies
- i vCn - i
P> PoX)| > | <B| Y PylXy)|=
i= Yn+1 i=Yn+1

o0 [e.9]

> Pyl < Do PaXy| <
i=/n+1 LY(Q) i=y/n+1 £2(Q)

[e.9]

ST IP (X0 e
i=Yn+1

Using conditions (i7i) and (ii) we get
2
P90 ) = BP0 = ( [ ot (ean)) =

/ ( / o)z, dy>) HPH(dz) < D|[P'g(x) 2am< Dr¥ll9(@) 20m

Consequently, for n sufficiently large,

d ‘ e Vil
Pl| Y Plgx| > " |<vD?
2 1—p
i=Yn+1
for some positive constants A and B. Turning to the first term, we
have

19| £2(m) < A exp(—B+/n)

v ~ Cn v ~ Cn
P (|3 Pty > " sZP(|P’g<Xk>|2>—),

: : 4
=0 1=0

and for Q = {¢*(X;) > 2} U{g*(Xy) < 2} gives

P (1Pl > L) < P> 5)

+ P ({gQ(Xk:> < %} NA{|P'g(Xy)|* > %})

and (iv) makes the second term disappear while the first term,
thanks to (i7), satisfies

e (0> §) - (7> §) 2 (4(3)



Combining the above yields

1P(1r£1]?<x |Rp| > veCn) < nlP(|Rk| > VeCn) < 2nP(Ju(Xg)| >
4 4 _ E
< 2n [Aexp (—B\/ﬁ)+\/ﬁexp( @(4))
and (3.2) follows. O

Theorem 3.2. The following classes of processes satisfy the
conclusions (3.1) and (3.2) of theorem (3.1):

(a)
(b)

()

finite state irreducible, aperiodic Markov chains
uniformly ergodic Markov chains with bounded functions
g

Markov chains obtained by quantization P™ of continuous
time Markov processes P!, that are symmetric on L?(m)
(i.e. for which m is a reversible measure).

PROOF. (a) Since there is a unique invariant measure m =

(my, ..., my), the assumption (i) for g = (g1, ..., gn) can
be written as Zf\il gim; = 0. Then by the Fredholm
Alternative, there is a solution of the Poisson equation
(I — P)u = Au = g if and only if g is orthogonal to w
where A*w = ATw = 0. The later is true because mA = 0
or ATmT = 0. We do not need to verify (i) since that was
only used to prove the existence of solution to the Pois-
son equation. Also, since g on {1,..., N} is bounded, (i)
and(iv) clearly hold.

If the Markov chain is uniformly ergodic then the oper-
ator (Q := I — P is normally solvable and condition (%)
enables the uniqueness of the solution of the Poisson equa-
tion. That is u = Rgg where Ry is the potential operator
defined by Ry := ) >~ ,[P" — II] and the projection op-
erator in B(FE) is defined by Hg(x) := [, m(dz)g(y)L(z).
Since Ry is a bounded operator conclusions (3.1) and (3.2)
follows directly. Moreover, the conditions (iii) and (iv)
holds because ¢ is bounded.

For the sake of the discussion, we consider a class of con-
tinuous time Markov processes in (IR, |-|) such that Ptg =
e!4 g for smooth functions ¢, where the infinitesimal genera-
tor A has a discrete spectrum {—\,,,n € IN} with A\g = 0 <
A1 < Ag--- and its corresponding orthonormal in L?(m)

veCn

|

)



set of eigenfunctions {e,,n € IN} with ey = 1. Then for
any g in the orthogonal complement 11, the condition (i)
is satisfied and P*e, = e *Fe,, n > 1. Consequently,
for g € 11, g = >0 anen, Prg(x) = Y07 ane ke,
whence || P*g(2)|| r2(my < p*9]|2(m) With0 < p=e™™ <1
and this gives (#¢). Furthermore, the invariant measure
m often has a density with respect to Lebesque measure
and condition % < D < oo is satisfied. Finally, given
m, the tail condition [, ,_ ., g*dm < exp(—¢p(n)) is read-
ily verifiable for a large class of ¢ € 11 in addition to
which ¢ is chosen to satisfy (iv). We remark that for
any finite linear combination of eigenfunctions from 1+,
the condition (iv) is redundant and the tail condition re-
duces to [ (25a} e2dm < e=#@ for large a. Namely, given

g= Z’f\il Q€4
[P'g(x)]> < NlgllFeqmy(ei(@) + - + ex(@))

and therefore
N

P(Pig(Xe)? > n) <TP (Z 2 (X) > n> <

=1

N
ZIP( (X&) >—>§ND max/ ezdm
N 1<isN {e%>n/N}

as claimed.

Hypercontractivity Example

Consider a 1-dimensional Ornstein-Uhlenbeck process X, sat-
isfying the equation dX; = —%Xtdt + dB;, Xo = x, where B; is
the standard Brownian motion, with infinitesimal generator A =

$2
sty — '33_3; and the invariant measure dm = \/%e’de. Then
s
= [ g(y)p'(x,y)dy, where
t
1 _(we 2 —y)?
t —t
P(7,y) = ———==e 0,
(z.9) 27(1 — e )

is a m-symmetric hypercontractive Hermite semigroup with other
examples, including Laguerre semigroup, studied in [7] and [6].
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Here, for Hermite polynomials H, = (— 1)”67;{—6 W, we have
Hy=1H =2, Hy = 2> —1,H; = 2° — 3x,. nzg—%form
an orthonormal basis for L?*(m) and AH, = —an gives the cor-
responding eigenvalues A, = —3, n € IN. Letting t =0,1,2,... we
obtain the embedded Markov chain X,,. Since
R
dpPh = ————¢ 205 dy
27(1 — e7F)
then, for example, taking y = 6, = dp we have
k 2/ —k
L S S ) R
dm 1 — ek e—1

It is easy to see that for polynomial domination, |g(z)| < Blz|,
[ € IN, and for large n

whence one may choose ¢(x) = %2 to satisfy the tail estimate.
For example, taking g(x) = x one gets

2
|Pzg(x)|2 = (/|g :)3 Y dy|) < D||g||L2(m) — D2(1 _e—z_l_xQ)
< 4D max(1,z?%)

and condition (7v) holds true with C' = 2D.
For general g, even growing exponentially fast to infinity, it requires
some work through estimates and usually g determines ¢.

4. Large deviation principle for additive functionals

Let X,,, n > 0 be an ergodic E-valued Markov cham with sta-
tlonary measure m, as in Theorem 3.1. Let S, =Y ,_, g(Xk) and

IE,.(S?) = o% € (0, oo) According to Theorem 3.1, S,, = M,, + R,,,
where M,, is a mean zero martingale and R, satisﬁes (3.2). Let
W, and WM be the empirical measures defined in (2.4) and (2.5)
corresponding to the interpolation processes ¥,, and UM defined by
(2.3) and (2.6) respectively. By Theorem 2.2, W,, converges weakly
to the Wiener measure W on C|[0, 00). To conclude our analysis we
invoke a martingale LDP [5], applied here to W and show that
WM and W, are LDP equivalent.



Lemma 4.1. If

4.1 li
(4.1) nl—>nolo logn

log IP{|W¥,, — UM|, > e} = —c0

then (1) = (75 Y0 Loy,e) and (W) = (7 S0 Logure)
are equivalent with respect to LDP.

PRrooOF. By the above Lemma, we need to verify

(4.2) lim

n—oo [0g N

log P{dg(W,,, WM) > ¢} = —o00

where dy is defined in (2.13). For f € C(Cy, R), || f|l < 5 we have

‘/fdwn—/fdwy

[ne/?] n
1 1 o 1 L[ f(Wy) — f(0)]
o7 2 g — e+ ol Z E A=y

k=1 6/2

I 1
< — E|f(‘1’k)—f(‘1’£4)|:
k=1

L(n)

L([n*? L) — L(WQD
W, — W), < + sup [0 — 0y
| k k |¢ L(n) 2L(n) 1+[ns/2]§k§n’ ’ ’ |¢

sup |\I/k — \IIQ/[LZ)
1+[ne/2]<k<n

<5+

DO ™
N —

whence

P, (W W) > e} <P{ sup [T — W], > ).
1+[ne/2]<k<n
Condition (4.1) implies that for every ¢ > 0 and N > 0, there exists
ko such that for any k > ko, |y, — M|, < k=5 k2. Therefore,

n

P{dy(Wo, W) > e} < ) P, — W[y > ¢} <

k—[n5/2]+1
D S
ne/2
where ¢ is a positive constant and (4.2) holds. U

Assume in addition to the conditions of Theorem 3.1 that
> rnen exp(—p(k)) < -, for any positive v, for large n (for example,
o(x) ~z% a>0).



Theorem 4.2. The sequence (W),,) satisfies the large deviation
principle with constants (logn) and rate function I|4,c,) defined
n (2.11), that is, for any Borel set A C M;(Cy),

—inf/ < liminf
AO

n—oo 108N

log P{W,, € A}

< limsup1
where M;(Cy) = {Q € M1(C[0,00)) : Q(Cy) = 1}, and ¢ is defined
n (2.9).

1
logP{W,, € A} < —inf]
n A

PrOOF. By Lemma 4.1 it suffices to check that (4.1) holds. We
have

P{|¥, — U], > ) = P{Sup [Wi(t) — W (0)] E} _

teR4+ (b(t)
1 |Ripy — (nt — [nt]) (R, — Ry,
P{ sup sup | [nt] (n [nt])( [nt]+1 [t}\ > g
1Skt e ) 03/ o(t)

SIP{1<S]lcl<poo|Rk| > eo/no(— }<ZIP{|Rk| >5a\/ﬁ\@}

P3P {|Rk| > cov/n SLog(g)} < aP{|Ry| > 2o/} +

k=n+1

Z IP{|Ry,| > eoV/3k} < cun exp(—cav/n)+casn exp(—p(n))+ n™”

k=n+1

which ends the proof.
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